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�. O�e��K (6©×3 = 18©)

1. ¦4� lim
x→0

(cosx)
1
x2 .

2. � f(x) =
1

x2 − 2x− 8
, ¦ f (n)(x).

3. �f(x)3 a�����S��ëY��§f ′(a) =
√

2, f ′′(a) = 2, ¦

lim
x→a

(
1

f(x)− f(a)
− 1

(x− a)f ′(x)

)
.

�!O�e��K (6©×3 = 18©)

1. O�È©
∫

1√
1 + ex

dx;

2. O�È©
∫
x2(lnx)2dx.

3. O�È©
∫ 1

0
ln(x+

√
x2 + 1)dx.

n!O�e��K (6©×3 = 18©)

1. ¦���L1:
x− 1

−1
=
y

2
=
z + 1

1
9L2:

x+ 2

0
=
y − 1

1
=
z − 2

−2
Ñ²1��§��å

�²¡�§.

2. O�4� lim
n→∞

sin
π

n

n∑
k=1

1

2 + cos
kπ

n

.

3. ¦%9� r = a(1 + cos θ)¤�ã/¡ÈS.

o!(6©)�¼ê f(x)3 [a, b]þëY§f(x) > 0§¦�§
∫ x

a
f(t)dt−

∫ b

x

1

f(t)
dt = 03 (a, b)S

���ê.

Ê!(12©) ?Ø¼ê y =
2

x
+

1

x2
�½Â�§üN«m§4�§]��$:§ìC�§¿�

Ñúã"

8!(10©) 1. y²
∫ π

0
xf(sinx)dx = π

∫ π
2

0
f(sinx)dx. 2. O�

∫ π

0

x sinx

1 + cos2 x
dx.

Ô!(10©) � f(x)3«m [a, b]þ�g��, ¿� f ′′(x) > 0. �Lt�­�C : y = f(x)3
: (t, f(t))���, A(t)�­�C���Lt, x = a, x = b¤�ã/�¡È. ¯A(t)3=
:
�����? `²\�nd.

l!(8©) �¼êf(x) 3[−1, 1] þkn�ëY�ê.

y²: 4� lim
n→∞

n∑
k=1

∣∣∣∣k(f(
1

k
)− f(−1

k
))− 2f ′(0)

∣∣∣∣�3.
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�. O�e��K (6©×3 = 18©)

1. ¦4� lim
x→0

(
1− x2

1 + x2

) 5
x2

.

2. � f(x) = x2 ln(1− x), ¦ f (10)(0).

3. � lim
x→+∞

(
x+ c

x− c

)x
=

∫ c

−∞
te2tdt, ¦ c��.

�!O�e��K (6©×3 = 18©)

1. O�
∫ 1

−1

1 + x3

(1 + x2)
5
2

dx; 2. O�
∫

arcsinx√
(1− x2)3

dx. 3. O�
∫

x

x2 + 2x+ 3
dx.

n!O�e��K (6©×3 = 18©)

1. ���L��§�
x+ 1

4
=
y − 2

−1
=
z − 1

5
, ²¡Π��§� 3x+ y + 2z + 20 = 0, ¦

��L�²¡Π �Y� θ��:M .

2. O�4� lim
n→∞

(
1

n

n−1∑
i=0

ln(n+ i)− lnn

)
.

3. O�d­� y = sinx, y = cosx, x =
π

2
¤�����²¡ã/�¡È.

o!(10©) (1) � f(x), g(x)3 [−a, a]þëY, g(x)´ó¼ê, f(x) + f(−x) ≡ A(A �~ê),

y²µ ∫ a

−a
f(x)g(x)dx = A

∫ a

0
g(x)dx.

(2) |^ (1)�(Ø¦
∫ π

2

−π
2

cosx arctan(ex)dx.

Ê!(12©) ?Ø¼ê y = (x− 2)e−
1
x�½Â�, üN«m, 4�, ]��$:, ìC�,

¿�Ñúã.

8!(8©) ¦­� y = lnx��^��§¦�ù^����­�§±9��x = 1, x = e2

¤�¤�ã/¡È��.

Ô!(8©) �¼ê f(x)3«m[0, 1]þkëY����ê, y²∀x ∈ [0, 1], k

|f(x)| ≤
∫ 1

0
(|f(t)|+ |f ′(t)|)dt.

l!(8©) �¼ê f(x)3 (0,+∞)þ���êëY§� ∀x ∈ (0,+∞), Ñk f(x) ≥ 0±9

f ′(x) ≤ 0. q�3�êM¦� |f ′′(x)| ≤M, (x ∈ (0,+∞)). ®� lim
x→+∞

f ′(x)�3§

y² lim
x→+∞

f ′(x) = 0.
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�!O�e��K(z�K 6©§� 18©).

1. ¦4� lim
x→∞

ex

ex2 ln(1+1/x)

2.�f(x) =
x

(x+ 1)(x+ 2)
, ¦f (n)(0).

3.� f(x) =
1

1 + x2
+ x2

∫ 1

0
f(x)dx, ¦

∫ 1

0
f(x)dx

�!O�e��K(z�K 6©§� 18©).

1.O�
∫ 1

−1

1 + x4 sinx

(1 + x2)5/2
dx; 2.O�

∫
sinx

1 + sinx
dx; 3.O�

∫
x3 − x+ 3

x2 + x− 2
dx.

n!O�e��K(z�K 6©§� 18©).

1.���L��§�:
x+ 1

4
=
y − 2

−1
=
z − 1

5
,²¡Π��§�: 3x+ y+ 2z+ 20 = 0,¦

��L�²¡Π�Y�Ú�:M .

2. O�4� lim
n→∞

tan
π

n

n∑
k=1

1

2 + cos
kπ

n

.

3. O�4� lim
x→0

(ex
4 − 1) ln(1 + x2)

x
∫ x3
0 sin tdt

.

o!(�K 8©) O�«�D = {(x, y)|0 ≤ y ≤ 1

x
√

1 + x2
, x ≥ 1}�¡ÈS.

Ê!(�K12©) ?Ø¼ê f(x) =
x2

x− 1
�½Â�, üN«m, 4�, ]��$:, ìC�,

¿�Ñúã.

8!(�K 8©)®�����¼ê y = y(x)÷v aex + y2 + y − ln(1 + x) cos y + b = 0,

¿� y(0) = 0, y′(0) = 0.

(1) ¦ a, b��; (2) �äx = 0´Ä� y(x)�4�:, XJ´4�:�OÙa..

Ô!(�K 8©) �¼ê f(x)3 [0, 1]þ��¿� |f ′(x)| ≤M(0 < x < 1), n ´���ê.

y²:

∣∣∣∣∣
n−1∑
k=0

f( kn)

n
−
∫ 1

0
f(x)dx

∣∣∣∣∣ ≤ M

2n
.

l!£�K 10©¤(1) �f(x), g(x)3«m [a, b]þëY, Áy²��[Ø�ª(∫ b

a
f(x)g(x)dx

)2

≤
∫ b

a
f2(x)dx

∫ b

a
g2(x)dx.

(2) � f(x)3 [0, a]þëY��§� f(a) = 0. y²µ∫ a

0
f2(x)dx ≤ 2

√∫ a

0
x2f2(x)dx

√∫ a

0
[f ′(x)]2dx.
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�È© IÏ"Áòë��Y 2022.1.4

�!1. e−1/2. 2. (−1)n
n!

6
(

1

(x− 4)n+1
− 1

(x+ 2)(n+1)
). 3.

1

2
.

�!1. ln

√
1 + ex − 1√
1 + ex + 1

+ C; 2.
1

3
x3 ln2 x− 2

9
x3 lnx+

2

27
x3 + C. 3. ln(1 +

√
2)−

√
2 + 1.

n! 1. 5x+ 2y + z + 1 = 0. 2.
π√
3

. 3.
3

2
πa2.

o!�§
∫ x

a
f(t)dt−

∫ b

x

1

f(t)
dt = 0 3(a, b)Sk¿��k���.

Ê!½Â� (−∞, 0) ∪ (0,+∞);

üNO«m(−1, 0), üN~«m(−∞,−1), (0,+∞);

4��f(−1) = −1, vk4��¶

e]«m(−∞,−3

2
), þ]«m(−3

2
, 0), (0,+∞);

$:
(
− 3

2
,−8

9

)
;

x = 0´Y�ìC�§y = 0´Y²ìC�.

8!2.
π2

4
.

Ô!f ′′(x) > 0,­�C´þ]�,

A(t) =

∫ b

a
(f(x)−f(t)−f ′(t)(x−t))dx =

∫ b

a
f(x)dx−(b−a)f(t)−b

2 − a2

2
f ′(t)+(b−a)tf ′(t).

A′(t) = f ′′(t)(b− a)(t− a+ b

2
). -A′(t) = 0, � t =

a+ b

2
.

a < x <
a+ b

2
�, A′(t) < 0,

a+ b

2
< x < b�, A′(t) > 0, �A(t)3 t =

a+ b

2
�����.

l!y²µf(x) = f(0) + f ′(0)x+
f ′′(0)

2
x2 +

f (3)(ζ)

6
x3.

|k(f(
1

k
)− f(−1

k
))− 2f ′(0)| = |k(

2f ′(0)

k
+
f (3)(αk)

6k3
+
f (3)(βk)

6k3
)− 2f ′(0)| ≤ M

3k2
,

Ù¥ M = max
−1≤x≤1

|f (3)(x)|.

�xn =
n∑
k=1

|k(f(
1

k
)− f(−1

k
))− 2f ′(0)|, w,xn´üNO\ê�§q

xn ≤
n∑
k=1

M

3k2
<
M

3

(
1 + (1− 1

2
) + (

1

2
− 1

3
) + · · ·+ (

1

n− 1
− 1

n
)
)
< M.

xnüNO\kþ.§ÏdÂñ§=4� lim
n→∞

n∑
k=1

|k(f(
1

k
)− f(−1

k
))− 2f ′(0)|�3.
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�È© IÏ"Áòë��Y 2023.2.21

�! 1. e−10; 2. −90× 7!; 3. c =
5

2
.

�! 1.
5
√

2

6
; 2.

x arcsinx√
1− x2

+ln
√

1− x2+C; 3.
1

2
ln(x2+2x+3)− 1√

2
arctan

x+ 1√
2

+C.

n! 1. θ =
π

3
,M(−5, 3,−4). 2. �ª=

∫ 1

0
ln(1 + x)dx = 2 ln 2− 1. 3.

√
2− 1.

o!(2) cosx´ó¼ê§arctan ex + arctan e−x =
π

2
, ¤±�ª=

π

2

∫ π
2

0
cosxdx =

π

2
.

Ê!½Â� (−∞, 0) ∪ (0,+∞);

üNO«m(−∞,−2), (1,+∞),

üN~«m(−2, 0), (0, 1);

4�� f(−2) = −4
√

e, 4��f(1) = −1

e
¶

e]«m(−∞, 0), (0,
2

5
), þ]«m(

2

5
,+∞);

$:
(2

5
,−8

5
e−

5
2

)
;

x = 0´Y�ìC�§y = x− 3´�ìC�.

8!¤¦���§� y =
2

e2 + 1
x+ ln

e2 + 1

2
− 1.

Ô!�{�µf(t)ëY§K |f(t)|�ëY§dÈ©¥�½n§�3 ζ ∈ (0, 1),¦�
∫ 1

0
|f(t)|dt =

|f(ζ)|. q f(x) = f(ζ)+

∫ x

ζ
f ′(t)dt,¤± |f(x)| ≤ |f(ζ)|+

∫ 1

0
|f ′(t)|dt =

∫ 1

0
(|f(t)|+ |f ′(t)|)dt.

�{�: f(t)ëY§K |f(t)|�ëY§¤± |f(x)|3 [0, 1]þk�����, � max
x∈[0,1]

|f(x)| =

M = |f(a)|, min
x∈[0,1]

|f(x)| = m = |f(b)|, Ø�� a ≤ b. K∫ 1

0
(|f(t)|+ |f ′(x)|)dt ≥

∫ 1

0
mdt+

∫ b

a
|f ′(t)|dt ≥ m+

∣∣∣ ∫ b

a
f ′(t)dt

∣∣∣ = m+ |f(b)− f(a)|

≥ m+ |f(a)| − |f(b)| = m+M −m = M ≥ |f(x)|.

l!�{�µÏ� lim
x→+∞

f ′(x)�3§� lim
x→+∞

f ′(x) = A; q f ′(x) ≤ 0� f(x) ≥ 0,¤± f(x)ü

N~�ke.§� lim
x→+∞

f(x)�3§� lim
x→+∞

f(x) = B. d�©¥�½n§�3 ξ ∈ (x, x+1),

¦� f(x+ 1)− f(x) = f ′(ξ), þªü>-x→ +∞�4���B −B = A, ¤±A = 0.

�{�µd f ′(x) ≤ 0� f(x) ≥ 0,�� f(x)üN~ke.§�4��3§� lim
x→+∞

f(x) = A.

éu?¿�½�~ê δ > 0, k lim
x→+∞

f(x+ δ)− f(x)

δ
=

A−A
δ

= 0, = ∀ε > 0, ∃G > 0,

�x > G�§ok
∣∣∣f(x+ δ)− f(x)

δ

∣∣∣ < ε

2
(∀δ > 0). d�Vúª§f(x+ δ) = f(x) + f ′(x)δ+

1

2
f ′′(ξ)δ2, K

f(x+ δ)− f(x)

δ
= f ′(x) +

1

2
f ′′(ξ)δ =⇒ |f ′(x)| ≤

∣∣∣f(x+ δ)− f(x)

δ

∣∣∣+
1

2
δM ,

K ∀ε > 0, ∃G > 0, �|x| > G�§� δ =
ε

M
, ok |f ′(x)| < ε

2
+
ε

2
= ε, = lim

x→+∞
f ′(x) = 0.
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�! 1. e1/2. 2. f (n)(0) = (−1)n−1n!(1− 1

2n
). 3.

∫ 1

0
f(x)dx =

3π

8
.

�! 1.
5
√

2

6
. 2. x− tanx+

1

cosx
+ C. 3.

1

2
x2 − x+ ln |x2 + x− 2|+ C.

n! 1. Y�ϕ =
π

3
, �:�I� (−5, 3, −4). 2.

π√
3

. 3. ∞.

o!S =

∫ ∞
1

1

x
√

1 + x2
dx

x = tan t
∫ π

2

π
4

1

sin t
dt = ln(

√
2 + 1).

Ê!½Â��(−∞, 1) ∪ (1,+∞). f ′(x) =
x(x− 2)

(x− 1)2
; f ′′(x) =

2

(x− 1)3
.

x (−∞, 0) 0 (0, 1) (1, 2) 2 (2,+∞)

y′ + 0 − − 0 +

y′′ − − − + + +

y = f(x) O,e] f(0) = 04�� ~,e] ~,þ] f(2) = 44�� O,þ]

Y�ìC�x = 1. �ìC�y = x+ 1. Ã$:.

8!(1) d y(0) = 0� a+ b = 1,q aex + 2yy′ + y′ − 1
1+x cos y + ln(1 + x)y′ sin y = 09 y′(0) =

0�a = 1 ¤±b = −1.

(2) ex+2(y′)2+2yy′′+y′′+ 1
(1+x)2

cos y+2 1
1+xy

′ sin y+ln(1+x)(y′)2 cos y+ln(1+x)y′′ sin y = 0,

y′′(0) = −2. ¤±x = 0´4��:.

Ô!y²µ∣∣∣∣∣
n−1∑
k=0

f( kn)

n
−
∫ 1

0
f(x)dx

∣∣∣∣∣ =

∣∣∣∣∣
n−1∑
k=0

(
f( kn)

n
−
∫ (k+1)/n

k/n
f(x)dx

)∣∣∣∣∣ ≤
n−1∑
k=0

∫ (k+1)/n

k/n
|f(

k

n
)− f(x)|dx

=
n−1∑
k=0

∫ (k+1)/n

k/n
|f ′(ck)|(x− k/n)dx ≤

n−1∑
k=0

∫ (k+1)/n

k/n
M(x− k/n)dx

= M
n−1∑
k=0

(
(k + 1)2

2n2
− k2

2n2
− k

n2

)
=
M

2n
.

l!y²µ(1) ∀t ∈ R, (tf(x) + g(x))2 ≥ 0, ¤±∫ b

a
(tf(x) + g(x))2dx = t2

∫ b

a
f2(x)dx+ 2t

∫ b

a
f(x)g(x)dx+

∫ b

a
g2(x)dx ≥ 0,

�∆ =
(

2

∫ b

a
f(x)g(x)dx

)2
− 4

∫ b

a
f2(x)dx

∫ b

a
g2(x)dx ≤ 0, =(∫ b

a
f(x)g(x)dx

)2

≤
∫ b

a
f2(x)dx

∫ b

a
g2(x)dx.

(2)∫ a

0
f2(x)dx=

∣∣∣ ∫ a

0
f2(x)dx

∣∣∣= ∣∣∣xf2(x)

∣∣∣∣a
0

−2

∫ a

0
xf(x)f ′(x)dx

∣∣∣ ≤ 2

√∫ a

0
x2f2(x)dx

√∫ a

0
[f ′(x)]2dx.
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