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1 1Ù ¥þ�ê

{ü/`§�k���þ§Ï~¢��Iþ£scalar¤"~X§Ý!�m!�þ!Uþ�§Ñ´I

þ"Qk��§qk���þ§K¢��¥þ£vector§�¡��þ¤"~Xå! £!�Ý!\�Ý!

Äþ�§Ñ´¥þ"Ö�þ§Ï~^çN5L«¥þ§~Xa§b§c§½^\��Þlf5L«§~

X~a§~b§~c"ù
Ñ´IþÚ¥þ�ÐÚ�*½Â§��î��½Â§�±ë�5�5�ê6�¡�

�§"éu5Ä:ÔnÆ6½5�ÆÔnÆ6ù�a�§§ù
�*�½ÂÒ
^
"e¡§·�Ò^

§�5ù)¥þ��ê�©Û"

§1.1 ¥þ�AÛL«

�
�*§<�²~^AÛþ�k��ã§~X^
−−→
AB5L«¥þa µ̂ ù^�ã��ÝL«a�

��¶̂ å:A�ª:B���L«a���§�ã1.1.1"5½µ�Ý��¿����Ó�k��ã

L«Ó��¥þ"~X§e
−−→
ABL«a§K

−−→
AB²L?¿²£���k��ãEL«a§�ã1.1.2"

ã 1.1.1. ^k��ãL«¥þ ã 1.1.2. ¥þ�²1£Ä

·��²~r¥þ���¡�¥þ��Ý½�§¥þa��ÝP� |a|"�Ý�"�¥þ¡�"

¥þ§P� 0"3AÛþ§"¥þ�å:�ª:­Ü§=§òz��:"Ïd§"¥þ§��k"¥þ§

§���´Ø(½�"�Ý� 1�¥þ¡�ü ¥þ"�¥þa£a 6= 0¤Ó��ü ¥þ§P� â§

²~^§5�L¥þ���"

,	§�a�Ý��!�����¥þ¡�a��¥þ½K¥þ§P�−a"�X§
−−→
BA = −

−−→
AB"

§1.2 ¥þ�\{

¥þ\{�½ÂXeµ

½Â1.2.1. éu¥þa�b§k�k��ã
−−→
ABL«a§2�k��ã

−−→
BCL«b§��ë�å

:A�ª:C§Pk��ã
−→
AC¤�L�¥þ� c §K¡¥þ c�¥þa�b�Ú§P� c = a+b"

· 2 ·
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ã 1.2.3. n�/{K ã 1.2.4. ²1o>/{K

þã½Â�Ò´
−−→
AB +

−−→
BC =

−→
AC. (1.2.1)

Ï~¢��n�/{K§�ã1.2.3"w,§T½Â�å:A� ��ÀJÃ'"

AÛþ§¥þ�\{��±^²1o>/{K5L«§�ã1.2.4µlÓ�å:O�k��ã
−→
OAL

«a§�
−−→
OBL«b§2±OAÚOB�>�²1o>/OACB§KN´wÑ§é��

−−→
OC=¥

þa�b�Ú c"

¥þ�\{kXe5�µ

½n1.2.1. é?¿¥þa,b, c§k

1. (ÜÆµ(a + b) + c = a + (b + c)¶

2. ��Æµa + b = b + a¶

3. "¥þµa + 0 = a¶

4. K¥þµa + (−a) = 0 .

y².

1. �
−→
OAL«a§�

−−→
ABL«b§

−−→
BCL« c§�ã1.2.5"u´§·�k

ã 1.2.5. \{�(ÜÆ

(a + b) + c =
(−→
OA+

−−→
AB

)
+
−−→
BC =

−−→
OB +

−−→
BC =

−−→
OC, (1.2.2)

a + (b + c) =
−→
OA+

(−−→
AB +

−−→
BC

)
=
−→
OA+

−→
AC =

−−→
OC, (1.2.3)

Ïd§

(a + b) + c = a + (b + c). (1.2.4)



4 1�Ù ¥þ�ê

2. ��Æ§=²1o>/{K"

3. �
−−→
ABL«a§�

−−→
BBL« 0§u´§

a + 0 =
−−→
AB +

−−→
BB =

−−→
AB = a. (1.2.5)

4. �
−−→
ABL«a§K

−−→
BA=−a"·�k

a + (−a) =
−−→
AB +

−−→
BA =

−→
AA = 0. (1.2.6)

�

�Ö¥§·�ò^ÎÒ :=5L«êÆþ�½Â§�X§A := B=L«/A½Â�B0§�Ò´

`§·�^m>�ªfB5½Â�>�þA"

½Â1.2.2. a− b := a + (−b) .

þª`²§¥þ�~{´ÏLéK¥þ�\{5½Â�"

��§·�J�e��~^�Ø�ªµé?¿ü¥þa�b§Ñk

|a + b| ≤ |a|+ |b|. (1.2.7)

ù�Ø�ª¡�n�Ø�ª§=n�/ü>�Ý�Úo´�u½�u1n>��Ý"

§1.3 ¥þ�ê¦

ùp§êþ�¥þ�¦{´�¢êé¥þ��^§½ÂXeµ

½Â1.3.1. ¢êλ�¥þa�¦È´��¥þ§P�λa"§��Ý� |λ||a|§=

|λa| := |λ||a|.

�λ > 0¿�a 6= 0�§§����a�����¶�λ < 0¿�a 6= 0�§§����a����

�"�λ = 0½a = 0�§¦È¥þλa�Ý�"§=§òz�"¥§d�§Ã¤¢��"

d´��§¢êé�"¥þ�ê¦D´�«� �^§�λ > 0�§Ó�� ¶�λ < 0 �§�

�� ¶�λ = 0�§¥þÂ ��:"q§"¥þ�ê¦ð�"§ù´Ï�È¥þ��Ýo�u""

þ¡§·�ò¢êé¥þ��^P3¥þ��>§=λa§ù¡���^"��ò¢êé¥þ��

^P3¥þ�m>§=aλ§¡�m�^"��/§<�Ø«©¢êé¥þ���^�m�^§=

λa = aλ. (1.3.1)

ù�<��Ö��5
�B"

XJλ 6= 0§k��
�B§�òλ−1aP�a/λ§=

a

λ
:= λ−1a. (1.3.2)
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�a 6= 0§w,§|a|−1a�aÓ�§q§∣∣|a|−1a
∣∣ = 1, (1.3.3)

dd��§¥þa�ü ¥þ â�

â = |a|−1a =
a

|a|
. (1.3.4)

l���"¥þ¦§ü ¥þ�ù�L§§¡�¥þ�8�z£normalization¤"

¥þ�ê¦kXe5�µ

½n1.3.1. é?¿¢êλ, µ±9?¿¥þa,b§k

1. 1a = a¶

2. λ(µa) = (λµ)a¶

3. (λ+ µ)a = λa + µa¶

4. λ(a + b) = λa + λb .

y².

1. w,"

2. ©n«�/µ(a) λ�µ��k��u"§½a = 0¶(b) λ�µÓÒ§¿�a 6= 0¶(c) λ�µÉ

Ò§¿�a 6= 0"©O�y=�"

3. eλ�µ��k��u"§½a = 0§K(Øw,"±e�λ 6= 0§µ 6= 0§�a 6= 0"·�©ü

«�/?Øµ(a) λ�µÓÒ¶(b) λ�µÉÒ"

(a) Äk§�λ�µÓÒ�§ü¥þ (λ+µ)a�λa+µaw,Ó�"Ùg§�λ�µÓÒ�§λa�µa�

��Ó§Ï�§·�k

|λa + µa| = |λa|+ |µa| = |λ||a|+ |µ||a| = (|λ|+ |µ|) |a|. (1.3.5)

q

|(λ+ µ)a| = |λ+ µ||a| = (|λ|+ |µ|) |a|. (1.3.6)

´�

|(λ+ µ)a| = |λa + µa|. (1.3.7)

o�§�λ�µÓÒ�§d�¥þ§(λ+ µ)aÚλa + µa§��QÓ§�Ýq�§Ï


(λ+ µ)a = λa + µa. (1.3.8)

(b) �λ�µÉÒ�§duè¢êλ�µ�/ ²�é¡§Ã��λ > 0§µ < 0"·��±2

©±en«�/��?Ø�µ
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i. λ+ µ = 0"d�§

(λ+ µ)a = 0a = 0. (1.3.9)

q§

λa + µa = λa + (−λ)a = λa− (λa) = 0. (1.3.10)

�

(λ+ µ)a = λa + µa. (1.3.11)

�ª¤á"

ii. λ+ µ > 0"5¿�−µ > 0§Ïd§λ+ µ�−µÓÒ"u´§|^®y��/3a�

[(λ+ µ) + (−µ)]a = (λ+ µ)a + (−µ)a, (1.3.12)

d=

λa = (λ+ µ)a + (−µ)a. (1.3.13)

þªü>\±µa§=�

(λ+ µ)a = λa + µa. (1.3.14)

�ª�,¤á"

iii. λ+ µ < 0"d�§λ+ µ�−λÓÒ"�þ�y(Ø¤á"

4. eλ = 0§½öü¥þaÚb�¥��k���u"¥§K½nw,¤á"±e�Äλ 6= 0§a 6=

0Úb 6= 0��/"§�±UY©�ü«�/µ(a) a�b²1¶(b) a�bØ²1"·�e¡©O

?Ø�"

(a) a�b²1"d�§�3¢ê ν¦�b = νa"u´§

λ(a + b) = λ(a + νa) = λ[(1 + ν)a] = [λ(1 + ν)]a

= (λ+ λν)a = λa + (λν)a = λa + λ(νa)

= λa + λb. (1.3.15)

�ª¤á"

(b) ¥þa�bØ²1"·�k�Äλ > 0��/"Xã1.3.6§�k��ã
−→
OAÚ

−−→
AB©OL«

¥þaÚb§@o§k��ã
−−→
OB=L«ü¥þ�Úa + b"UY�k��ã

−−→
OCL«λa§

�
−−→
CDL«λb"u´§n�/OAB�n�/OCD�qµ4OAB ∼ 4OCD"l
:D7

3��OBþ§¿�
−−→
OD = λ

−−→
OB"dd��§

−−→
OD�ÐL«¥þλ(a + b)"q§

−−→
OD =

−−→
OC +

−−→
CD§ln�/{K�§§L«¥þλa + λb"o
ó�§·�k

λ(a + b) = λa + λb. (1.3.16)

�ª¤á"
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ã 1.3.6. ¥þê¦é\{�©�Ç

Ùg§�λ < 0�§−λ > 0§dþy�(J��§

(−λ)(a + b) = (−λ)a + (−λ)b. (1.3.17)

d	§́ y

(−1)(a + b) = (−1)a + (−1)b. (1.3.18)

l


λ(a + b) = [(−1)(−λ)](a + b) = (−1)[(−λ)(a + b)] = (−1)[(−λ)a + (−λ)b]

= (−1)[(−λ)a] + (−1)[(−λ)b] = [(−1)(−λ)]a + [(−1)(−λ)]b

= λa + λb. (1.3.19)

�ªE,¤á§�y"

�

§1.4 �5�m ∗

l±þü!��§¥þ�±ë�ü«$�µ\{�ê¦"ùü«$��÷vl^{K§=½

n1.2.1Ú½n1.3.1"¥þ���´§äkü«$�¿÷vl^{K§ÙäNLy/ª§~Xk��

ã§́ ���§¿Ø­��"��/§¥þ�m�½ÂXeµ

½Â1.4.1. �F ´��ê�§V ´����8Ü"q�

1. 38ÜV �SÜ½Â
��$�§¡�\{µéV ¥?¿ü���aÚb§U,�{KéA

uV S��(½����� c§¡��a�b�Ú§P� c = a + b"

2. ½Â
ê�F é8ÜV ��^§¡��ê¦µéF ¥�?¿��êλÚV ¥?¿����a§U

,�{KéAuV S��(½�����b§¡��λ�a�È§P�b = λa"

XJ\{�ê¦ü«$��?�Ú÷ve¡l^{K§@o·�Ò¡8ÜV ´ê�F þ����5

�m½¥þ�mµ

0\ ∗��!ØK��>�~�¦�SN§=øë�§�±ØÖ"
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1. é?¿n���a,b, c ∈ V §(ÜÆ¤áµ(a + b) + c = a + (b + c)"

2. é?¿ü���a,b ∈ V §��Æ¤áµa + b = b + a"

3. �3���� 0 ∈ V §¦�é����a ∈ V §Ñk

a + 0 = a.

d��¡�8ÜV �"��"

4. é?���a ∈ V §Ñ�3����b ∈ V §¦�

a + b = 0.

d��b¡���a�K��"

5. éê�F ¥�ê1§±98ÜV ¥�?¿��a§k 1a = a"

6. é?¿λ, µ ∈ F§±9?¿a ∈ V §k (λµ)a = λ(µa)"

7. é?¿λ, µ ∈ F§±9?¿a ∈ V §k (λ+ µ)a = λa + µa"

8. é?¿λ ∈ F§±9?¿a,b ∈ V §kλ(a + b) = λa + λb"

�5�m¥���¡�¥þ½�þ§"��¡�"¥þ§K��¡�K¥þ"�5�mþ�ü«

$�§\{Úê¦§Ú¡��5$�"

�F �¢ê�§=F = R§�V ��m¥�Nk��ã¤¤�8Ü§dþü!��§§�÷v

±þ½Â����¦§Ïd§�m¥�Nk��ã¤¤�8Ü=´¢ê�þ����5�m"Ón´

�§²¡þ�Nk��ã¤¤�8Ü�´¢ê�þ����5�m"�,§��þ�Nk��ã¤¤

�8Ü�´¢ê�þ����5�m"

5¿µ3åÆp§ £½Â�lÐ© ��ª
 �¤¤�k��ã§́ �§ £´��¥þ"�

u�ÝD�\�Ý�Û¡��¥þ§@�½Â
¥þ��û��âU²x§�,§@´¥þ©Û�S

N
§�12Ù"

3ÔnÆ¥§����9¢ê�RÚEê�C§¢ê�þ��5�m{¡¢�m§Eê�þ��

5�m{¡E�m"3²;åÆ¥§�5�m�¢�m§~X§ ¥�¤��m"3þfåÆ¥§�5

�m��´E�m§~X§Hilbert�m"

~1.4.1. éun£ 1 ≤ n ∈ Z¤�kSê|§

(a1, a2, · · · , an), ai ∈ C, 1 ≤ i ≤ n,

e½Â\{�ê¦Xeµ

(a1, a2, · · · , an) + (b1, b2, · · · , bn) = (a1 + b1, a2 + b2, · · · , an + bn),

λ(a1, a2, · · · , an) = (λa1, λa2, · · · , λan), λ ∈ C,
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KÙ�N�¤��E�m§S.þP��Cn"XJ

λ ∈ R, ai ∈ R, 1 ≤ i ≤ n,

KÙ�N�¤��¢�m§P�Rn"

~1.4.2. Eê�Cþ���õ�ª§éu\{Úê¦§�¤��E�5�m"Ó�§¢ê�Rþ

���õ�ª§éu\{Úê¦§��¤���5�m§¿�´��¢�5�m"

~1.4.3. �Ä�N½Â3«m [0, 1]þ�¢ëY¼ê"éu\{Úê¦§ù
ëY¼ê�¤��

¢�5�m"ù´Ï�ü�ëY¼ê�ÚE´ëY¼ê§ëY¼ê¦±¢êE´ëY¼ê"Ï~Pd

�m�C[0, 1]"

dþ��§�5�m´�~2�§�~�õ�§¿Ø�uk��ã"�5�mù�Vg´�êÆ

¥��Ä�
­��Vg"

§1.5 ¥þ|�����¡

½Â1.5.1. ¥þ�\{Úê¦$�§Ú¡��5$�"

½Â1.5.2. �a1, · · · ,an´�|¥þ§λ1, · · · , λn´�|¢ê§K
n∑
i=1

λiai = λ1a1 + · · ·+ λnan, 0 < n ∈ Z,

E´��¥þ§¡��¥þ|a1, · · · ,an��5|Ü§¿¡λ1, · · · , λn�ù�|Ü�Xê"

½Â1.5.3. ò��¥þ|Ú�/^Ó�å:�k��ãL«§XJ§�3Ó���£²¡¤þ§

K¡ù�¥þ|´��£�¡¤�"

3���þ§?�ü:§���ã§2?¿5½����§=��¥þ§ù��)�¥þ§¢��

�¥þ"w,§Ó���þ�?¿ü���¥þ7,��§Ù¢§?¿k��ù����¥þ��½

´���"Ó�/§3�²¡þ£�m¥¤?�ü:§¿D±����§�U�)��¥þ§ù��¥

þ¢�²¡¥þ£�m¥þ¤"²w/§Ó�²¡þ�?¿k��²¡¥þ�½�¡"?�Ú§N´w

Ñ§lü^½õ^�p²1���þ¤��¥þ|�´���§lü�½õ��p²1�²¡þ¤�

�¥þ|K´�¡�"?¿ü��m¥þØ�½��§��½�¡"?¿n�½õ��m¥þQØ�

½��§�Ø�½�¡"q§����m¥þ|�½�¡"

XJ¥þa�b��§K¡�ö²1§P�a ‖ b"Ïd§���²1´ÓÂ�"U½Â§"¥þ

w,�?¿¥þ²1"

Äk§́ yµ

Ún1.5.1. XJa = λb§½öb = λa§@oa�b��½²1"

Ùg§·�k
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½n1.5.1. XJ¥þa,b��§¿�a 6= 0§@o§�½�3���¢êλ§¦�

b = λa.

y². �35"XJb = 0§@o

b = 0a, (1.5.1)

�λ = 0§=�b = λa"XJb 6= 0§�a,bÓ�§@o â = b̂"u´§

b = |b|b̂ = |b|â = |b|
(
|a|−1a

)
=
|b|
|a|

a, (1.5.2)

�λ = |b|/|a|§=�b = λa"��§XJa,b��§@o â = −b̂§�λ = −|b|/|a|§=��"

��5"�y"bX

b = λa = µa, (1.5.3)

Ù¥§

λ 6= µ, (1.5.4)

@o

(λ− µ)a = 0. (1.5.5)

Ïd§

|(λ− µ)a| = |λ− µ||a| = 0. (1.5.6)

Ï�a 6= 0§¤± |a| 6= 0"l´��§7k

λ = µ. (1.5.7)

gñ" �

½n1.5.2. ü¥þa,b���¿©7�^�´§�3Ø��"�¢êλ, µ§¦��5|Ü

λa + µb = 0.

y². ¿©5"XJλ, µØ��"§�Xλ 6= 0§@o

a = −µ
λ

b. (1.5.8)

dcã�Ún1.5.1§a,b��"¿©5¤á"

7�5"�a,b��"XJa,b�¥��k��"¥§�Xa = 0§Kk

1a + 0b = 0. (1.5.9)

7�5�,¤á"XJa,bÑØ´"¥þ§Kdua,b��§�a 6= 0§Ucy�½n1.5.1§�3�

�¢êλ§¦�

b = λa. (1.5.10)
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d=

λa− 1b = 0. (1.5.11)

7�5½¤á" �

íØ1.5.1. �λ, µ�¢ê§@o§ü¥þa,bØ���¿©7�^�´§

λa + µb = 0⇔ λ = 0, µ = 0.

�Ò´`§�5|Üλa + µb�u"§��=�ü�XêλÚµÓ��u""

Ún1.5.2. XJ c = λa + µb§Ù¥λ, µ�¢ê§Ka,b, cn¥þ�¡"

y². XJü¥þa,b�¥k��"¥§�Xa = 0§K c = µb"Ucã�Ún1.5.1§ü¥

þb, c��"du"¥þa�?Û¥þ��§Ïd§n¥þa,b, c��"Ï���¥þ|7,�¡§¤

±a,b, cn¥þ�¡"Ún¤á"

XJa,bþ�"¥§�λ, µ��k��u"�§�Xλ = 0§K c = µb§Ï
b, c��§u´n

¥þa,b, c7,�¡¶�λ, µþØ�u"§¿�a,b���§́ �n¥þa,b, c7,��§Ï
�¡¶

�λ, µþØ�u"§�a,bØ���§d²1o>/{K§¥þ c ué��þ§Ï
§7, ud

¥þa,b¤û½�²¡�þ§¤±a,b, cn¥þ7,�¡"Ún½¤á" �

½n1.5.3. XJa,b, c�¡§¿�a,bØ��§K�3����é¢êλ, µ§¦�

c = λa + µb.

y². Äk§��Ñ�´§dua,bØ��§Ïd§a,b7½þ�"¥§=a 6= 0§�b 6= 0"

�35"XJ c ‖ a§@o§dua 6= 0§âcy�½n1.5.1§7�3��¢ê ν§¦�

c = νa. (1.5.12)

�λ = ν, µ = 0§=k

c = λa + µb. (1.5.13)

�35¤á"c ‖ b��/�±Ó�/?Ø"

XJ cQØ²1ua§�Ø²1ub§K�²1ÝKXeµÄk§Xã1.5.7 ¤«§ lÓ�å

ã 1.5.7. ²¡¥þ�©)
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:OÑun�k��ã§©O¦�

−→
OA = a,

−−→
OB = b,

−−→
OC = c. (1.5.14)

,�§l:CÑu§���²1uOB§�Ù���OAuX§K¥þ
−−→
OX�a 6= 0��§Ïd§7

�3��¢ê η§¦�
−−→
OX = ηa. (1.5.15)

Ó�/§l:CÑu§���²1uOA§�Ù���OBuY §K¥þ
−−→
OY �b 6= 0��§Ïd§

7�3��¢ê ξ§¦�
−−→
OY = ξb. (1.5.16)

y3§OXCY �¤��²1o>/§d²1o>/{K§·�w,k

c = ηa + ξb. (1.5.17)

��§�λ = η§µ = ξ§=�

c = λa + µb. (1.5.18)

�35½¤á"

��5"bX

c = λa + µb = ηa + ξb, (1.5.19)

Ù¥§λ, µ, η, ξþ�¢ê§@o§

(λ− η)a + (µ− ξ)b = 0. (1.5.20)

dua,bØ��§dcy�íØ1.5.1§7k

λ− η = 0, µ− ξ = 0. (1.5.21)

½=

λ = η, µ = ξ. (1.5.22)

��5\w¤á" �

½n1.5.4. n¥þa,b, c�¡�¿©7�^�´§�3Ø��"�¢êλ, µ, ν§¦�

λa + µb + νc = 0.

y². ¿©5"XJλ, µ, νØ��"§�Xλ 6= 0§@o

a = −µ
λ

b− ν

λ
c. (1.5.23)

dcã�Ún1.5.2§n¥þa,b, c�¡"¿©5¤á"
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7�5"�a,b, c�¡"XJa,b, c�¥��k��"¥§�Xa = 0§Kk

1a + 0b + 0c = 0. (1.5.24)

7�5g,¤á"

e¡§�Äa,b, cþØ´"¥��/"

Äk§XJa ‖ b§@o§da 6= 0§Ucy�½n1.5.1§�3��¢êλ§¦�

b = λa. (1.5.25)

u´§

λa− 1b + 0c = 0. (1.5.26)

7�5¤á"Ùg§XJü¥þa,bØ²1§=Ø��§@o§Ucy�½n1.5.3§�3����é

¢êλ, µ§¦�

c = λa + µb. (1.5.27)

d=§

λa + µb− 1c = 0. (1.5.28)

7�5½w¤á" �

íØ1.5.2. �λ, µ, ν�¢ê§@o§n¥þa,b, cØ�¡�¿©7�^�´§

λa + µb + νc = 0⇔ λ = 0, µ = 0, ν = 0.

�=§�5|Üλa + µb + νc�u"§��=�§�¤k|ÜXêÑ�u""

§1.6 �5�'��5Ã' ∗

½Â1.6.1. �a1, · · · ,an ∈ V ´�|¥þ£ 0 < n ∈ Z¤"XJ�3�|Ø��"ê§λ1, · · · , λn ∈

F§¦��5|Ü÷v±e^�§
n∑
i=1

λiai = λ1a1 + · · ·+ λnan = 0,

K¡¥þ|a1, · · · ,an´�5�'�"

²w/§ü�¥þv�5�'�¿©7�^�´v = 0",	§e¥þ|a1, · · · ,an�5�'§

KÙ¥��k��¥þ�±L�Ù§¥þ��5|Ü§�X§λ1 6= 0§K

a1 = − 1

λ1

n∑
i=2

λiai = −λ2

λ1

a2 − · · · −
λn
λ1

an. (1.6.1)

½Â1.6.2. ��¥þ|§XJ§Ø´�5�'�§Ò¡���5Ã'"

w,§ü�¥þv�5Ã'�¿©7�^�´v 6= 0"d	§l�½Â§́ �§
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½n1.6.1. ¥þ|a1, · · · ,an ∈ V£ 0 < n ∈ Z¤�5Ã'�¿©7�^�´§

n∑
i

λiai = λ1a1 + · · ·+ λnan = 0⇔ λ1 = · · · = λn = 0,

Ù¥§λ1, · · · , λn ∈ F"�=§��¥þ|�5Ã'§��=�§���5|Ü�u"�§Ù¤k�

|ÜXêÑ�u""

ÖöØJí�µé�5�'�¥þ|V\�
¥þ§V\��¥þ|7½�5�'¶é�5Ã'

�¥þ|Ä~Ü©
��Ü¥þ§Ä~��¥þ|7½�5Ã'"

£ß�*§ü¥þ��=´ü¥þ�5�'§Ó�/§n¥þ�¡=´n¥þ�5�'"��§ü

¥þØ��=´ü¥þ�5Ã'§n¥þØ�¡=´n¥þ�5Ã'"Ïd§��Ú�¡Ñ´�5�

'�A~§Ø��!Ø�¡Ñ´�5Ã'�A~"ù
Ò´þ!�Ì�SN",	§N´wÑµ3��

�þ§?¿ü�½ü�±þ�¥þ7½´�5�'�¶3�²¡þ§?¿n�½n�±þ�¥þ7½

´�5�'�¶3�m¥§?¿o�½o�±þ�¥þ7½´�5�'�"

§1.7 Ä.��I

¥þ^k��ãL«�'��*§�k��ã�$�ØXê�$�{ü"�¥þÚ?�I§¦^

å5ò���B"

½n1.7.1. 3��þ?¿�½���"¥þ e§KT��þ�?¿��¥þvþ���/L«

� e�ê¦§

v = xe,

Ù¥§x��¢ê"

S.þ§¡þã¥þ e���þ���Ä.§¿¡þª¥�Xêx�¥þv'uÄ. e��I"

y². ����þ�?¿ü�¥þÑ´���§u´§v, e��§¿� e 6= 0§�â½n1.5.1§

�3���¢êx§¦�

v = xe. (1.7.1)

�y" �

½n1.7.2. 3²¡þ?¿�½ü�Ø���¥þ e1, e2§KT²¡þ�?¿��¥þvþ��

�/L«�¥þ| e1, e2��5|Ü§

v = xe1 + ye2,

Ù¥§x, y��é¢ê"

<�¡kS¥þ| {e1, e2}�²¡þ���Ä.§¿¡kS��ê| (x, y)�¥þv'uÄ. {e1, e2}�

�I"
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y². ��²¡þ�?¿n�¥þÑ´�¡�§Ïd§v, e1, e2n¥þ�¡§¿� e1, e2Ø��§

�â½n1.5.3§�3����é¢êx, y§¦�

v = xe1 + ye2. (1.7.2)

�y" �

½n1.7.3. 3�m¥?¿�½n�Ø�¡�¥þ e1, e2, e3§KT�m¥�?¿��¥þvþ�

��/L«�¥þ| e1, e2, e3��5|Ü§

v = xe1 + ye2 + ze3,

Ù¥§x, y, zþ�¢ê"

ùp§kS¥þ| {e1, e2, e3}¡��mþ���Ä.§�A/§kSn�ê| (x, y, z)¡�¥

þv'uÄ. {e1, e2, e3}��I"±�§Ø+´��!²¡§�´�m§·�oòÄ.�¤
§~

X e2§¡�Ä¥"5¿µ3!ØÄ.�7L�½gS§ØÓ�gS�LØÓ�Ä.§~X§

{e1, e2, e3}, {e2, e1, e3}, {e3, e2, e1}, (1.7.3)

´n�ØÓ�Ä.§�,��8Ü§nö´���"�I´dÄ.û½�§�,�kgS"

y². �35"XJ¥þv�Ä.¥�,�Ä¥��§�Xv ‖ e1§@o§du e1 6= 0§âcy

�½n1.5.1§7�3���¢êλ§¦�

v = λa. (1.7.4)

�x = λ, y = 0, z = 0§=k

v = xe1 + ye2 + ze3. (1.7.5)

�35¤á"

XJ¥þvØ²1uÄ.¥�?ÛÄ¥§��Ä.¥�,ü�Ä¥�¡§�X§v� e1, e2�¡§

@o§du e1, e2Ø��§Uì½n1.5.3§7�3����é¢êλ, µ§¦�

v = λe1 + µe2. (1.7.6)

�x = λ, y = µ, z = 0§=k

v = xe1 + ye2 + ze3. (1.7.7)

�35½¤á"

XJ¥þvQØ²1uÄ.¥�?ÛÄ¥§�Ø�Ä.¥�?Ûü�Ä¥�¡§KXã1.7.8¤

«§�²1ÝKXeµÄk§lÓ�å:OÑu�k��ãOA1, OA2, OA3, OV §¦�©O÷v

−−→
OA1 = e1,

−−→
OA2 = e2,

−−→
OA3 = e3,

−−→
OV = v. (1.7.8)
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ã 1.7.8. �m¥þ�©)

,�§l:V Ñu§���²1uOA3§�Ù� e1, e2¤)¤�²¡u:B§K¥þ
−−→
BV � e3²1§

Ïd§7�3��¢ê ν§¦�
−−→
BV = νe3. (1.7.9)

Ï�
−−→
OV =

−−→
OB +

−−→
BV =

−−→
OB + νe3, (1.7.10)

¤±

v =
−−→
OB + νe3. (1.7.11)

y3§n¥þ
−−→
OB, e1, e2�¡§¿� e1, e2Ø��§�â½n1.5.3§�3����é¢êλ, µ§¦�

−−→
OB = λe1 + µe2. (1.7.12)

ò��\ª (1.7.11)§�

v = λe1 + µe2 + νe3. (1.7.13)

��§�x = λ, y = µ, z = ν§=�

v = xe1 + ye2 + ze3. (1.7.14)

�35�,¤á"

��5"bX

v = xe1 + ye2 + ze3 = x′e1 + y′e2 + z′e3, (1.7.15)

Ù¥§x, y, z, x′, y′, z′þ�¢ê§@o§

(x− x′)e1 + (y − y′)e2 + (z − z′)e3 = 0. (1.7.16)

du e1, e2, e3Ø�¡§dcy�íØ1.5.2§7k

x− x′ = 0, y − y′ = 0, z − z′ = 0. (1.7.17)

�Ò´§

x = x′, y = y′, z = z′. (1.7.18)
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��5¤á" �

���Ñ�´§Xþy²¤«§�m¥þ���©)´ÏLüÚ²1o>/©)5ïá�µ1�

Ú�ª(1.7.10)§Ù¥
−−→
BV ´��¥þ§

−−→
BV = νe3§���I ν§�

−−→
OBE�¡¥§ÿI?�Ú©

)§Ïd§1�Ú©)´Ø���"1�Ú�ª(1.7.12)§§´��©)§��Iλ, µ"²¡¥þ�I

�g²1o>/©)§�m¥þI�ëYüg²1o>/©)§ù´�m¥þ«Ou²¡¥þ�/�

��"

3�m¥À���Ä. {e1, e2, e3}"��m¥þa��I´ (a1, a2, a3)§=§

a = a1e1 + a2e2 + a3e3, (1.7.19)

@o§·�k

λa = λ(a1e1 + a2e2 + a3e3)

= λ(a1e1) + λ(a2e2) + λ(a3e3)

= (λa1)e1 + (λa2)e2 + (λa3)e3. (1.7.20)

þª`²§ea��I´ (a1, a2, a3)§Kén�©þ©O¦±λ§=�¥þλa��I (λa1, λa2, λa3)"

q§��m¥þb��I´ (b1, b2, b3)§=

b = b1e1 + b2e2 + b3e3. (1.7.21)

·�k

a + b = (a1e1 + a2e2 + a3e3) + (b1e1 + b2e2 + b3e3)

= a1e1 + a2e2 + a3e3 + b1e1 + b2e2 + b3e3

= (a1e1 + b1e1) + (a2e2 + b2e2) + (a3e3 + b3e3)

= (a1 + b1)e1 + (a2 + b2)e2 + (a3 + b3)e3. (1.7.22)

Ïd§e¥þa,b��I©O´ (a1, a2, a3)§(b1, b2, b3)§K�ö�Úa + b��I� (a1 + b1, a2 +

b2, a3 + b3)§�Ò´`§ü¥þÚ�©þ�uü¥þ�A©þ�Ú"

dþ��§�½��¥þa§·�k����I (a1, a2, a3)"��§?¿�½n�¢ê a1, a2, a3§

��5|Ü§
3∑
i=1

aiei = a1e1 + a2e2 + a3e3, (1.7.23)

§�,E´��¥þ§
�ù�¥þ��I� (a1, a2, a3)§�â½n1.7.3§§Ò´¥þa��"Ïd§

3�m¥§¥þ�kSn�¢ê|´��éA�"

þ¡�?Ø�`²§ù�éA��±�5$�µê¦Ú\{"S.þ§<�¡ù«éA�¥þ�

�IL«"�é
ó§¥þ�$���Ä�§,
§��ò¥þL«��I§K$�z�¢ê�\{

�¦{§ù´<��~ÙG�
§Ï
´{ü�"́ �§�¥þ$��§<¤W^"
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´�§þãk'�m¥þ��I�?Øé��Ú²¡þ�¥þ��I�Ó�·^"

��§k~^`{Xeµ

½Â1.7.1. XJ

e1 ⊥ e2, e2 ⊥ e3, e3 ⊥ e1,

K¡ {e1, e2, e3}���Ä."?�Ú§XJ�k

|e1| = 1, |e2| = 1, |e3| = 1,

K¡ {e1, e2, e3}���8�Ä."

é��Ú²¡þ�¥þ§�kaq�`{"

§1.8 �5�m��ê�Ä. ∗

3���5�m¥§�õUkA��5Ã'�¥þºù´��'u�5�m�Ä�
­��¯

K"

½Â1.8.1. XJ3�5�mV ¥kn��5Ã'�¥þ§�vk�õê8��5Ã'¥þ§�

Ò´`§?¿ê8m > n�¥þ|Ñ´�5�'�§@o§·�Ò¡V ´n��§P�dim(V ) = n"

��§XJ3�5�mV ¥�±é�?¿õ��5Ã'�¥þ§@o§·�Ò¡V ´Ã���"

3���5�m¥§XJé���5Ã'¥þ|V\?�¥þ§V\��¥þ|Ñ´�5�'

�§@o§·�Ò¡T¥þ|�4��5Ã'¥þ|"3���5�m¥§4��5Ã'¥þ|  

´�~�õ�§,
§�±y²§éu��(½��5�m§¤k4��5Ã'¥þ|¤¹¤
�ê

8�´���"Ïd§þã½Â´Ün�"���5�m��ê§Ù¢Ò´T�m¥4��5Ã'¥

þ|¤¹¤
�ê8"

3�Ö¥§·��?Øk���m"

½Â1.8.2. 3n��5�mV ¥§?¿��ê8�n��5Ã'�kS¥þ| e1, · · · , en§Ñ

¡��mV ���Ä.§P� {e1, · · · , en}"

Ïd§Ä.¤
�ê8o´�m��ê"

��5�mV ��ê�n§kS¥þ| {e1, · · · , en}´§���Ä."q�v´�mV �?�

¥þ"u´§V\v�§¥þ| e1, · · · , en,v7½�5�'§=�
n∑
i

λiei + ξv = 0 (1.8.1)

�§Ù¥Xêλ1, · · · , λn, ξØ��""7L�Ñ�´§Xê ξ7,Ø�u 0§ξ 6= 0"ù´Ï�§X

J ξ = 0§@o§þªz�
n∑
i

λiei = 0. (1.8.2)
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du¥þ| e1, · · · , en´�5Ã'�§Ïd§

λ1 = · · · = λn = 0. (1.8.3)

ùò��ª (1.8.1)¥¤kXêÑ�u"§u´§¥þ| {e1, · · · , en,v}�5Ã'§�m��ê7�

un§gñ"y3§Ï� ξ 6= 0§¤±¥þv �±lª (1.8.1)¥)Ñ§�

v =
n∑
i

(
−λi
ξ

)
ei. (1.8.4)

þªL²§�mV ¥?¿¥þvþ�^dÄ.��5|ÜLÑ"|^Ä.��¥þ|��5Ã'5§

N´��§þãL«�´���"âd§·�kXe�½Âµ

½Â1.8.3. ��5�mV k��Ä. {e1, · · · , en}§K�mV ¥?¿¥þvþ�^dÄ.��

��5|ÜLÑ§

v =
n∑
i

xiei,

Ù¥§x1, · · · , xn ∈ F´L«Xê"dù
Xê�¤�kSn�ê|¡�¥þv��I§P� (x1, · · · , xn)"

l±þ½Â1.8.2w5§��Ñ�5�m���Ä.§7Lk(½�m��ê"¢Sþ§ùü�¯

K~~´Ó�(½�"

½n1.8.1. XJ�5�mV ¥kn��5Ã'�¥þ e1, · · · , en§¿�V ¥?�¥þvþ�^

d¥þ|��5|ÜLÑ§@o§V ´n��§
�kS¥þ| {e1, · · · , en}´V ���Ä."

y². Q,¥þ| e1, · · · , en´�5Ã'�§@odim(V ) ≥ n"�y²dim(V ) = n§�Ly

²?¿m > n�¥þv1, · · · ,vm7´�5�'�"du§�Ñ�±^¥þ| e1, · · · , enLÑ§=

vi =
n∑
j=1

µjiej, (1.8.5)

Ù¥§µji ∈ F´L«Xê( i = 1, · · · ,m, j = 1, · · · , n )§Ïd§§���5|Ü�±��±e/ª§

m∑
i=1

λivi =
m∑
i=1

n∑
j=1

λiµjiej =
n∑
j=1

(
m∑
i=1

µjiλi

)
ej, (1.8.6)

Ù¥§λi ∈ F´|ÜXê( i = 1, · · · ,m )"u´§�d�5|Ü�u"�§

n∑
j=1

(
m∑
i=1

µjiλi

)
ej = 0, (1.8.7)

|^¥þ| e1, · · · , en��5Ã'5§·��
m∑
i=1

µjiλi = 0, j = 1, · · · , n. (1.8.8)

þª´'uCþλ1, · · · , λm��5àg�§|§Ï�n < m§�§�ê8�uCþ��ê§¤±7

k�")§=λ1, · · · , λmØ��""ùÒy²
¥þ|v1, · · · ,vm7´�5�'�. �
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��§·�±�!�*:5£wþ!�SN"½n1.7.1L²§��þ�N¥þ¤)¤��5�m´

����¢�m¶½n1.7.2L²§²¡þ�N¥þ¤)¤��5�m´����¢�m¶½n1.7.3K

L²§�mþ�N¥þ¤)¤��5�m´��n�¢�m"Ïd§·�²~`§��´���§²

¡´���§
�mK´n��",	§w�§Cn´n�E�5�m§Rn´n�¢�5�m"

§1.9 ���IX

3¥þk
�I��§<��±é��!²¡!�mþ�:Ú?�I"�{´ò:¥þz§=3

:�¥þ�mïá����éA'X§ù�Ò�±ò¥þ��I£�L5½Â:��I"·��?Ø

�m��/§²¡Ú��´aq�"

�ïá:�¥þ�m�éA§́ éN´���§Ï�§X¤±�§ü:�±�)ü������

k��ã§Ù¥?���¥þ§ù�§ÏLV\:§���½:�±ÓÃ�õ�¥þïáéA§Ï��

V\�:kÃ�õ"N´wÑ§�
¦�éA´���§�LÀJ��:��ú��V\:§¿��

½�m¥¤k:�ú�:�½�Ò1
"ù��ÀJÑ5�ú�:§<�¡���I�:":��I

�:�m§Ï~�½l�ö��cö������"ù�§�m¥z�:Ñ������k��ãé

Aµ§�å:´�I�:§ª:��m:��"ù�k��ã§Ï~¡�� ¥£position vector¤"

½Â1.9.1. �m¥�:OëÓ��Ä. {e1, e2, e3}§¡��m�����Ie§½���IX§

P� {O; e1, e2, e3}§Ù¥§:O¡��I�:§¥þ e1, e2, e3¡��I¥þ"éu�m¥?�:P§

ò��éA� ¥
−−→
OP 3Ä. {e1, e2, e3}e��I¡�:P 3��Ie {O; e1, e2, e3}e����

I§{¡�I"

dd½Â§�m:P 3��Ie {O; e1, e2, e3}e��I� (x, y, z)��=�

−−→
OP = xe1 + ye2 + ze3. (1.9.1)

� {O; e1, e2, e3}��m�����Ie"L�:O§©O± e1, e2, e3����k���¡�x

¶!y¶Ú z¶§Ú¡��I¶"zü��I¶û½��²¡§¡��I²¡"o�kn��I²¡§

©O´xOy²¡!yOz²¡!zOx²¡"n��I²¡ò�m©�l�Ü©§¡�l�%�"

òmÃo�§-�Ø	§lx¶����� y¶���§�±=��uπ§XJd�-�¤���

�� z¶����Ñ3xOy²¡�Ó�ý§K¡d�IX�mÃX§ÄK§¡��ÃX§�ã1.9.9Ú

ã1.9.10"�ÃX��±^�Ã5½Âµò�Ão�§-�Ø	§lx¶����� y¶���§�±

=��uπ§XJd�-�¤����� z¶����Ñ3xOy²¡�Ó�ý§K¡d�IX��Ã

X"N´wÑ§���m�IX�o´mÃX§�o´�ÃX§Ø¬´Ù§"ù�5�¡��m�I

X�Ã5"3AÛÆ�ÔnÆ¥§Ï~�mÃX�IO�IX"

�IX�Ã5��±dÄ.5�½µòmÃo�§-�Ø	§lÄ¥ e1�����Ä¥ e2��

�§Ó��±=��uπ§XJd�-�¤�����Ä¥ e3���Ñ3xOy²¡�Ó�ý§K¡

d�IX�mÃX§ÄK§¡��ÃX"w,§ùü��½´�����"duÄ.kgS§Ïd§�
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ã 1.9.9. mÃX ã 1.9.10. �ÃX

IX�´kgS�§~X§

{O; e1, e2, e3}, {O; e2, e1, e3}, (1.9.2)

´ü�ØÓ��IX"XJcö´mÃX§K�ö´�ÃX"=¦Ã5�Ó§~X§

{O; e1, e2, e3}, {O; e2, e3, e1}, (1.9.3)

duÄ.gSØÓ§�öE´ØÓ��IX"

½Â1.9.2. XJ

e1 ⊥ e2, e2 ⊥ e3, e3 ⊥ e1,

K¡ {O; e1, e2, e3}���Ie½���IX"XJ�k

|e1| = 1, |e2| = 1, |e3| = 1,

K¡ {O; e1, e2, e3}���Ie½���IX"?�Ú§XJ {O; e1, e2, e3}�´mÃX§K¡§�m

Ã��Ie§½(k�Ie§½mÃ���IX§½(k��IX"

���IXÚ(k��IXÑ´AÏ����IX§Ù¥§(k��IXc�AÏ§c�{ü§

�´�«~^�IX"���5¿§ék
Ôn¯K§~X¬N§�
£�¬�§(k��IX´Ø

�B�§<�I�������IX"

���Ñ§du��Ie���kÄ.§Ï�§§Q�±�Ñ�m:��I§��±�Ñ�m¥

þ��I§�±���^"¢Só�¥§<�²~ùo�"

²¡Ú����/�´aq�§Ø��
"ùp��Ñ�:µ²¡�IXk^���§�k_�

��§Ï~�^���IX�IO�IX"���IXKw,k�mù«Ã5§����½mÃX�

IO�IX"

§1.10 ��ÝK

�!?Ø¥þ���ÝK§�e¡ü!?Ø¥þ�:¦��¦�O�"

AÛþ§�½��ü ¥þ e§�Ò�du�½
����"@o§?�¥þaÒ�±�'u�

� e���ÝKµXã1.10.11¤«§ò e,a�©:£����Ó:O§,�§l¥þa�ª:§P
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ã 1.10.11. ¥þ�S�K�	�K

�A§�¥þ e¤3����R�§��:§P�B§K¥þ
−−→
OB¡�¥þa'u�� e�S�K£½

SÝK¤§P�a‖§¥þ
−−→
BA¡�¥þa'u�� e�	�K£½	ÝK¤§P�a⊥"u´§

a‖ ‖ e, a⊥ ⊥ e, (1.10.1)

a = a‖ + a⊥. (1.10.2)

dþ¤ã��§¤¢��ÝK§¢SþÒ´d�� e¤p)���©)§÷v��n�/{K!½Ý

/{K§¥þa3�>½é��þ"ù«��©)Ø�´�3�§
�´���§�Ò´`§

½n1.10.1. �¥þak©)§

a = b + c,

Ù¥§

b ‖ e, c ⊥ e,

K7k

b = a‖, c = a⊥.

y². Ï�

a = a‖ + a⊥, (1.10.3)

q

a = b + c, (1.10.4)

¤±

b + c = a‖ + a⊥. (1.10.5)

£�§�

b− a‖ = a⊥ − c. (1.10.6)

w,§

(b− a‖) ‖ e, (a⊥ − c) ⊥ e. (1.10.7)

XJ

b 6= a‖, c 6= a⊥, (1.10.8)
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Kª(1.10.6)�Òü>¥þ���ØÓ§gñ"Ïd§7k

b = a‖, c = a⊥. (1.10.9)

�

y3§À����IX {O; ex, ey, ez}§¦� ez = e"�¥þ©)§·�k

a = axex + ayey + azez. (1.10.10)

5¿�

(azez) ‖ e, (axex + ayey) ⊥ e, (1.10.11)

dþ½n§·��

a‖ = azez, a⊥ = axex + ayey. (1.10.12)

��§|^þãù���ª§·��±����S!	�K��IL«"|^ù«�IL«§·�k

½n1.10.2. ��ÝK�±¥þ��5$�——ê¦�\{"�Ò´`§é?¿¥þa,b±9?

¿¢êλ§·�k

(λa)‖ = λa‖, (a + b)‖ = a‖ + b‖;

(λa)⊥ = λa⊥, (a + b)⊥ = a⊥ + b⊥.

y². d

a = axex + ayey + azez, (1.10.13)

b = bxex + byey + bzez, (1.10.14)

·�k

λa = λaxex + λayey + λazez, (1.10.15)

a + b = (ax + bx)ex + (ay + by)ey + (az + bz)ez. (1.10.16)

u´§

(λa)‖ = λazez = λ(azez) = λa‖, (1.10.17)

(a + b)‖ = (az + bz)ez = azez + bzez = a‖ + b‖; (1.10.18)

(λa)⊥ = λaxex + λayey = λ (axex + ayey) = λa⊥, (1.10.19)

(a + b)⊥ = (ax + bx)ex + (ay + by)ey = (axex + ayey) + (bxex + byey) = a⊥ + b⊥. (1.10.20)

�
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§1.11 ¥þ�SÈ

¥þ�SÈ�¡IþÈ§½êþÈ§½:È§½:¦§½ÂXe§

½Â1.11.1. ü¥þa�b�SÈ§P�a · b§½Â���¢ê§

a · b := |a||b| cos θ,

¥þa,b�mkü�Y�§Ù¥ θ´�Ø�uπ�@�§= 0 ≤ θ ≤ π"

ea�b�¥��k���"¥§½§�þ�"¥§��ö�pR�§Ka · b = 0"3Ù§�¹

e§SÈØ�"µ� 0 ≤ θ < π/2�§a · b > 0¶�π/2 < θ ≤ π�§a · b < 0"

|^SÈ§·��±O�¥þ��Ý§

|a| =
√

a · a, (1.11.1)

±9ü��"¥þ�Y�§

cos θ =
a · b
|a||b|

. (1.11.2)

�Ò´`§·��±^SÈ5)û¥þ��Ý�Y�¯K"w,§�a,bþ�"¥�§

a ⊥ b⇔ a · b = 0. (1.11.3)

k�§�
�B§<�òa · a{P�a2§Ïd§

|a| =
√

a2. (1.11.4)

ã 1.11.12. ¥þ b'u â�S�K b‖

ea��"¥þ§Kkü ¥þ§

â =
a

|a|
=

a√
a2
. (1.11.5)

|^��ÝK���n�/{K§�ã1.11.12§́ �

b‖ = |b| cos θ â, (1.11.6)

Ù¥§b‖�¥þb'u�� â�SÝK"dd§·�k
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Ún1.11.1. ea 6= 0§K

a · b = |a|
(
â · b‖

)
.

y². Äk§eb = 0§KÚnw,¤á"±e�Äb 6= 0��/"

e 0 ≤ θ < π/2§K cos θ > 0§�b‖� âÓ�"d´§�âSÈ�½Â§·�k

â · b‖ = |â||b‖| cos 0 = |â||b‖| = |b‖| = ||b| cos θ â| = ||b| cos θ||â| = |b| cos θ. (1.11.7)

u´§

|a|(â · b‖) = |a||b| cos θ = a · b. (1.11.8)

Ún¤á"

e θ = π/2§KÚnw,¤á"

eπ/2 < θ ≤ π§K cos θ < 0§�b‖� â��"Óc§·�k

â · b‖ = |â||b‖| cosπ = −|â||b‖| = −|b‖| = −||b| cos θ â| = −||b| cos θ||â| = |b| cos θ. (1.11.9)

ù�§B�

|a|(â · b‖) = |a||b| cos θ = a · b. (1.11.10)

ÚnE,¤á" �

�ìþ!§·������IX {O; ex, ey, ez}§¦� ez = â"Kk

b = bxex + byey + bzez. (1.11.11)

u´§

b‖ = bzez. (1.11.12)

|^ù�(J§·�k

Ún1.11.2. ea 6= 0§K

â · b‖ = bz,

y². e bz = 0§Únw,¤á"

e bz > 0§Kb‖, âÓ�"u´§dSÈ½Â§·�k

â · b‖ = |â||b‖| cos 0 = |b‖| = |bzez| = |bz||ez| = |bz| = bz. (1.11.13)

Ún¤á"

e bz < 0§Kb‖, â��"Ó�/§dSÈ�½Â§�

â · b‖ = |â||b‖| cosπ = −|b‖| = −|bzez| = −|bz||ez| = −|bz| = bz. (1.11.14)

Ún�,¤á" �

l±þ�Ún§·��
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Ún1.11.3. ea 6= 0§

a · b = |a| bz.

¥þ�SÈkXeo^­��5�µ

½n1.11.1. é?¿¥þa,b, c§±9?¿¢êλ§k

1. �K5µa · a ≥ 0§¿�a · a = 0⇔ a = 0 ;

2. é¡5µa · b = b · a ;

3. m�5��µa · (λb) = λ(a · b) ;

4. m�5��µa · (b + c) = a · b + a · c"

y².

1. d½Â§w,"

2. d½Â§w,"

3. ea = 0§·Kw,¤á"ea 6= 0§5¿�

(λb)‖ = (λbz)ez (1.11.15)

·�k

a · (λb) = |a|λbz = λ (|a |bz) = λ(a · b). (1.11.16)

·K�,¤á"

4. ea = 0§·Kw,¤á"ea 6= 0§-

c = cxex + cyey + czez, (1.11.17)

·�k

(b + c)‖ = (bz + cz)ez. (1.11.18)

u´§

a · (b + c) = |a| (bz + cz) = |a| bz + |a| cz = a · b + a · c. (1.11.19)

·K�,¤á"

�

dþã½n��n:§N´wÑ

(λa) · b = λa · b, (1.11.20)

(a + b) · c = a · c + b · c. (1.11.21)
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=SÈ�´��5�"o�§SÈa · b'u§�ü�CþaÚbÑ´�5�"

d´��§·�k

(αa + βb) · (µc + νd) = αµa · c + ανa · d + βµb · c + βνb · d. (1.11.22)

Ônþ§'uSÈ�Í¶~fÒ´å¤��õ"�,�:3å f�^eu)
�� £ s§K

å féT�:¤��õw�

w = f · s. (1.11.23)

,��~��~f´�:�ÄU§

T =
1

2
mv2 =

1

2
mv · v, (1.11.24)

Ù¥§m��:��þ§v��:��Ý"

3�m¥À�����Ie {O; e1, e2, e3}"�¥þa§b��I©O� (a1, a2, a3)§(b1, b2, b3)§

=§

a = a1e1 + a2e2 + a3e3, (1.11.25)

b = b1e1 + b2e2 + b3e3. (1.11.26)

u´§

a · b = (a1e1 + a2e2 + a3e3) · (b1e1 + b2e2 + b3e3)

= a1b1e1 · e1 + a1b2e1 · e2 + a1b3e1 · e3

+ a2b1e2 · e1 + a2b2e2 · e2 + a2b3e2 · e3

+ a3b1e3 · e1 + a3b2e3 · e2 + a3b3e3 · e3. (1.11.27)

Ïd§����Ä¥þ e1, e2, e3�m�SÈ§

gij = ei · ej, i, j = 1, 2, 3, (1.11.28)

Ò�±O�?Ûü�¥þ�SÈ"Ï~¡ gij£ i, j = 1, 2, 3¤���Ie {O; e1, e2, e3}�ÝþXê"

Ï� ej · ei = ei · ej§¤± gij'uü�eI´é¡�§

gji = gij. (1.11.29)

ùL²§Ê�ÝþXê¥�k8�´Õá�"Ú^ÝþXê§ü¥þ�SÈ�L�Xe/ª§

a · b =
3∑
i=1

3∑
j=1

gijaibj. (1.11.30)

XJ^�#N§XÚ�±�����IX§KÝþXê�±z{"N´��§3���IXe

gij = ei · ej = δij, (1.11.31)
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Ù¥§δ´¤¢�KroneckerÎÒ§

δij :=

{
1, i = j
0, i 6= j.

(1.11.32)

3���IXe§ü¥þSÈ�/ª��{ü§

a · b =
3∑
i=1

aibi = a1b1 + a2b2 + a3b3. (1.11.33)

u´§¥þa��Ý�§

|a| =
(

3∑
i=1

a2
i

)1/2

=
√
a2

1 + a2
2 + a2

3, (1.11.34)

ü:A§B�m�ål�§

|
−−→
AB| =

√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2, (1.11.35)

Ù¥§(x1, y1, z1)Ú (x2, y2, z2)©O�:AÚ:B����I"

§1.12 SÈ�m ∗

þãSÈVg�±í2�¢�5�mÚE�5�m§/¤¤¢�SÈ�m"

§1.12.1 îAp��m

4·�kw¢�5�m��/"

½Â1.12.1. �V ´¢ê�Rþ��5�m"XJ3V þ�3����¼ê f§§éuV ¥?

¿¥þa,b, c±9?¿¢êλ§÷v±eo^5K§

1. f(a,a) ≥ 0§¿� f(a,a) = 0��=�a = 0 ,

2. f(b,a) = f(a,b) ,

3. f(a,b + c) = f(a,b) + f(a, c) ,

4. f(a, λb) = λf(a,b) ,

K¡V �'u f�¢SÈ�m§½îAp��m£{¡î¼�m¤",	§¡¼ê f�V �SÈ§Ï~

ò f(a,b){ü/P� (a,b)"

~1.12.1. 3�5�mRn¥§éu¥þ

a = (a1, a2, · · · , an), b = (b1, b2, · · · , bn),

5½

(a,b) = a1b1 + a2b2 + · · ·+ anbn,

KØJ�yRn´�î¼�m"��/§<�E^Rn5Pdî¼�m"
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~1.12.2. 4«m [0, 1]þ��N¢�ëY¼ê/¤¢�mC[0, 1]"éC[0, 1]¥�¼ê f(x)Ú g(x)§

5½

(f, g) =

∫ 1

0

f(x)g(x)dx,

KdÈ©�5�ØJ�yC[0, 1]´��î¼�m"

d½Â¥�^�2!3!4§·�k

(λa,b) = (b, λa) = λ(b,a) = λ(a,b), (1.12.1)

f(a + b, c) = f(c,a + b) = f(c,a) + f(c,b) = f(a, c) + f(b, c). (1.12.2)

Ïd§SÈ'uü�CþÑ´�5�"

½Â1.12.2. 3î¼�m¥§?¿¥þaÑk�Ý§P� |a|§Ù½Â´

|a| :=
√

(a,a).

½n1.12.1. �a,b�î¼�m�?¿ü�¥þ§Kk

|(a,b)| ≤ |a||b|.

¤¢�ÜØ�ª´�"

y². ea = 0§K½nw,¤á"±e�a 6= 0"-

c = xa + b, x ∈ R. (1.12.3)

dSÈ½Â§k

(c, c) ≥ 0. (1.12.4)

u´§

(xa + b, xa + b) ≥ 0, (1.12.5)

�=§

(a,a)x2 + 2(a,b)x+ (b,b) ≥ 0. (1.12.6)

þªé?¿�¢êxþ¤á§AO/§�

x = −(a,b)

(a,a)
, (1.12.7)

�

(b,b)− (a,b)2

(a,a)
≥ 0, (1.12.8)

=

(a,b)2 ≤ (a,a)(b,b). (1.12.9)
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ü>m�§�

|(a,b)| ≤ |a||b|. (1.12.10)

½n½¤á" �

d�ÜØ�ª§·�k

−1 ≤ (a,b)

|a||b|
≤ 1. (1.12.11)

u´§3î¼�mp§�±kY��Vgµ

½Â1.12.3. �a,b�î¼�m¥�ü��"¥þ§KÙY� θ5½�

θ := arccos

(
(a,b)

|a||b|

)
.

þ½Â`²

cos θ =
(a,b)

|a||b|
, (1.12.12)

§Óþ!�(J/ª����"Y� θÙ¢Ò´þª�)§�Ì�v
"

±þ�?ØL²§î¼�m¥¥þk�ÝÚY��Vg"�ÝÚY�Ï~¡�Ýþ5�§ù¿�

Xî¼�m´�«�Ýþ��m"

½Â1.12.4. �a,b�î¼�m¥�?¿ü�¥þ"XJ

(a,b) = 0,

K¡a,b��½�pR�§P�a ⊥ b .

²w/§"¥þ�?¿¥þR�§�)§g�§
�"¥þ�´���g��pR��¥þ"ü

��"¥þ�pR��¿©7�^�´§��Y��π/2 .

�a ⊥ b�§·�k

|a|2 + |b|2 = |a + b|2. (1.12.13)

=��½n3?¿î¼�m¥ÑU¤á"̄ ¢þ§

|a + b|2 = (a + b,a + b) = (a,a) + (b,b) = |a|2 + |b|2. (1.12.14)

½Â1.12.5. îª�m¥��|�"¥þ§XJ§�üü��§Ò¡�����¥þ|"

Ï~�½§dü��"¥þ�¤�¥þ|�´��¥þ|"

½n1.12.2. ��¥þ|Ñ´�5Ã'�"

y². �a1,a2, · · · ,am´���¥þ|"XJ§���5|Ü�u"§=§

k1a1 + k2a2 + · · ·+ kmam = 0, (1.12.15)
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K¤k�|ÜXê��""ù´Ï�^aiÓþªü>�SÈ§�

ki(ai,ai) = 0, 1 ≤ i ≤ m. (1.12.16)

duai 6= 0§Ïd§(ai,ai) > 0"u´§·�k

ki = 0, 1 ≤ i ≤ m. (1.12.17)

�

3n�î¼�m¥§XJ����¥þ|¤
oê�m§K7km ≤ n"ù´Ï���¥þ|

7��5Ã'|§XJm > n§@o3d�m¥Ò�3��¤
êþ�u�ê��5Ã'¥þ|§g

ñ"3k���5�m¥§�5Ã'¥þ|¤
oêAT�u½�u�m��ê"q§w,§m = n�

�=���¥þ|´�m���Ä."

u´§·�ke¡�½Âµ

½Â1.12.6. 3n�î¼�m¥§dn�¥þ|¤���¥þ|¡���Ä"?�Ú§XJ��

Ä�z�¥þÑ´8��§Ò¡���8�Ä"

é��Äz��¤
?18�z§��ÄÒ¤���8�Ä"

�V ´��n�î¼�m§¿� e1, e2, · · · , en´V ���Ä."q�a,b�V ¥�?¿ü�¥

þ"·�k

a =
n∑
i=1

aiei = a1e1 + a2e2 + · · ·+ anen, (1.12.18)

b =
n∑
i=1

biei = b1e1 + b2e2 + · · ·+ bnen. (1.12.19)

u´§

(a,b) =
n∑
i=1

n∑
j=1

aibj(ei, ej) =
n∑
i=1

n∑
j=1

gijaibj, (1.12.20)

Ù¥§

gij = (ei, ej). (1.12.21)

þ gij¡�Ä. e1, e2, · · · , en�ÝþXê§§´é¡�§

gji = gij. (1.12.22)

þ¡�?ØL²§��
��Ä.�ÝþXê��§î¼�m¥?¿ü¥þ�SÈÒ�Ù
§Ï
Ý

þXê��û½
î¼�m�SÈ"

XJÄ. e1, e2, · · · , en���8�Ä§K

gij = δij =

{
1, i = j
0, i 6= j.

(1.12.23)
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u´§

(a,b) =
n∑
i=1

aibi. (1.12.24)

Ïd§��8�Ä�|uSÈ�O�§ù´��8�Ä�Ð?��"

��8�Ä�,��Ð?´§¥þ��I�±é{ü/^SÈ¦Ñ"�

v = v1e1 + v2e2 + · · ·+ vnen. (1.12.25)

^ eiéþªü>�SÈ§�

(ei,v) = v1(ei, e1) + v2(ei, e2) + · · ·+ vn(ei, en) = vi. (1.12.26)

ùÒ´`§

vi = (ei,v), 1 ≤ i ≤ n. (1.12.27)

��8�ÄkXN�Ð?§@o§?¿î¼�mÑ�3��8�Äoº£�´�½�"

½n1.12.3. ln�î¼�m�?¿��Ä.b1,b2, · · · ,bnÑu§·�ÑUé�����8�

Ä. e1, e2, · · · , en .

c®�Ñ§?Û��¥þ|ÑUz���8�¥þ|§Ïd§·��Ly²§ln�î¼�m�

?¿��Ä.b1,b2, · · · ,bnÑu§<�ÑUé�����Ä.a1,a2, · · · ,an=�"

y². Äk§�

a1 = b1. (1.12.28)

Ùg§�

a2 = b2 −
(a1,b2)

(a1,a1)
a1. (1.12.29)

u´§

(a1,a2) = 0. (1.12.30)

=a2�a1��"

2g§�

a3 = b3 −
(a1,b3)

(a1,a1)
a1 −

(a2,b3)

(a2,a2)
a2. (1.12.31)

|^a1,a2���5§·�k

(a1,a3) = 0, (a2,a3) = 0. (1.12.32)

=a3�a1,a2Ñ��"d´��§¥þ|a1,a2,a3üü��"ù�§·�Òl�5Ã'¥þ|b1,b2,b3é

Ñ
��¥þ|a1,a2,a3"

lþãL§�±wÑ§�n = 1, 2, 3�§½n¤á"e¡�n > 3"
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�·�®²l�5Ã'¥þ|b1,b2, · · · ,biéÑ
��¥þ|a1,a2, · · · ,ai§Ù¥ 1 < i < n"

-

ai+1 = bi+1 −
i∑

k=1

(ak,bi+1)

(ak,ak)
ak. (1.12.33)

N´��§

(ak,ai+1) = 0, 1 ≤ k ≤ i. (1.12.34)

ù%¹Xa1,a2, · · · ,ai,ai+1´��¥þ|"u´§·�l�5Ã'¥þ|b1,b2, · · · ,bi,bi+1éÑ


��¥þ|a1,a2, · · · ,ai,ai+1"

dêÆ8B{§½nén > 3��/½¤á"u´§½né?¿nÑ¤á" �

½ny²¥¤^��{§3©z¥¡���A£Schimidt¤��zL§"

±þ´î¼�m��
Ä�5�§Ød�	§î¼�m�kéõéÐ�5�§Öö�±g1ë�

�'�§"

§1.12.2 j�m

y3§·�5wE�5�m��/"

½Â1.12.7. �V ´Eê�Cþ��5�m"XJ3V þ�3����¼ê f§§éuV ¥?

¿¥þa,b, c±9?¿Eêλ§÷v±eo^5K§

1. f(a,a) ≥ 0§¿� f(a,a) = 0��=�a = 0 ,

2. f(b,a) = f(a,b) ,

3. f(a,b + c) = f(a,b) + f(a, c) ,

4. f(a, λb) = λf(a,b) ,

K¡V �'u f�ESÈ�m§½j�m£unitary space¤",	§¡¼ê f�V �SÈ§Ï~ò f(a,b){

ü/P� (a,b)"

~1.12.3. 3�5�mCn¥§éu¥þ

a = (a1, a2, · · · , an), b = (b1, b2, · · · , bn),

5½

(a,b) = a1b1 + a2b2 + · · ·+ anbn,

KØJ�yCn´�j�m"

~1.12.4. 4«m [0, 1]þ��NëYE�¼ê1/¤��E�5�m"éT�m¥�¼ê f(x)

Ú g(x)§XJ5½

(f, g) =

∫ 1

0

f(x)g(x)dx,

1'u¢CE�¼ê§�14Ù"
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K§¤���j�m"

d½Â¥�^�2!3!4§·�k

(λa,b) = (b, λa) = λ(b,a) = λ̄ (b,a) = λ̄ (a,b), (1.12.35)

f(a + b, c) = f(c,a + b) = f(c,a) + f(c,b) = f(c,a) + f(c,b) = f(a, c) + f(b, c). (1.12.36)

Ïd§SÈ'uü�CþØ´V�5�£bilinear¤§
´����5�£sesquilinear¤µ'u1��C

þ��5§'u1��Cþ�E�Ý§½��5"

3j�m¥§Ï� (a,a) ≥ 0§¤±E�½Â¥þ��Ý"

½Â1.12.8. 3j�m¥§?¿¥þaÑk�Ý§P� |a|§Ù½Â´

|a| :=
√

(a,a).

½n1.12.4. �a,b�j�m�?¿ü�¥þ§Kk

|(a,b)| ≤ |a||b|.

ùÒ´`�ÜØ�ª3j�m¥E¤á"

y². ea = 0§K½nw,¤á"±e�a 6= 0"-

c = za + b, z ∈ C. (1.12.37)

dSÈ½Â§k

(c, c) ≥ 0. (1.12.38)

u´§

(za + b, za + b) ≥ 0, (1.12.39)

�=§

(a,a)z̄z + (a,b)z + (a,b)z + (b,b) ≥ 0. (1.12.40)

þªé?¿�Eê zþ¤á§AO/§�

z = −(a,b)

(a,a)
, (1.12.41)

�

(b,b)− (a,b)(a,b)

(a,a)
≥ 0, (1.12.42)

=

|(a,b)|2 ≤ (a,a)(b,b). (1.12.43)

ü>m�§�

|(a,b)| ≤ |a||b|. (1.12.44)
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½n½¤á" �

���Ñ�´§j�m�SÈ (a,b)���E�§́ �§¥þ�mvkY�Vg§�E�k��

5µ

½Â1.12.9. �a,b�j�m¥�?¿ü�¥þ"XJ

(a,b) = 0,

K¡a,b��½�pR�§P�a ⊥ b .

½Â1.12.10. j�m¥��|�"¥þ§XJ§�üü��§Ò¡�����¥þ|"

N´y²§

½n1.12.5. 3j�m¥§��¥þ|Ñ´�5Ã'�"

½Â1.12.11. 3n�j�m¥§dn�¥þ|¤���¥þ|¡���Ä"?�Ú§XJ��Ä

¥�z�¥þÑ´8��§Ò¡���8�Ä"

��§��A£Schimidt¤��zL§éj�mE·^"

½n1.12.6. ln�j�m�?¿��Ä.b1,b2, · · · ,bnÑu§·�ÑUé�����8�

Ä e1, e2, · · · , en .

lÔnÆ*:w§j�m'î¼�m��­�§AO´35>ÄåÆ6±95þfåÆ6�¥"

§1.13 ¥þ�	È

½Â1.13.1. ü�¥þa�b�	È§��a× b§E´��¥þ§P� c§

c = a× b.

Ù��£=�¤5½�

|c| := |a||b| sin θ,

ÓSÈ��§ùp� θ´�a�b�mØ�uπ@�Y�"�a�b���§	È����u"§�

	È�"¥§d�§	ÈÃ¤¢��"�a�bØ���§	È���Ø�u"§�	È��"¥þ§

	È����,k¿Â"d�§<��½µ�aÚbÓ�R�§¿�¦a, b, cnö¤mÃX��m�

��	È c���"�é{`§�mÃo�la��b§¿�=��u 0
�uπ�§-�¤���

�Ò´	È c���§�ã1.13.13"	È���¦"

du"¥þ�?Û¥þ��§Ïd§ea,bk��"¥�§a× b = 0"

Xã1.13.14¤«§AÛþ§	È��� |a × b|TÐÒ´d¥þaÚb¤)¤�²1o>/�¡

È"Ï�§|^¥þÈ§<��±O��m¥?¿²1o>/�¡È§�,§��±O�?¿n�/

�¡È§§´�A²1o>/¡È���"
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ba

c

ã 1.13.13. mÃÚ^½K

ã 1.13.14. mÃÚ^½K

Ônþ§	È�{ü¢~Ò´�:¤É�åÝM±9�:��ÄþL§

M = r× f , L = r× p, (1.13.1)

Ù¥§r´�:� ¥§f´�:¤É�å§p��:�Äþ"

����O��~f§4·�5�	(k��IX {O; e1, e2, e3}"d	ÈÚ(k��IX�½

Â§ØJ��§·�k

e1 × e2 = e3, e2 × e3 = e1, e3 × e1 = e2, (1.13.2)

Xã1.13.15¤«"dD(¼XÏ��?§<~^è"

ã 1.13.15. (k�Ä¥�	È

�a 6= 0�§Xã1.11.12¤«§���ÝK§N´wÑ

|b⊥| = |b| sin θ, (1.13.3)

Ù¥§b⊥�¥þb'u�� â�	ÝK"
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Ún1.13.1. ea 6= 0§Ka× b = |a| (â× b⊥) .

y². eb = 0§KÚnw,¤á"eb 6= 0§K

|â× b⊥| = |â||b⊥| sin
(π

2

)
= |b⊥|. (1.13.4)

Ï
§

||a| (â× b⊥) | = |a||â× b⊥| = |a||b⊥|. (1.13.5)

q§

|a× b| = |a||b| sin θ = |a||b⊥|, (1.13.6)

¤±

|a× b| = ||a| (â× b⊥) |. (1.13.7)

=§3Ún¥§�ªü>¥þ����"

�u��§d	È½Â§́ � â×b⊥�a×b��§�ã1.13.16"Ï�¦±�¢êØUC¥þ�

�§¤±¥þ |a| (â× b⊥)7�¥þa× b���Ó"

y3§�Òü>§¥þ����§���Ó§Ï
�ª¤á"Ún�y" �

ã 1.13.16. 	È â× b

�ì§1.10§·�À�(k��IX {O; ex, ey, ez, }§¦� ez = â§�©)

b = bxex + byey + bzez, (1.13.8)

K

b⊥ = bxex + byey. (1.13.9)

ùÒ´`§�·�ò¥þa���À� z¶����§¥þ'u�� â�	�KÒC¤
��¡¥

£xy²¡þ�¥þ¤"y3§4·�5�	 â× b⊥"Äk§Ï� â ⊥ b⊥§¤±

|â× b⊥| = |â||b⊥| sin
(π

2

)
= |b⊥|. (1.13.10)

ùL²§¥þ â×b⊥�¥þb⊥����§½ö`§¥þb⊥²L â��¦��§���±ØC"e¡

?Øb⊥²�¦�����µU½Â§¥þ â×b⊥QR�u â§�R�ub⊥"Ï�R�u â§¤±§
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�½ uxy²¡�þ§=Ó¥þb⊥��§½´��¡¥"qÏ�§R�ub⊥§¤±§3xy²¡þ

�¥þb⊥¤��"X¤±�§²¡þ�Y�kü���µ_�����^����"Uì�¦�½

Â§�±?�Ú�ä§d?��7�_����§�=§¥þ â × b⊥3xy²¡þ�¥þb⊥_��

¤ 90◦�"~X§e�b⊥ = ex§½b⊥ = ey§Kk

â× b⊥ = ez × ex = ey, â× b⊥ = ez × ey = −ex, (1.13.11)

�¦��§�öþ��¥þ¤_�� 90◦�"o
ó�§¥þb⊥²L â��¦��§���±ØC§

��K3xy²¡þ7�I�:÷_����^=
 90◦§Xã1.13.17¤«"

ã 1.13.17. ¥þ b⊥7 â_�� 90◦^=

y3§·�5O�¥þb⊥3xy²¡þ7�I�:÷_����^=
π/2���I"k�

Äb⊥ 6= 0��/"-

â× b⊥ = ξex + ζey, (1.13.12)

Kw,k

ξex + ζey 6= 0, (1.13.13)

=��I§ξ, ζ§ØÓ��""Ï�

(â× b⊥) ⊥ b⊥, (1.13.14)

¤±

(â× b⊥) · b⊥ = 0. (1.13.15)

ù¿�X

ξbx + ζby = 0, (1.13.16)

½

ξ

by
= − ζ

bx
. (1.13.17)

-dú'� t§Kk

ξ = tby, ζ = −tbx. (1.13.18)
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du�¦��§¥þ��Ý�±ØC§

|â× b⊥| = |b⊥|, (1.13.19)

Ïd§

ξ2 + ζ2 = b2
x + b2

y. (1.13.20)

d´´�§

t2 = 1, (1.13.21)

½

t = ±1. (1.13.22)

5¿�xy²¡ko��§©��?Ø´�µt = 1�L^��^=¶t = −1�L_��^="u´§

eb⊥ 6= 0§·�Bk

â× b⊥ = â× (bxex + byey) = −byex + bxey. (1.13.23)

ù�(J§éub⊥ = 0��/§g,¤á"ù�§·��

Ún1.13.2. XJa 6= 0§K

â× b⊥ = â× (bxex + byey) = −byex + bxey.

|^Eê�¡��£§·���±�{$/��þã(Ø"�d§·�òxy²¡w�E z²¡§

¿ò²¡¥þ�Eê��éAå5§=

xex + yey 
 x+ yi. (1.13.24)

|^Eê��êL«§

z = reiθ, (1.13.25)

Ù¥§rÚ θ©O���Ë�§N´��§

eiϕz = rei(θ+ϕ). (1.13.26)

��§��Eê²L� eiϕ�¦{±�§��±ØC§
Ë�%O\
ϕ"�¤²¡¥þ��ó§ùÒ

´`§��²¡¥þ²LX´ eiϕ�¦{��§���±ØC§���%3xy²¡þ7�I�:÷_

����^=
�Ýϕ"y3§�ϕ = π/2§Kk

eiπ/2 = i. (1.13.27)

Ïd§XJ^Jü  i¦±²¡¥þ§ÒU4�ö���_��π/2�^="du

iz = i(x+ yi) = −y + ix, (1.13.28)
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Ïd§²L��_��π/2^=��§

xex + yey → −yex + xey. (1.13.29)

ù�§·�Bk

bxex + byey → −byex + bxey. (1.13.30)

Ún1.13.2�y"

dþã�Ún§·��

Ún1.13.3. XJa 6= 0§K

a× b = |a|(−byex + bxey).

¥þ	Èkn^­��5�µ

½n1.13.1. é?¿¥þa,b, c§±9?¿¢êλ§k

1. ���Æµb× a = −a× b"

2. m�5��µa× (λb) = λ(a× b)"

3. m�5��µa× (b + c) = a× b + a× c"

y².

1. d¥þ	È�½Â§·Kw,¤á"

2. ea = 0§·Kw,¤á"e¡�Äa 6= 0��/"d½n1.10.2§k

(λb)⊥ = λ(b)⊥ = (λbx)ex + (λby)ey. (1.13.31)

u´§

a× (λb) = |a|[−(λby)ex + (λbx)ey] = λ|a|(−byex + bxey) = λ(a× b). (1.13.32)

·K�,¤á"

3. ea = 0§·Kw,¤á"y3�Äa 6= 0��/"d½n1.10.2§k

(b + c)⊥ = b⊥ + c⊥ = (bx + cx)ex + (by + cy)ey. (1.13.33)

Ï�§

a× (b + c) = |a|[−(by + cy)ex + (bx + cx)ey]

= |a|(−byex + bxey) + |a|(−cyex + cxey)

= a× b + a× c. (1.13.34)

·K�,¤á"
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�

þã½n�1�^Ï~¡�����Æ"1�!1nü^L²§ü¥þ�	Èé1��Cþ´�

5�£m�5¤"|^���Æ§�±y²§ü¥þ�	Èé1��Cþ�´�5�£��5¤µ

(λa)× b = −b× (λa) = −λ(b× a) = λ(a× b). (1.13.35)

(a + b)× c = −c× (a + b) = −(c× a + c× b)

= −c× a− c× b = a× c + b× c. (1.13.36)

dd��§·�k

(αa + βb)× (µc + νd) = αµa× c + ανa× d + βµb× c + βνb× d. (1.13.37)

e¡?ØXÛ|^�I5O�¥þ�	È"k�����Ie {O; e1, e2, e3}"�¥þa§bk

L«§

a = a1e1 + a2e2 + a3e3, (1.13.38)

b = b1e1 + b2e2 + b3e3. (1.13.39)

u´§

a× b = (a1e1 + a2e2 + a3e3)× (b1e1 + b2e2 + b3e3)

= (a1b2 − a2b1)e1 × e2 + (a2b3 − a3b2)e2 × e3

+ (a3b1 − a1b3)e3 × e1. (1.13.40)

dd��§�¦ü¥þ�	È§Lk�¡Ä¥�m�	È"

c®�Ñ§(k��IX�Ä¥�mk�{ü�	È§Ïd§|^(k��IX¦	È��{ü"

<�S.þò(k��IX�n��I¥þP� i, j,k§ù�§·�k

i · j = 0, j · k = 0, k · i = 0, (��5) (1.13.41)

i · i = 1, j · j = 1, k · k = 1, (8�5) (1.13.42)

i× j = k, j× k = i, k× i = j. (mÃ5) (1.13.43)

u´§3(k��IXe§Bk

a× b = (a2b3 − a3b2)i + (a3b1 − a1b3)j + (a1b2 − a2b1)k. (1.13.44)

Ï~§�|^1�ªU1½U�Ðm�5�§òþª{P�

a× b =

∣∣∣∣∣∣
i j k
a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
i a1 b1

j a2 b2

k a3 b3

∣∣∣∣∣∣ . (1.13.45)

¥þ�	ÈE´¥þ§Ïd§§��±UY�¥þ	È§�Ò´`§¥þ�ëY�¦"ù´	È

�SÈØÓ�/�§SÈ�(J�¢ê§Ï
vkëY$�"e¡§·�Ò¬uy§ØÓuÊÏê£¢
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ê½Eê¤§¥þ�	Èvk(ÜÆ§§´�«�(Ü�ê"ù´·��>��1���(Ü�ê§§

´¥þ�¦��­�A�"

½n1.13.2. éu?¿¥þa,b, c§k

a× (b× c) = (a · c)b− (a · b)c.

½n¥�úª¡��­	Èúª§é~^"

3�Ñy²�c§·��¿�Ñ§3�½�IX��§¥þ��I´��éA�§Ïd§ü�¥

þ��§§���I7��§��½,§ü¥þ��I��§K§���7��"ù�§�y²ü¥þ

��§<�������B��IX§¿yüö��I��Ò�±
"ù´�«¥þ�ê¥~^��

{"5¿µ¥þ����IÃ'§�|^�I%�±y²¥þ�ª"ù´�I{�©^��"

y². ���(k��IX {O; i, j,k, }§�

a = a1i + a2j + a3k, (1.13.46)

b = b1i + b2j + b3k, (1.13.47)

c = c1i + c2j + c3k. (1.13.48)

q�

b× c = d1i + d2j + d3k, (1.13.49)

a× (b× c) = x1i + x2j + x3k, (1.13.50)

(a · c)b− (a · b)c = y1i + y2j + y3k, (1.13.51)

|^1�ªL«§́ �

d1 = b2c3 − b3c2, (1.13.52)

d2 = b3c1 − b1c3, (1.13.53)

d3 = b1c2 − b2c1, (1.13.54)

±9

x1 = a2d3 − a3d2, (1.13.55)

x2 = a3d1 − a1d3, (1.13.56)

x3 = a1d2 − a2d1, (1.13.57)

u´§

x1 = a2(b1c2 − b2c1)− a3(b3c1 − b1c3)

= b1(a2c2 + a3c3)− c1(a2b2 + a3b3)

= b1(a · c− a1c1)− c1(a · b− a1b1)

= b1(a · c)− c1(a · b). (1.13.58)
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q§w,§

y1 = (a · c)b1 − (a · b)c1. (1.13.59)

Ïd§

x1 = y1. (1.13.60)

Ón�y

x2 = y2, (1.13.61)

x3 = y3. (1.13.62)

�ª¤á" �

|^	È����Æ§k

(a× b)× c = −c× (a× b) = (a · c)b− (b · c)a. (1.13.63)

u´§

(a× b)× c− a× (b× c) = (a · b)c− (b · c)a 6= 0, (1.13.64)

�=§3���¹e§

(a× b)× c 6= a× (b× c). (1.13.65)

�é{`§é¥þ�	È
ó§(ÜÆØ¤á"o�§ÓÊÏ�ê�'§	ÈQØ÷v��Æ§�Ø÷

v(ÜÆ"

��§|^�­	Èúª§ØJy²¤¢�Jacobið�ª§

a× (b× c) + b× (c× a) + c× (a× b) = 0. (1.13.66)

§1.14 ¥þ�·ÜÈ

½Â1.14.1. ¤¢¥þ�·ÜÈ§´�k�ü�¥þ�	È§,�2�1n�¥þ�SÈ§¤±

·ÜÈ´��êþ£½Iþ¤"��òn¥þa,b, c�·ÜÈP� (a,b, c),

(a,b, c) := (a× b) · c.

du§´	È�SÈ�·Ü$�§¤±��·ÜÈ"

é²w§n¥þ�·ÜÈ�u"��=�§��¡"�n¥þØ�¡�§Ù·ÜÈØ�u""d

�§±n¥þ�c�±)¤��²18¡N§·ÜÈ�ýé�TÐÒ�uù�²18¡N�NÈ"ù

´N´n)�µXã1.14.18¤«§òn¥þP�a,b, c§-

a× b = Sn̂. (1.14.1)
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ã 1.14.18. ²18¡N�NÈ

Ù¥S = |a× b|´a,b¤)¤�²1o>/�¡È§ù�²1o>/�´a,b, c¤)¤�²18¡

N�.¡§Ïd§S�Ò´²18¡N�.¡È¶Ù¥ n̂�ü ¥þ§́ ¥þa × b�8�z§§R

�u²18¡N�.¡"d´��§|n · c|TÐ´²18¡N�ph"u´§

|(a,b, c)| = |(a× b) · c| = |(Sn̂) · c| = S|n̂ · c| = Sh, (1.14.2)

�Ð´²18¡N�NÈ"Ïd§·ÜÈØ�U
^u�än�¥þ´Ä�¡§
��U
^uO�

²18¡N�NÈ"

·ÜÈ���­�5�§́ �±�än�Ø�¡¥þ�Ã5"|^AÛ�*§́ y

½n1.14.1. �a,b, c´n�Ø�¡¥þ"XJ·ÜÈ (a,b, c) > 0§@o§a,b, c§½b, c,a§

½ c,a,bU^SÑ¤mÃX¶XJ·ÜÈ (a,b, c) < 0§@o§a,b, c§½b, c,a§½ c,a,bU^S

Ñ¤�ÃX"

y3§���(k��IX {O; i, j,k}§�

a = a1i + a2j + a3k, (1.14.3)

b = b1i + b2j + b3k, (1.14.4)

c = c1i + c2j + c3k. (1.14.5)

@o§

a× b = (a2b3 − a3b2)i + (a3b1 − a1b3)j + (a1b2 − a2b1)k. (1.14.6)

u´§

(a,b, c) = (a2b3 − a3b2)c1 + (a3b1 − a1b3)c2 + (a1b2 − a2b1)c3. (1.14.7)

þªm>TÐ´n¥þ�I1�ª��§·�k

(a,b, c) =

∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣ . (1.14.8)

|^·ÜÈ�1�ªL«§́ yµ



§1.15 �m�½� 45

1. ��·ÜÈ�?¿ü�Ïf§·ÜÈCÒ"AO/§ekü�Ïf��§K·ÜÈ�""

2. nÏf�Ì���§·ÜÈØC"

�Ò´`§ea,b, c�?¿n¥þ§K

1. (a,b, c) = −(b,a, c) = −(c,b,a) = −(a, c,b).

2. (a,b, c) = (b, c,a) = (c,a,b).

ddØJ��§XJn¥þa,b, cU^S¤mÃX§@o§��Ù¥?¿üö§mÃXC�ÃX"

��½,§�ÃX7CmÃX"o�§��n¥þ¥�?¿ü�¥þ§n¥þ�Ã57��UC"

��§·�5y²¤¢�Lagrangeð�ª§

(a× b) · (c× d) =

∣∣∣∣ a · c a · d
b · c b · d

∣∣∣∣ . (1.14.9)

y². Äk§|^·ÜÈ�Ì�5�§k

(a× b) · (c× d) = [(a× b)× c] · d. (1.14.10)

Ùg§Ú^�­	È�(J§k

(a× b)× c = (a · c)b− (b · c)a. (1.14.11)

u´§

(a× b) · (c× d) = [(a · c)b− (b · c)a] · d

= (a · c)(b · d)− (b · c)(a · d)

=

∣∣∣∣ a · c a · d
b · c b · d

∣∣∣∣ . (1.14.12)

�

§1.15 �m�½�

�[��§��kü�½�µ��Ú�m"�±?ÀÙ¥����IO½�§½�½�§,��Ò

´�½�"S.þÀ�m�IO½�§u´§��Ò¤��½�"½�ò��þ��Ie½���I

X {O; e}©�üaµXJÄ¥ e�������IO½���§~X�m§K¡�IX´�½��¶

��§eÄ¥ e�������IO½���§~X��§@o§Ò¡�IX´�½��"dd��§

���½���IX�½�´��éA�"Ïd§<���±^�IX�½�5½Â���½�§


�§lAÛÿþ�Ônÿþ�*:w§�IXÒ´ëìX§ù��½Â�ª��g,"±e§·�Òæ

^ù��*:"b��IX {O; e}�À�IO½�"@o§?��IX {O′; e′}�½�Ñ�±^ e′'

uIO�IX {O; e}��I5�½"�

e′ = µe. (1.15.1)
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XJµ > 0§K�IX {O′; e′}�IO�IX {O; e}½��Ó"��§XJµ < 0§K�IX {O′; e′}�

IO�IX {O; e}½���"��§µ�ÎÒû½
Ie {O′; e′}�½�µ�Ò§½��Ó¶KÒ§½

���"

�½�IX�½���§��þ�k��ã��±¼�½�µk��ã����IO½��Ó

�§¡��½�¶�IO½����§¡��½�"k��ã�½���±d§3IO�IXe�I

�ÎÒ5�½µ�Ò§½��Ó¶KÒ§½���"?�Ú§XJ��½�IO��IX {O; e}�Ä

¥ e´ü ¥þ§@o§k��ã
−−→
AB��Iλ§

−−→
AB = λe, (1.15.2)

Ò¡��Tk��ã�½��Ý§§���K"

é��
ó§±þù
½ÂQ�*qg,"e¡ò?Ø�²¡��m§KÅìÄ�"

éu²¡§§küý§<��±?ÀÙ����¡§,	�ýÒ´�¡"ùÒ´²¡�F~½�§

ØL§Lu�*

"�Oüý§·��±^²¡�{�5�²¡½�"Äk§{�´��§§�±k

ü�½�"Ùg§ò���¡�@�{���½Â�{���½�"ù�§{��ü���Ò�²¡

�ü�¡ïá
��éA"|^ù���éA§·��±�L5^{�5�²¡½�µk?����

���{���½�§,�ò{���½�5½�²¡��½�"Ï�²¡�¤k{�Ñ´�p²1

�§Ïd§ù��5½�¤À{�Ã'"�,|^{�½�'^ý¡½��Ð§��Ø´�Ð�"c

¡`L§lAÛÿþ�Ônÿþ�*:w§̂ �IX5½Â½�´��Ün�"3����/§�I

X�k��Ä¥§½���
g,"3²¡�/e§�IXkü�Ä¥§½�Òvk@o��
§<

�7L¦^	È§ù�âUòü�Ä¥�{����éXå5§l
�Ñ²¡�½�"äN5`§�

�²¡�IX {O; e1, e2}§�

n =
e1 × e2

|e1 × e2|
. (1.15.3)

Ï�nQR�u e1§�R�u e2§¤±nR�²¡§=§�{�²1"Äuù�:§·��±^{�

�½�5½�IX�½�µXJn�{��½���§Ò5½�IX {O; e1, e2}´�½��§��§

Ò5½�IX´�½��"ù´l{��½�p��IX�½�§_�p�²w�´�1�"u´§

·�Ò^�IX½Â²¡½�Xeµ?À��²¡�IX {O; e1, e2}��IO§5½n���Ò´

²¡����"é?¿�Ù§�IX§~X {O′; e′1, e′2}§XJ e′1 × e′2����n�Ó§@o§§Ò

´�½��¶XJ e′1 × e′2����n��§@o§§Ò´�½��"q§�

e′1 = e1a11 + e2a21, (1.15.4)

e′2 = e1a12 + e2a22, (1.15.5)

u´§

e′1 × e′2 = (e1a11 + e2a21)× (e1a12 + e2a22)

= e1 × e2 a11a22 + e2 × e1 a21a12
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= (a11a22 − a12a21)e1 × e2

=

∣∣∣∣ a11 a12

a21 a22

∣∣∣∣ e1 × e2. (1.15.6)

ùÒ´`§

n′ =
e′1 × e′2
|e′1 × e′2|

=

∣∣∣∣ a11 a12

a21 a22

∣∣∣∣ |e1 × e2|
|e′1 × e′2|

n. (1.15.7)

dd��§�IX {O′; e′1, e′2}�½���dÄ¥�I�1�ªû½§e1�ª�u"§§��½�¶

e1�ª�u"§K��½�"o�§²¡þ��IX©�üa§�a´�½��§,�a´�½�

�"¢^þ§���_���IX�IO�IX§=�Ù��½��"

Ó�ã�±D�����§²1o>/��D���"ò²1o>/1r§kü«�7��µ̂

���_��"�±?À����²1o>/���§Ï~À_���7��"XJ3²1o>/�

��ü>þ�����"¥þ§~Xa, b§@o§U	È�½Â§3�a × b�§mÃo���­�

�§½�²1o>/�_���7����§½�²1o>/�^���7����"Ïd§XJò

²1o>/À�dü�Ø��¥þ)¤�§~Xa, b§@o§<�Ò�±^ùü�¥þ��¦§~

Xa × b§55½²1o>/���"3½�²¡þ§��±½Â½�²1o>/�½�¡È"�²

¡�½�d�IX {O; e1, e2}�½"�Äda, b)¤�k�²1o>/"�

a = a1e1 + a2e2, (1.15.8)

b = b1e1 + b2e2, (1.15.9)

u´

a× b =

∣∣∣∣ a1 a2

b1 b2

∣∣∣∣ e1 × e2 =

∣∣∣∣ a1 a2

b1 b2

∣∣∣∣ |e1 × e2|n = Sn, (1.15.10)

Ù¥§SÒ¡�k�²1o>/�½�¡È§���K"�²1o>/�½����§Ù½�¡È�

�¶�²1o>/�½��K�§Ù½�¡È�K"

dþ��§��!²¡�½�Ò´�IX�½�"�m�½��´���§§Ò´�IX�½�"

�mkü«�IXµmÃ�IX��Ã�IX§Ï~�mÃ�IX��IO½�§u´§�Ã�IX

�,Ò´�½��"

� {O; e1, e2, e3}��m�,��IX"N´wÑ§e§´�½��£mÃX¤§K¥þ e1 ×

e2� e3�Y�ò�uπ/2§u´§

(e1, e2, e3) = (e1 × e2) · e3 > 0. (1.15.11)

��§eT�IX´�½��£�ÃX¤§K¥þ e1 × e2� e3�Y�ò�uπ/2§u´§

(e1, e2, e3) = (e1 × e2) · e3 < 0. (1.15.12)

d´��§�IX {O; e1, e2, e3}´�½��§��=�

(e1, e2, e3) > 0. (1.15.13)
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�IX {O; e1, e2, e3}´�½��§��=�

(e1, e2, e3) < 0. (1.15.14)

ù`²§�IX�½���dÄ¥�·ÜÈ�ÎÒû½µ�·ÜÈ���§�IX��½�¶�·Ü

È�K�§�IX��½�"

y3§� {O; e1, e2, e3}�IO½�X——mÃ�IX"q� {O′; e′1, e′2, e′3}�?��IX§

e′1 = e1a11 + e2a21 + e3a31, (1.15.15)

e′2 = e1a12 + e2a22 + e3a32, (1.15.16)

e′3 = e1a13 + e2a23 + e3a33, (1.15.17)

@o§

(e′1, e′2, e′3) = (e′1 × e′2) · e′3

= [(a11a22 − a21a12)e1 × e2 + (a21a32 − a31a22)e2 × e3

+(a31a12 − a11a32)e3 × e1] · [a13e1 + a23e2 + a33e3]

= [(a11a22 − a21a12)a33 + (a21a32 − a31a22)a13

+(a31a12 − a11a32)a23](e1 × e2) · e3

=

∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣ (e1 × e2) · e3. (1.15.18)

5¿�

(e1 × e2) · e3 > 0, (1.15.19)

dc¡�?Ø��§��I1�ª�u"�§�IX {O′; e′1, e′2, e′3}��½�¶��I1�ª�u"

�§�IX {O′; e′1, e′2, e′3}��½�"ùÒ´`§?��IX�½�þ�dÄ.��I1�ª(½§

Ó²¡�/��"

dn�¥þa, b, c)¤�²18¡N�±D���§eUgSa, b, c´mÃX§K¡²18¡

N�����§��§eUgSa, b, c´�ÃX§K¡²18¡N����K"3½��m¥§k�

²18¡Nk½�NÈ"�

a = a1e1 + a2e2 + a3e3, (1.15.20)

b = b1e1 + b2e2 + b3e3, (1.15.21)

c = c1e1 + c2e2 + c3e3, (1.15.22)
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@o§

(a, b, c) =

∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣ (e1 × e2) · e3

=

∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣ |(e1 × e2) · e3|

= V. (1.15.23)

d=da, b, c)¤�k�²18¡N�½�NÈ§§���K"�²18¡N�½����§Ù½�

NÈ��¶�²18¡N�½��K�§Ù½�NÈ�K"

o
ó�§��!²¡!�m����IXÑkü«½�§5½Ù¥�«��½�§,	�«Ò

´�½�"í2��p�Ý�¢�m§§�´¤á�",	§²w/§þ¡¤ù�k��ã�½��

Ý!k�²1o>/�½�¡È!k�²18¡N�½�NÈ§Ñ�±í2���Riemann©���

��þ§l
¦�È©�k½�"{ó�§½��È©k'§RiemannÈ©��þ´�«½�È©§

UC½�§È©òUCÎÒ"2 3>^Æ¥§Gauss½n!Ampère�´½nÑlØm½�È©§Ïd§

½�3©ÛÆ!AÛÆÚÔnÆ¥Ñ´Ä�
­��"

§1.16 	È�	�ê ∗

�[��§d�½�x1, x2, · · · , xn3¢ê�þ�±)¤n�õ�ªXe§

f(x1, x2, · · · , xn) =
N∑
i1=0

N∑
i2=0

· · ·
N∑

in=0

ai1,i2,··· ,inx
i1
1 x

i2
2 · · ·xinn , ai1,i2,··· ,in ∈ R, (1.16.1)

Ù¥§N�u½�u¤k�½�����g"XJ,��½�§~Xx1§�¢S���gm�uN§

�L4x1�g�um���Xê�"=�"ù�§·��±�à¦Úþ�§±Bu¦^"3ù
õ

�ª�m�±½Âü«$�——\{�¦{µ

\{

N∑
i1=0

N∑
i2=0

· · ·
N∑

in=0

ai1,i2,··· ,inx
i1
1 x

i2
2 · · ·xinn +

N∑
i1=0

N∑
i2=0

· · ·
N∑

in=0

bi1,i2,··· ,inx
i1
1 x

i2
2 · · ·xinn

=
N∑
i1=0

N∑
i2=0

· · ·
N∑

in=0

(ai1,i2,··· ,in + bi1,i2,··· ,in)xi11 x
i2
2 · · ·xinn . (1.16.2)

¦{ (
N∑
i1=0

N∑
i2=0

· · ·
N∑

in=0

ai1,i2,··· ,inx
i1
1 x

i2
2 · · ·xinn

)(
M∑
j1=0

M∑
j2=0

· · ·
M∑
jn=0

bj1,j2,··· ,jnx
j1
1 x

j2
2 · · ·xjnn

)

=
M+N∑
k1=0

M+N∑
k2=0

· · ·
M+N∑
kn=0

ck1,k2,··· ,knx
k1
1 x

k2
2 · · ·xknn , (1.16.3)

2�kÈ©§�X§LebesgueÈ©§�½�Ã'"�,§§�©��ª�RiemannÈ©ØÓ"
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Ù¥§

ck1,k2,··· ,kn =
∑

i1+j1=k1

∑
i2+j2=k2

· · ·
∑

in+jn=kn

ai1,i2,··· ,inbj1,j2,··· ,jn . (1.16.4)

X¤±�§þãü«$�§\{Ú¦{§÷véõ�$�Æ§~X§\{÷v��Æ�(ÜÆ§¦{÷

v��Æ�(ÜÆ§¦{é\{÷v©�Ç§��"Ù¥§��AO�Ñ�´§�½��m÷v¦{

���Æ§

xixj = xjxi. (1.16.5)

y3§�±±þ¤ã�«$�ÆØC§��½��m¦{���ÆØ	§¿òT��ÆU�Xe

����Æ§

xi ∧ xj = −xj ∧ xi, (1.16.6)

·�Ò��¤¢�	�ê½Grassmann�ê"�«Oå�§ùpAO/òù«���¦{§�Ò´

¤¢�	È§P�∧"

ud��§¥þ��¦A�Ò´��	�ê§��J§Ø÷v(ÜÆ§
	�ê´÷v(ÜÆ�§

´(Ü�ê"

Grassmann�ê�ÊÏ�êké���O"Äk§du

xi ∧ xi = −xi ∧ xi, (1.16.7)

Ïd§

xi ∧ xi = 0. (1.16.8)

?�Ú§N´��§
n︷ ︸︸ ︷

xi ∧ · · · ∧ xi = 0, 1 < n ∈ Z. (1.16.9)

~X§

x1 ∧ x3 ∧ x1 = −x1 ∧ x1 ∧ x3 = 0, (1.16.10)

x1 ∧ x3 ∧ x2 ∧ x1 ∧ x5 = −x1 ∧ x3 ∧ x1 ∧ x2 ∧ x5 = x1 ∧ x1 ∧ x3 ∧ x2 ∧ x5 = 0, (1.16.11)

x1 ∧ x5 ∧ x1 ∧ x3 ∧ x2 ∧ x1 = −x1 ∧ x1 ∧ x5 ∧ x3 ∧ x2 ∧ x1 = 0. (1.16.12)

d´��§3z��	ü�ª¥§?¿���½�Ñy�gêXJ�u�§KT	ü�ª7�u""

ù¿�X§	õ�ª�/ª��{ü"��/§§�±��Xe/ª§

f(x1, x2, · · · , xn) =
1∑

i1=0

1∑
i2=0

· · ·
1∑

in=0

ai1,i2,··· ,inx
i1
1 ∧ xi22 ∧ · · · ∧ xinn , ai1,i2,··· ,in ∈ R. (1.16.13)

ù%¹X§dn��½�)¤�	õ�ª�¹k 2n�ü�ª"~X§d���½�x)¤�	õ�ª

�¹kü�ü�ª§

f(x) = ax0 + bx1 = a+ bx, a, b ∈ R. (1.16.14)
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dü��½�x, y)¤�	õ�ª�¹ko�ü�ª§

f(x, y) = ax0 ∧ y0 + bx1 ∧ y0 + cx0 ∧ y1 + dx1 ∧ y1

= a+ bx+ cy + dx ∧ y, a, b, c, d ∈ R. (1.16.15)

dn��½�x, y, z)¤�	õ�ª�¹kl�ü�ª§

f(x, y, z) = a+ bx+ cy + dz + ex ∧ y + fy ∧ z + gx ∧ z

+hx ∧ y ∧ z, a, b, c, d, e, f, g, h ∈ R. (1.16.16)

y3§·�5�		õ�ª�\{�¦{"-

g(x1, x2, · · · , xn) =
1∑

i1=0

1∑
i2=0

· · ·
1∑

in=0

bi1,i2,··· ,inx
i1
1 ∧ xi22 ∧ · · · ∧ xinn , bi1,i2,··· ,in ∈ R. (1.16.17)

·�k

f(x1, x2, · · · , xn) + g(x1, x2, · · · , xn)

=
1∑

i1=0

1∑
i2=0

· · ·
1∑

in=0

(ai1,i2,··· ,in + bi1,i2,··· ,in)xi11 ∧ xi22 ∧ · · · ∧ xinn . (1.16.18)

�Ò´`§ü�	õ�ª�\§�Léü�ªÅ�©O�\=�"~X§

(a1 + b1x+ c1y + d1z + e1x ∧ y + f1y ∧ z + g1x ∧ z + h1x ∧ y ∧ z)

+ (a2 + b2x+ c2y + d2z + e2x ∧ y + f2y ∧ z + g2x ∧ z + h2x ∧ y ∧ z)

= (a1 + a2) + (b1 + b2)x+ (c1 + c2)y + (d1 + d2)z

+ (e1 + e2)x ∧ y + (f1 + f2)y ∧ z + (g1 + g2)x ∧ z + (h1 + h2)x ∧ y ∧ z. (1.16.19)

	õ�ª�¦{�\{��E,"Äk§d©�Æ§·��

f(x1, x2, · · · , xn) ∧ g(x1, x2, · · · , xn)

=

(
1∑

i1=0

1∑
i2=0

· · ·
1∑

in=0

ai1,i2,··· ,inx
i1
1 ∧ xi22 ∧ · · · ∧ xinn

)

∧
(

1∑
j1=0

1∑
j2=0

· · ·
1∑

jn=0

bj1,j2,··· ,jnx
j1
1 ∧ x

j2
2 ∧ · · · ∧ xjnn

)

=
1∑

i1=0

1∑
i2=0

· · ·
1∑

in=0

1∑
j1=0

1∑
j2=0

· · ·
1∑

jn=0

ai1,i2,··· ,inbj1,j2,··· ,jn

xi11 ∧ xi22 ∧ · · · ∧ xinn ∧ x
j1
1 ∧ x

j2
2 ∧ · · · ∧ xjnn . (1.16.20)

Ùg§¦^���Æ§éü�ª?1�n§

xi11 ∧ xi22 ∧ · · · ∧ xinn ∧ x
j1
1 ∧ x

j2
2 ∧ · · · ∧ xjnn

= ±xi11 ∧ x
j1
1 ∧ xi22 ∧ x

j2
2 ∧ · · · ∧ xinn ∧ xjnn . (1.16.21)
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��§é�
Óa�?1Ü¿§=���	õ�ª¦{�(J"~X§

(a+ bx) ∧ (c+ dx) = ac+ adx+ bcx+ bdx ∧ x = ac+ (ad+ bc)x. (1.16.22)

qX§

(a+ bx+ cy + dx ∧ y) ∧ (e+ fx+ gy + hx ∧ y)

= ae+ afx+ agy + ahx ∧ y + bex+ bfx ∧ x+ bgx ∧ y + bhx ∧ x ∧ y

+ cey + cfy ∧ x+ cgy ∧ y + chy ∧ x ∧ y

+ dex ∧ y + dfx ∧ y ∧ x+ dgx ∧ y ∧ y + dhx ∧ y ∧ x ∧ y

= ae+ afx+ agy + ahx ∧ y + bex+ bgx ∧ y

+ cey − cfx ∧ y + dex ∧ y

= ae+ (af + be)x+ (ag + ce)y + (ah+ bg − cf + de)x ∧ y. (1.16.23)

±þ´	�ê�Ä�nØ§	�ê3êÆÚÔn¥k2��A^§�8c·��U?Ø��{ü

�(J"�d§·�ò�½�|��¢�5�mV ¥���Ä. e1, e2, · · · , en"ù�§·��±k	

õ�ª

e1 ∧ e2 ∧ · · · ∧ en. (1.16.24)

�a1,a2, · · · ,an´�mV �,��Ä."òù
Ä¥éc�Ä.Ðm§k

ai =
n∑
j=1

tjiej, i = 1, 2, · · · , n. (1.16.25)

y3§4·�5�Ä	õ�ª

a1 ∧ a2 ∧ · · · ∧ an. (1.16.26)

òþãÐm�\§�

a1 ∧ a2 ∧ · · · ∧ an =
n∑

j1=1

n∑
j2=1

· · ·
n∑

jn=1

tj11tj22 · · · tjnn ej1 ∧ ej2 ∧ · · · ∧ ejn

=
∑
σ∈Pn

sgn(σ) tj11tj22 · · · tjnn e1 ∧ e2 ∧ · · · ∧ en, (1.16.27)

Ù¥§σ´����§

σ =

(
1 2 · · · n
j1 j2 · · · jn

)
, (1.16.28)

PnK´�Üù����§�kn!�"|^1�ª�½Â§�

a1 ∧ a2 ∧ · · · ∧ an = ∆ e1 ∧ e2 ∧ · · · ∧ en, (1.16.29)

Ù¥§

∆ =
∑
σ∈Pn

sgn(σ) tj11tj22 · · · tjnn =

∣∣∣∣∣∣∣∣∣
t11 t12 · · · t1n
t21 t22 · · · t2n
...

...
...

...
tn1 tn2 · · · tnn

∣∣∣∣∣∣∣∣∣ 6= 0. (1.16.30)

d´§·�k½Âµ
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½Â1.16.1. �∆ > 0�§ü�Ä.§a1,a2, · · · ,anÚ e1, e2, · · · , en§¡�½��Ó§ÄK§¡

�½���"½��Ó�Ä.�¤�a§¡�¢¥þ�m���½�£Orientation¤"u´§��¢¥

þ�mkü�½�§*d��"��½
Ù¥������m��½���§·�B¡d�m�®½

��£Orientated¤"

l½Â�±wÑ§��Ä.�½�´�Ù¥Ä¥�ü�^Sk'�§�UC^S§¦�ü��Û

ó5u)UC�§Ä.�½��Òu)
UC§AO´§òü�Ä¥é�§K½��½UC"

3��þ§ü�½�§��éAu���m§��éAu����§Ï~����méA�½�

�����½�"3²¡þ§ü�½�§��éAu_����§��éAu^����§Ï~�_�

���éA�½��²¡��½�"3�m§ü�½�§��éAumÃX§��éAu�ÃX§Ï

~�mÃXéA�½���m��½�"��§|^	�ê§�±^Ú���ª��m½�§
Ø7

�þ!@�§éØÓ�ê��mæ^ØÓ��{"ù«½��{éïÄk�­�Úk�­¡þ�È©

c�­�§�1??Ù"

��§·��Ñ§þã	�ê´½Â3¢ê�þ�§ò¢ê�U�Eê��´�±�§Eê�þ

�	�ê3ÔnÆ¥4�­�§þf|ØÚþfÚOÑlØm§"



1 2Ù ¥þ¼ê

�N5`§Ôn¥�9�¥þ©ÛÌ�kü«µ�«´±�m�Cþ�¥þ¼ê§~X§�:�

 £¶,�«´±�mÚ�m�Cþ�¥þ¼ê§~X§>|rÝ"Ï~§cö{¡¥þ¼ê§�öK

¡�¥þ|",	§ü�¢Cþ�E�¼ê§�Ö¡�¢CE�¼ê§́ �«²¡¥þ¼ê§�k§

�AÏ5§du§3Ônþk2��A^§Ïd§·�òu14Ù�;��?Ø"�Ù´'u¥þ¼ê

�©Û§k'¥þ|�¯K§·�ò3�Ö����Ù�±ÐÚ�0�"

§2.1 ¥þ¼ê

½Â2.1.1. � [a, b]�¢ê«m"XJé«m¥�z�: t§k���¥þ f��éA§K¡¥

þ f�Cþ t�¥þ¼ê§P�

f = f(t).

3(k��IX {O; i, j, k}e§þã¥þ¼ê��L�

f = f1(t) i + f2(t) j + f3(t) k, (2.1.1)

Ù¥§©þ f1(t), f2(t), f3(t)´n�ÊÏ���¢¼ê"

k'¥þ¼ê§�k¶�~f#Lu$Ä�:� ¥ r§

r = r(t), (2.1.2)

Ù¥§Cþ t��m"�X�m�í£§�:3�m¥£Ñ�^­�§¡�;,"3(k��IXe§

þª�±��

r = x(t) i + y(t) j + z(t) k, (2.1.3)

Ù¥§x, y, z´�:�(k��I"ù�~fò�¥þ©ÛJøéõ�*"

½Â2.1.2. ��¥þ f§XJ§[��½ØC§Ò¡��~¥þ"

§2.2 ¥þ¼ê�4��ëY5

½Â2.2.1. � f(t)´®�¥þ¼ê§§3 t = t0NCk�§�3 t0:�UÃ�"q�a���~

¥þ"eé?¿�½��¢ê ε > 0§Ñ�3���¢ê δ > 0§¦�� |t− t0| < δ�§

|f(t)− a| < ε

· 54 ·
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¤á§K¡a�¥þ¼ê f(t)� t→ t0��4�"P�

lim
t→t0

f(t) = a.

?��(k��IX {O; i, j, k}"�

f = f1(t) i + f2(t) j + f3(t) k, (2.2.1)

a = a1 i + a2 j + a3 k, (2.2.2)

K

|f(t)− a| =
√

(f1(t)− a1)2 + (f2(t)− a2)2 + (f3(t)− a3)2. (2.2.3)

u´§

|f(t)− a| < ε ⇔
√

(f1(t)− a1)2 + (f2(t)− a2)2 + (f3(t)− a3)2 < ε. (2.2.4)

q§U½Â§²w/k§

lim
t→t0

f(t) = a ⇔ lim
t→t0
|f(t)− a| = 0. (2.2.5)

Ïd§

lim
t→t0

f(t) = a ⇔ lim
t→t0

√
(f1(t)− a1)2 + (f2(t)− a2)2 + (f3(t)− a3)2 = 0. (2.2.6)

,
§

lim
t→t0

√
(f1(t)− a1)2 + (f2(t)− a2)2 + (f3(t)− a3)2 = 0

⇔ lim
t→t0
|f1(t)− a1| = 0, lim

t→t0
|f2(t)− a2| = 0, lim

t→t0
|f3(t)− a3| = 0

⇔ lim
t→t0

f1(t) = a1, lim
t→t0

f2(t) = a2, lim
t→t0

f3(t) = a3, (2.2.7)

¤±

lim
t→t0

f(t) = a ⇔ lim
t→t0

f1(t) = a1, lim
t→t0

f2(t) = a2, lim
t→t0

f3(t) = a3. (2.2.8)

dd��§

lim
t→t0

f(t) = a = a1 i + a2 j + a3 k = lim
t→t0

f1(t) i + lim
t→t0

f2(t) j + lim
t→t0

f3(t) k, (2.2.9)

�=

lim
t→t0

[
f1(t) i + f2(t) j + f3(t) k

]
= lim

t→t0
f1(t) i + lim

t→t0
f2(t) j + lim

t→t0
f3(t) k. (2.2.10)

þªL²§3(k��IXe§é¥þ¼ê¦4��ué�©þ¼ê¦4�"

½Â2.2.2. XJ

lim
t→t0

f(t) = f(t0),

K¡¥þ¼ê f(t)3 t = t0?ëY"
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½ÂL²§¥þ¼ê f(t)3 t = t0?ëY§�du§�n�©þ¼ê f1(t), f2(t), f3(t)Ó�Ñ

3 t = t0?ëY§

lim
t→t0

f(t) = f(t0) ⇔ lim
t→t0

f1(t) = f1(t0), lim
t→t0

f2(t) = f2(t0), lim
t→t0

f3(t) = f3(t0). (2.2.11)

½n2.2.1. e¢¼êλ(t)±9¥þ¼ê f(t)§g(t)Ñ3 t = t0?ëY§K

λ(t)f(t), f(t) + g(t), f(t) · g(t), f(t)× g(t)

�Ñ3 t = t0?ëY"

y². ��(k��IX {O; i, j, k}§�

f = f1(t) i + f2(t) j + f3(t) k, (2.2.12)

g = g1(t) i + g2(t) j + g3(t) k. (2.2.13)

u´§

lim
t→t0

λ(t)f(t) = lim
t→t0

[
λ(t)f1(t) i + λ(t)f2(t) j + λ(t)f3(t) k

]
= lim

t→t0
λ(t)f1(t) i + lim

t→t0
λ(t)f2(t) j + lim

t→t0
λ(t)f3(t) k

= λ(t0)f1(t0) i + λ(t0)f2(t0) j + λ(t0)f3(t0) k

= λ(t0)f(t0). (2.2.14)

lim
t→t0

[
f(t) + g(t)

]
= lim

t→t0

[(
f1(t) + g1(t)

)
i +

(
f2(t) + g2(t)

)
j +

(
f3(t) + g3(t)

)
k
]

= lim
t→t0

(
f1(t) + g1(t)

)
i + lim

t→t0

(
f2(t) + g2(t)

)
j + lim

t→t0

(
f3(t) + g3(t)

)
k

=
(
f1(t0) + g1(t0)

)
i +

(
f2(t0) + g2(t0)

)
j +

(
f3(t0) + g3(t0)

)
k

= f(t0) + g(t0). (2.2.15)

lim
t→t0

[
f(t) · g(t)

]
= lim

t→t0

[
f1(t)g1(t) + f2(t)g2(t) + f3(t)g3(t)

]
= f1(t0)g1(t0) + f2(t0)g2(t0) + f3(t0)g3(t0)

= f(t0) · g(t0) (2.2.16)

lim
t→t0

[
f(t)× g(t)

]
= lim

t→t0

[(
f2(t)g3(t)− f3(t)g2(t)

)
i +

(
f3(t)g1(t)− f1(t)g3(t)

)
j

+
(
f1(t)g2(t)− f2(t)g1(t)

)
k
]

=
(
f2(t0)g3(t0)− f3(t0)g2(t0)

)
i +

(
f3(t0)g1(t0)− f1(t0)g3(t0)

)
j

+
(
f1(t0)g2(t0)− f2(t0)g1(t0)

)
k

= f(t0)× g(t0). (2.2.17)

�
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íØ2.2.1. e¥þ¼ê f(t),g(t),h(t)Ñ3 t = t0?ëY§K

(
f(t), g(t), h(t)

)
, f(t)×

(
g(t)× h(t)

)
�Ñ3 t = t0?ëY"

§2.3 ¥þ¼ê��ê

½Â2.3.1. �¥þ¼ê f(t)3m«m (a, b)ëY"XJ4�

lim
∆t→0

f(t0 + ∆t)− f(t0)

∆t

�3§Ò¡§�¥þ¼ê f(t)3 t = t0��"ù�4�Ò¡� f(t)3 t = t0��ê§P�

f ′(t0)½
df

dt

∣∣∣∣
t=t0

,

�=
df

dt

∣∣∣∣
t=t0

= f ′(t0) = lim
∆t→0

f(t0 + ∆t)− f(t0)

∆t
.

d½Â��§¥þ¼ê3�:��êE´��¥þ"ùÒ`²§�: ¥ r(t)3�� t0��ê§

=�:3�� t0��Ýv(t0) §́ ��¥þ"êÆþ§r(t)3�m£±Ñ�^­�§XJv(t0) 6= 0§

K§Ò´­�3 t = t0?���¥"

½Â2.3.2. e¥þ¼ê f(t)3m«m (a, b)þz�:þ��§K¡§3m«m (a, b)þ��§¿

ò¥þ¼ê

f ′(t) =
df

dt
= lim

∆t→0

f(t+ ∆t)− f(t)

∆t

¡� f(t)��¼ê½�û"�¼ê��¼ê§¡����¼ê½���û§P�

f ′′(t)½
d2f

dt2
.

±daí§n− 1��¼ê��¼ê£n > 2¤§¡�n��¼ê½n��û§P�

f (n)(t)½
dnf

dtn
.

3²;åÆp§Ä�þ�^����ûÚ���û§~X§�Ýv�\�Ýa§

v =
dr

dt
, (2.3.1)

a =
dv

dt
=

d2r

dt2
. (2.3.2)

Ônþ§�^3i1ºþ\:5L«é�m��ê§�X§

v = ṙ, a = r̈. (2.3.3)
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��(k��IX {O; i, j, k}§¿�

f = f1(t) i + f2(t) j + f3(t) k. (2.3.4)

u´§

df

dt
= lim

∆t→0

f(t+ ∆t)− f(t)

∆t

= lim
∆t→0

[f1(t+ ∆t)− f1(t)]i + [f2(t+ ∆t)− f2(t)]j + [f3(t+ ∆t)− f3(t)]k

∆t

= lim
∆t→0

[
f1(t+ ∆t)− f1(t)

∆t
i +

f2(t+ ∆t)− f2(t)

∆t
j +

f3(t+ ∆t)− f3(t)

∆t
k

]
= lim

∆t→0

f1(t+ ∆t)− f1(t)

∆t
i + lim

∆t→0

f2(t+ ∆t)− f2(t)

∆t
j + lim

∆t→0

f3(t+ ∆t)− f3(t)

∆t
k

=
df1

dt
i +

df2

dt
j +

df3

dt
k. (2.3.5)

þª=´3(k��IXe¥þ¼ê�¦�úª§§ò¥þ¼ê�¦�=z�én�©þ¼ê�¦

�"?�Ú§·��k
dnf

dtn
=

dnf1

dtn
i +

dnf2

dtn
j +

dnf3

dtn
k, n ≥ 2. (2.3.6)

AO/§

v =
dx

dt
i +

dy

dt
j +

dz

dt
k, (2.3.7)

a =
d2x

dt2
i +

d2y

dt2
j +

d2z

dt2
k. (2.3.8)

��|^½Â§½|^(k��IXe�¦�úª§́ y

½n2.3.1. e c´~¥þ§K
dc

dt
= 0.

'u¥þ��5$�§·�k

½n2.3.2. eλ�¢~ê§f(t),g(t)��¥þ¼ê¿���§K

d

dt
(λf) = λ

df

dt
,

d

dt
(f + g) =

df

dt
+

dg

dt
.

y². �L3(k��IXey²=�§

d

dt
(λf) =

d

dt
(λf1)i +

d

dt
(λf2)j +

d

dt
(λf3)k

= λ
df1

dt
i + λ

df2

dt
j + λ

df3

dt
k

= λ

(
df1

dt
i +

df2

dt
j +

df3

dt
k

)
= λ

df

dt
. (2.3.9)
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d

dt
(f + g) =

d

dt
(f1 + g1)i +

d

dt
(f2 + g2)j +

d

dt
(f3 + g3)k

=

(
df1

dt
+

dg1

dt

)
i +

(
df2

dt
+

dg2

dt

)
j +

(
df3

dt
+

dg3

dt

)
k

=
df1

dt
i +

dg1

dt
i +

df2

dt
j +

dg2

dt
j +

df3

dt
k +

dg3

dt
k

=
df

dt
+

dg

dt
. (2.3.10)

�

'u¥þ�SÈ�	È§·�k

½n2.3.3. � f(t),g(t)G�¥þ¼ê¿���§K

d

dt
(f · g) =

df

dt
· g + f · dg

dt
,

d

dt
(f × g) =

df

dt
× g + f × dg

dt
.

y². �L3mÃ(k��IXey²=�§

d

dt
(f · g) =

d

dt
[f1(t)g1(t) + f2(t)g2(t) + f3(t)g3(t)]

=
df1

dt
g1 + f1

dg1

dt
+

df2

dt
g2 + f2

dg2

dt
+

df3

dt
g3 + f3

dg3

dt

=
df1

dt
g1 +

df2

dt
g2 +

df3

dt
g3 + f1

dg1

dt
+ f2

dg2

dt
+ f3

dg3

dt

=
df

dt
· g + f · dg

dt
. (2.3.11)

d

dt
(f × g) =

d

dt

[(
f2(t)g3(t)− f3(t)g2(t)

)
i +

(
f3(t)g1(t)− f1(t)g3(t)

)
j

+
(
f1(t)g2(t)− f2(t)g1(t)

)
k
]

=

[(
df2

dt
g3 −

df3

dt
g2

)
i +

(
df3

dt
g1 −

df1

dt
g3

)
j

+

(
df1

dt
g2 −

df2

dt
g1

)
k

]
+

[(
f2

dg3

dt
− f3

dg2

dt

)
i

+

(
f3

dg1

dt
− f1

dg3

dt

)
j +

(
f1

dg2

dt
− f2

dg1

dt

)
k

]
=

df

dt
× g + f × dg

dt
. (2.3.12)

�

'u:¦��ê§��~^�A±´

d

dt
f2 = 2f · df

dt
. (2.3.13)

íØ2.3.1. �¥þ¼ê f(t)§g(t)§h(t)���§K

d

dt
(f , g, h) =

(
df

dt
, g, h

)
+

(
f ,

dg

dt
, h

)
+

(
f , g,

dh

dt

)
,

d

dt

[
f × (g × h)

]
=

df

dt
× (g × h) + f ×

(
dg

dt
× h

)
+ f ×

(
g × dh

dt

)
.
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��§·��k

½n2.3.4. �λ(t)�¢¼ê§f(t)�¥þ¼ê§�öþ��§K

d

dt
(λf) =

dλ

dt
f + λ

df

dt
,

d

dt
f
(
λ(t)

)
=

df

dλ

dλ

dt
.

y². 3(k��IXe§

d

dt
(λf) =

d

dt

[
(λ(t)f1(t))i + (λ(t)f2(t))j + (λ(t)f3(t))k

]
=

d

dt
(λf1)i +

d

dt
(λf2)j +

d

dt
(λf3)k

=

[
λ

df1

dt
i + λ

df2

dt
j + λ

df3

dt
k

]
+

[
dλ

dt
f1 i +

dλ

dt
f2 j +

dλ

dt
f3 k

]
=

dλ

dt
f + λ

df

dt
. (2.3.14)

d

dt
f
(
λ(t)

)
=

d

dt

[
f1

(
λ(t)

)
i + f2

(
λ(t)

)
j + f3

(
λ(t)

)
k
]

=
df1

dλ

dλ

dt
i +

df2

dλ

dλ

dt
j +

df3

dλ

dλ

dt
k

=

[
df1

dλ
i +

df2

dλ
j +

df3

dλ
k

]
dλ

dt

=
df

dλ

dλ

dt
. (2.3.15)

�

§2.4 ¥þ¼ê��©

½Â2.4.1. XJ¥þ¼ê f(t)ëY��§K¡

df := f ′(t) dt =
df

dt
dt

�¥þ¼ê��©§Ù¥§dt = ∆t"

ÓÊÏ¼ê��§¥þ¼ê��©´Ã¡�Oþ

∆f = f(t+ ∆t)− f(t) (2.4.1)

�ÌÜ"

´�§3(k��IXe§

df = df1 i + df2 j + df3 k. (2.4.2)

�Ò´`§¥þ¼ê��©�u©þ¼ê��©¤|¤�¥þ"AO/§·�k

dr = dx i + dy j + dz k. (2.4.3)

��§|^½Â§<�ØJí�±e'u¥þ¼ê��©úªµ
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1. dc = 0 £c�~¥þ¤.

2. d(λf) = λdf£λ�¢~ê¤.

3. d(f + g) = df + dg .

4. d(f · g) = df · g + f · dg .

5. d(f × g) = df × g + f × dg .

6. d(f , g, h) = (df , g, h) + (f , dg, h) + (f , g, dh) .

7. d[f × (g × h)] = df × (g × h) + f × (dg × h) + f × (g × dh) .

8. d(λf) = dλ f + λ df£λ´ t�¼ê¤.

9. df
(
λ(t)

)
=

df

dλ
dλ .

ù
úª�þ!�¦�úª´��éA�"§��~k^§AOP"

§2.5 ¥þ¼ê��Vúª

�¥þ¼ê f(t)3 t0� t0 + ∆t�mkëY�n��ê§KÙ(k��IXe�©þ¼ê

f1(t), f2(t), f3(t)�këY�n��ê"éùn���¼êA^Taylorúª§�

fi(t0 + ∆t) = fi(t0) + f ′i(t0)∆t+
1

2!
f ′′i (t0)(∆t)2 + · · ·

+
1

(n− 1)!
f

(n−1)
i (t0)(∆t)n−1 +

1

n!
f

(n)
i (ti)(∆t)

n, i = 1, 2, 3, (2.5.1)

Ù¥§ti ∈ [t0, t0 + ∆t]´ t0� t0 + ∆t�m�,��§��/§t1, t2, t3Ø��"u´§

f(t0 + ∆t) = f1(t0 + ∆t) i + f2(t0 + ∆t) j + f3(t0 + ∆t) k

= f(t0) + f ′(t0)∆t+
1

2!
f ′′(t0)(∆t)2 + · · ·

+
1

(n− 1)!
f (n−1)(t0)(∆t)n−1 +

1

n!
R(n)(∆t)n, (2.5.2)

Ù¥§

R(n) = f
(n)
1 (t1) i + f

(n)
2 (t2) j + f

(n)
3 (t3) k. (2.5.3)

d=¥þ¼ê�Taylorúª"

Ï� t1, t2, t3þ3 t0� t0 + ∆t�m§� fn1 (t), fn2 (t), fn3 (t)ÑëY§¤±

R(n) = f (n)(t0) + ε, (2.5.4)

Ù¥§ε´Ã¡�þ§

lim
∆t→0

ε = 0. (2.5.5)
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Ï�§Taylorúª��±��±e/ª§

f(t0 + ∆t) = f(t0) + f ′(t0)∆t+
1

2!
f ′′(t0)(∆t)2 + · · ·

+
1

(n− 1)!
f (n−1)(t0)(∆t)n−1 +

1

n!
f (n)(t0)(∆t)n + o((∆t)n), (2.5.6)

Ù¥§o((∆t)n)´{�§§´p�Ã¡�§÷v

lim
∆t→0

o((∆t)n)

(∆t)n
= 0. (2.5.7)

§2.6 ¥þ¼ê�Ø½È©

½Â2.6.1. ®�¥þ¼ê f(t)"XJ¥þ¼êF(t)��ê´ f(t)§=§

F′(t) = f(t)

K¡F(t)´ f(t)����¼ê"

²w/§eF(t)´ f(t)����¼ê§KF(t) + C�´ f(t)����¼ê§Ù¥C´?�~¥

þ"��§eG(t)�´ f(t)����¼ê§K

G′(t) = f(t). (2.6.1)

u´§

G′(t)− F′(t) = 0. (2.6.2)

Ú^(k��IX§þª�Ò´`§

G′1(t)− F ′1(t) = 0, G′2(t)− F ′2(t) = 0, G′3(t)− F ′3(t) = 0, (2.6.3)

Ïd§

G1(t) = F1(t) + C1, G2(t) = F2(t) + C2, G3(t) = F3(t) + C3, (2.6.4)

Ù¥§C1§C2§C3G�¢~ê"ùL²

G(t) = F(t) + C, (2.6.5)

Ù¥§C´~¥þ§

C = C1 i + C2 j + C3 k. (2.6.6)

o�§ü�¼êF(t),G(t)þ�Ó�¥þ¼ê f(t)��¼ê§��=�§�����~¥þ"

u´§·�k
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½Â2.6.2. XJ¼êF(t)´¥þ¼ê f(t)����¼ê§K¼êx

F(t) + C

�¹ f(t)����¼ê§Ù¥C´~¥þ"·�òù�¼êx��¼ê f(t)�Ø½È©§P�∫
f(t)dt = F(t) + C.

ùp§f(t)¡��È¼ê§f(t)dt¡��ÈL�ª"

�â½Â§w,k ∫
F′(t)dt = F(t) + C, (2.6.7)∫

dF(t) = F(t) + C. (2.6.8)

3(k��IXe§�

f(t) = f1(t) i + f2(t) j + f3(t)k, (2.6.9)

KN´�� ∫
f(t)dt = i

∫
f1(t)dt+ j

∫
f2(t)dt+ k

∫
f3(t)dt. (2.6.10)

dd§ØJ�y±eØ½È©úªµ

1.

∫
λf(t)dt = λ

∫
f(t)dt£λ ´~ê¤"

2.

∫
(f(t) + g(t))dt =

∫
f(t)dt+

∫
g(t)dt"

3.

∫
c · f(t)dt = c ·

∫
f(t)dt£c´~¥þ¤"

4.

∫
c× f(t)dt = c×

∫
f(t)dt£c´~¥þ¤"

5.

∫
f
(
µ(t)

)
µ′(t)dt =

∫
f
(
µ(t)

)
dµ(t)"

��§·��Ñ§¥þ¼ê f(t)�Ø½È©�Ð´±e��~�©�§�Ï)§

d

dt
y(t) = f(t), (2.6.11)

Ù¥§y(t)´�¦�¥þ¼ê"'uØ½È©�ù«*:3Ônþ�¢^".¾§l,«¿Âþù§

ÔnÒ´��ï�§!)�§�L§"ùp§�§Ø´~�©�§§Ò´ �©�§"~X§3Úîå

Æ¥§�:�$Ä�§=´

d

dt
v(t) =

1

m
f(t), (2.6.12)

d

dt
r(t) = v(t), (2.6.13)
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Ù¥§m��:��þ§rÚv©O´�:� £Ú�Ý§f��^3�:þ�å"k¦1���§

�Ø½È©§=��:��Ý¶ò��\1���§¿¦Ø½È©§=��:� £"����ù�

�{üA^§·�5�	gdáN§d�§

d

dt
v(t) = −gk, (2.6.14)

d

dt
r(t) = v(t), (2.6.15)

Ù¥§g´gdáN�\�Ý§k´ü ¥þ§��R�/¡�þ"w,§1���§�)�

v(t) = −gtk + c1, (2.6.16)

Ù¥§c1�~¥þ"ò��\þ¡�1���§§�

d

dt
r(t) = −gtk + c1. (2.6.17)

)�§�

r(t) = −1

2
gt2k + c1t+ c2, (2.6.18)

Ù¥§c2´��#�~¥þ"ùÒ´gdáN$Ä���)§Ù¥�ü�~¥þ�dÐ©^�û½§

´�

c2 = r(0), (2.6.19)

c1 = v(0). (2.6.20)

§2.7 ¥þ¼ê�½È©

½Â2.7.1. �¥þ¼ê f(t)34«m [a, b]þk½Â"éu«m [a, b]�?¿��©�§

a = t0 < t1 < · · · < tn = b,

�RiemannÚ§
n∑
ν=1

f(ξν)∆tν ,

Ù¥§ξν ∈ [tν−1, tν ]§∆tν = tν − tν−1"-

∆t = max{∆t1, ∆t2, · · · , ∆tn}.

XJe�4�§

lim
∆t→0

n∑
ν=1

f(ξν)∆tν ,

éu?¿©�Ñ�3§¿��À: ξ1, · · · , ξnÃ'§@o§·�Ò`¼ê f(t)3«m [a, b]þ�È§¿

rT4�¡�¼ê f(t)34«m [a, b]þ�½È©§P�∫ b

a

f(t) dt = lim
∆t→0

n∑
ν=1

f(ξν)∆tν .

ùp§

∫
¡�È©Ò§f(t)¡��È¼ê§bÚ a©O¡�È©�þ�Úe�"
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3(k��IXe§RiemannÚ���Xe/ª§

n∑
ν=1

f(ξν)∆tν = i
n∑
ν=1

f1(ξν)∆tν + j
n∑
ν=1

f2(ξν)∆tν + k
n∑
ν=1

f3(ξν)∆tν . (2.7.1)

|^4��5�§k

lim
∆t→0

n∑
ν=1

f(ξν)∆tν = i lim
∆t→0

n∑
ν=1

f1(ξν)∆tν + j lim
∆t→0

n∑
ν=1

f2(ξν)∆tν + k lim
∆t→0

n∑
ν=1

f3(ξν)∆tν . (2.7.2)

ùÒ´`§ ∫ b

a

f(t) dt = i

∫ b

a

f1(t) dt+ j

∫ b

a

f2(t) dt+ k

∫ b

a

f3(t) dt. (2.7.3)

u´§·�ke�½È©úªµ

1.

∫ b

a

λf(t)dt = λ

∫ b

a

f(t)dt£λ´~ê¤"

2.

∫ b

a

(f(t) + g(t))dt =

∫ b

a

f(t)dt+

∫ b

a

g(t)dt"

3.

∫ b

a

c · f(t)dt = c ·
∫ b

a

f(t)dt£c´~¥þ¤"

4.

∫ b

a

c× f(t)dt = c×
∫ b

a

f(t)dt£c´~¥þ¤"

5.

∫ b

a

f
(
µ(t)

)
µ′(t)dt =

∫ b

a

f
(
µ(t)

)
dµ(t)"

6.

∫ c

a

f(t)dt =

∫ b

a

f(t)dt+

∫ c

b

f(t)dt £a < b < c¤"

7.

∫ b

a

f(t)dt = F(b)− F(a)£Newton-Leibnitzúª§F(t)´ f(t)����¼ê¤"

�d§N´wÑ§�:$ÄÆÙ¢Ò´¥þ©Û�A^§~X§¦�Ý!\�Ý=¥þ¼ê¦�§

v =
dr

dt
, (2.7.4)

a =
dv

dt
. (2.7.5)

��§¦ £!¦�Ý=¥þ¼ê�È©§

∆r =

∫ t1

t0

v(t) dt, (2.7.6)

∆v =

∫ t1

t0

a(t) dt. (2.7.7)

�!���§·�ù¥þ¼ê½È©���{üA^"� r(t)3«m [a, b]k½Â"q� r(t)´

��{ü�²¡­�£µ4½Øµ4§��¤§Xã2.7.1¤«§§éÓ²¡�	�:OÜ¤�­>n

�/£ü>���ã§�>�­�ã¤"�n�©�§�ã2.7.2§ò�­>n�/Cq�n�/£ò­

>Cq��>¤"�â²1o>/{K§�n�/�k�¡È�

ds =
1

2
r(t)× [r(t) + dr(t)] =

1

2
r(t)× dr(t). (2.7.8)
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ã 2.7.1. ­>n�/ ã 2.7.2. n�©�

u´§�È©§=�­>n�/�k�¡È§

S =
1

2

∫ b

a

r(t)× dr(t) =
1

2

∫ b

a

r(t)× dr(t)

dt
dt. (2.7.9)

Túª3?ØKepler¯K�k^"

k�§�Ú?¡È�Ý ṡXe§

ṡ :=
ds

dt
=

1

2
r(t)× dr(t)

dt
=

1

2
r(t)× v(t). (2.7.10)

XJò r(t)À��:� �¥þ§@o§¡È�Ý ṡ���Ù¢Ò´�:�:O�ë�3ü �mS

¤×L�¡È"

��þãúª���A^§·�5O�ý��¡È§ý���§�

x2

a2
+
y2

b2
= 1, a > 0, b > 0. (2.7.11)

�ëê�§Xe§

x = a cos t, y = b sin t, 0 ≤ t ≤ 2π. (2.7.12)

u´§

r(t) = i a cos t+ j b sin t. (2.7.13)

Ïd§

ds =
1

2
r(t)× dr(t) =

1

2
(i a cos t+ j b sin t)× [i (−a sin tdt) + j b cos tdt] =

1

2
abdtk. (2.7.14)

��§

S =

∫ 2π

0

ds = k

∫ 2π

0

1

2
abdt = πabk. (2.7.15)

��O��ãý�léý�¥%¤Ü÷/�¡È§�X t ∈ [ϕ1, ϕ2]§

∆S =

∫ ϕ2

ϕ1

ds = k

∫ ϕ2

ϕ1

1

2
abdt =

1

2
ab(ϕ2 − ϕ1) k. (2.7.16)
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�IXÚ���IX"(k��IX§c¡0�L§�[�'�ÙG§�dÑL"e¡§·�k0�­

��IX§,�20����IX§�öI��
�©AÛ��£§�Öò§��ÀJë��SN"

§3.1 ­«�IX

��õ�¼ê§�X"��¼ê f(x, y)½n�¼ê f(x, y, z)§o�±ü���¼ê§ù��4

Ù¥��CþCz§
Ù§Cþ�±ØC=�§~X§�±��¼ê f(x, y)�Cþ yØC§
4xg

dCz§½�±n�¼ê f(x, y, z)�CþxÚ yØC§
4 zgdCz"õ�¼êü���¼ê�§

<��,�±é§¦�ê"ØÓu��¼ê§õ�¼êü����¼ê�Cþ�Cz�´�N
�¼

êE,Cz���ý¡§Ïd§<�¡�� �ê§P�§~X§

∂f

∂x
,
∂f

∂y
, f = f(x, y);

∂f

∂x
,
∂f

∂y
,
∂f

∂z
, f = f(x, y, z). (3.1.1)

¤¢­«�IÒ´2Â�I§­«�IXÒ´2Â�IX"1e¡§·�±n��m�~§0�­

«�IX�ÐÚnØ§±8c
^�8�"

3(k��IXe§·�ò�m�:�n�kSÕá¢êCþx, y, z�� (x, y, z)ïá
��é

A§�Ò´`§�m¥z�: pÑéA�����kS¢ê| (x, y, z)¶��§?�kS¢ê| (x, y, z)

ÑéAu�m¥����: p"²w/§ù«éA'X´�±ÿ2�§2�Ò´`§·���±ò

�m¥�:�,	n�kSÕá¢êCþ ξ, ζ, η�� (ξ, ζ, η)ïá��éA"ù«ÿ2�kS¢ê

| (ξ, ζ, η)Ò¡�: p�­«�I"Ï��m¥�:Ó��ùü«�Iïá
��éA§¤±ùü«

135©ÛåÆ6¥§<�òXÚ/?Ø2Â�I"5©ÛåÆ6�¡5nØåÆ6"
2��´�±ÛÜÿ2�§̄ ¢þ§�±ÛÜÿ2Òv

§@Ò´¤¢�ÿÀ6/§½5��Ð�§�©6/"

· 67 ·
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�I�m�7,´��éA�"�é{`§ùü|¢Cþ�m�3�_C�µ�C��_C�§
x = f(ξ, ζ, η)
y = g(ξ, ζ, η)
z = h(ξ, ζ, η)





ξ = ϕ(x, y, z)
ζ = χ(x, y, z)
η = ψ(x, y, z).

(3.1.2)

��/§<���¦ù��_C�V�ëY��§�Ò´§�C��_C�Ñ´ëY���"�
�

B§<��²~òþã�_C�{P�

r = r(ξ, ζ, η) = f(ξ, ζ, η) i + g(ξ, ζ, η) j + h(ξ, ζ, η) k. (3.1.3)

y3§(Üc¡¤ù� �ê§<��±¼�n�¥þ¼ê§½¥þ|§3

∂r

∂ξ
(ξ, ζ, η),

∂r

∂ζ
(ξ, ζ, η),

∂r

∂η
(ξ, ζ, η), (3.1.4)

Ù¥§

∂r

∂ξ
=

∂f

∂ξ
i +

∂g

∂ξ
j +

∂h

∂ξ
k, (3.1.5)

∂r

∂ζ
=

∂f

∂ζ
i +

∂g

∂ζ
j +

∂h

∂ζ
k, (3.1.6)

∂r

∂η
=

∂f

∂η
i +

∂g

∂η
j +

∂h

∂η
k. (3.1.7)

Ï� ξ, ζ, η´n�ÕáCþ§¤±ùn�¥þ|3�mz�:Ñ´Ø�¡�£�5Ã'�¤"�é{

`§n�¥þ|3�mz�:ÑU�)����Ie§{
(ξ, ζ, η);

∂r

∂ξ
(ξ, ζ, η),

∂r

∂ζ
(ξ, ζ, η),

∂r

∂η
(ξ, ζ, η)

}
. (3.1.8)

ù
Ie§duz:éA����§Ï~¡��Ie|"£�(k��IX§du

∂r

∂x
= i,

∂r

∂y
= j,

∂r

∂z
= k, (3.1.9)

Ïd§§�Ie|�

{(x, y, z); i, j, k} . (3.1.10)

w,§Ie�n�Ä¥ÑØ�/:
Cz§Ï
äk�N5§�±`´��{ü�"�u���­«

�IX§§�n�Ä¥ò�/:
Cz§Ï
��(k��IXE,"ïÄ���IX9ÙIe|�

5�§@´�©AÛ�?Ö"ùp§�?Ø·�¤I��{üÜ©§äN5`§Ò´Î�IXÚ¥�

IX±9§�Ie|�ÐÚ�£"

§3.1.1 Î�IX

Xã3.1.1¤«§Î�IX½Â�
x = ρ cosϕ
y = ρ sinϕ
z = z,

0 ≤ ρ < +∞, 0 ≤ ϕ < 2π, −∞ ≤ z < +∞. (3.1.11)

3¤¢¥þ|§Ò´�mz�:éA��¥þ§~X§>|E = E(x, y, z) §̂ |B = B(x, y, z)§ù
Ñ´·|"|�

�±��m tCz§~X§>^ÅE = E(x, y, z, t), B = B(x, y, z, t)"
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ã 3.1.1. Î�IX

N´wÑ§Î�IXÒ´é�m(k��IX�xy²¡�4�I
®§½ö`§§Ò´²¡4�I

X\ z¶v
§Ù¥§ρ¡¥»§ϕ¡4�§zE¡ç�I"

Uc¤ã§·�kIe|§{
(ρ, ϕ, z);

∂r

∂ρ
(ρ, ϕ, z),

∂r

∂ϕ
(ρ, ϕ, z),

∂r

∂z
(ρ, ϕ, z)

}
, (3.1.12)

Ù¥§

∂r

∂ρ
= cosϕ i + sinϕ j, (3.1.13)

∂r

∂ϕ
= −ρ sinϕ i + ρ cosϕ j, (3.1.14)

∂r

∂z
= k. (3.1.15)

N´�y§þãIe|´����mÃX§�1��Ä¥ÿ�8�"òÙ8��

{(ρ, ϕ, z); eρ(ρ, ϕ, z), eϕ(ρ, ϕ, z), ez(ρ, ϕ, z)} , (3.1.16)

Ù¥§

eρ =
∂r

∂ρ
= cosϕ i + sinϕ j, (3.1.17)

eϕ =
1

ρ

∂r

∂ϕ
= − sinϕ i + cosϕ j, (3.1.18)

ez =
∂r

∂z
= k. (3.1.19)

ù´����8�mÃXµ

eρ · eϕ = eϕ · ez = ez · eρ = 0; (��5) (3.1.20)

e2
ρ = e2

ϕ = e2
z = 1; (8�5) (3.1.21)

eρ × eϕ = ez, eϕ × ez = eρ, ez × eρ = eϕ. (mÃ5) (3.1.22)

�
�*§·�òþã(Jx3ã3.1.2¥"

o�§Î�IX�Ie�,Ô�
�N5§�<�EU�§Ïé�����8�mÃX§Ïd§

§l(k��IXÿØ´é�"
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ã 3.1.2. Î�IXþ�Ie|

§3.1.2 ¥�IX

Xã3.1.3¤«§¥�IX½Â�
x = r sin θ cosϕ
y = r sin θ sinϕ
z = r cos θ,

0 ≤ r < +∞, 0 ≤ θ ≤ π, 0 ≤ ϕ < 2π, (3.1.23)

Ù¥§r¡¥»§θ¡4�§ϕ¡� �"

ã 3.1.3. ¥�IX£�
m)Ò¤

Uc¤ã§·��Ie|§{
(r, θ, ϕ);

∂r

∂r
(r, θ, ϕ),

∂r

∂θ
(r, θ, ϕ),

∂r

∂ϕ
(r, θ, ϕ)

}
, (3.1.24)

Ù¥§

∂r

∂r
= sin θ cosϕ i + sin θ sinϕ j + cos θ k, (3.1.25)

∂r

∂θ
= r cos θ cosϕ i + r cos θ sinϕ j− r sin θ k, (3.1.26)

∂r

∂ϕ
= −r sin θ sinϕ i + r sin θ cosϕ j. (3.1.27)

ÓÎ�IX��§N´�y§þãIe|´����mÃX§�1�!1nü�Ä¥ÿ�8�"ò§

�8�§�

{(r, θ, ϕ); er(r, θ, ϕ), eθ(r, θ, ϕ), eϕ(r, θ, ϕ)} , (3.1.28)
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ã 3.1.4. ¥�IXþ�Ie|

Ù¥§

er =
∂r

∂r
= sin θ cosϕ i + sin θ sinϕ j + cos θ k, (3.1.29)

eθ =
1

r

∂r

∂θ
= cos θ cosϕ i + cos θ sinϕ j− sin θ k, (3.1.30)

eϕ =
1

r sin θ

∂r

∂ϕ
= − sinϕ i + cosϕ j. (3.1.31)

§´����8�mÃXµ

er · eθ = eθ · eϕ = eϕ · er = 0; (��5) (3.1.32)

e2
r = e2

θ = e2
ϕ = 1; (8�5) (3.1.33)

er × eθ = eϕ, eθ × eϕ = er, eϕ × er = eθ. (mÃ5) (3.1.34)

��*å�§·�òþã(Jw«3ã3.1.4¥"·�w�§ÓÎ�IX��§<�EU�¥�IXÏ

é�����8�mÃIe|"

o
ó�§Î�IX!¥�IXÓ(k��IX���«O´µ§�Ie�Ä¥Ñ´Û��§�

/:
Cz§::ØÓ"g,§ù«Û�5ò¬�nØ�A^�5�½�E,5"Ð3§XJ�u�

:$Ä§ù«E,5�±��{z§@Ò´§<��±ÏLÚ?��Ý5£�Û�Ä¥��m�Cz"

�ÙäNSN§��e!©)"

��§̂ B�Ñ§÷­��I ρ, ϕ�Riemann©�§¤�o�­>o>/"ù
Ø5K�­>o

>/�±^5Kã/——��/5Cq§ù
��/D�¥þ (∆ρ)eρ, (ρ∆ϕ)eϕ¤)¤§Ïd§²¡

4�IXe�k�¡����Xe/ª§

ds = (dρ eρ)× (ρdϕ eϕ) = (ρdρdϕ)k. (3.1.35)

aq��§Î�IXÚ¥�IXe�k�NÈ�©O�

dv = (dρ eρ, ρdϕ eϕ, dz ez) = ρdρdϕdz, (3.1.36)

dv = (dr er, rdθ eθ, r sin θdϕ eϕ) = r2 sin θdrdθdϕ. (3.1.37)
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,	§Î�IXÚ¥�IXe�k�¡�©O�

dsρ = (ρdϕ eϕ)× (dz ez) = ρdϕdz eρ, (3.1.38)

dsϕ = (dz ez)× (dρ eρ) = dρdz eϕ, (3.1.39)

dsz = (dρ eρ)× (ρdϕ eϕ) = ρdρdϕ ez (3.1.40)

dsr = (rdθ eθ)× (r sin θdϕ eϕ) = r2 sin θdθdϕ er, (3.1.41)

dsθ = (r sin θdϕ eϕ)× (dr er) = r sin θdrdϕ eθ, (3.1.42)

dsϕ = (dr er)× (rdθ eθ) = rdrdθ eϕ. (3.1.43)

±þù
(J3?nÎ�IXÚ¥�IXe�È©�Ñék^"

§3.1.3 ²¡4�IX��I­�

��!ù��²¡4�IX�­�A^——�I­��4�IL«"Kepler¯K´²;åÆ�

�)§�I­��ù«L«éÆSKepler¯K´é�;�§¤±3ùp^B`�e"¤¢�I­�´

�ý�!V­�Ú�Ô�§Ï�dnÑ´²¡é��I���§�´²¡'uI¶���ØÓ
®"

ùn«­�k��Ä���Ó5�µ

½n3.1.1. eò�I­�À�Ä:�;,§@o§Ä:��:Ú�O��ål�'´��~ê e§

Ï~¢� %Ç"¿�§��I­�´ý��§e < 1¶��I­�´�Ô��§e = 1¶��I­�

´V­��§e > 1"éuý�ÚV­�§kü��:!ü�O�§ùp�¦�:�O�Óý"

y². ·�Äk�Ä�Ô�§�§��§´

y2 = 2px, (3.1.44)

Ù¥§p > 0´��~ê"§��:F ´

(
p

2
, 0), (3.1.45)

O�L´

x = −p
2
. (3.1.46)

�Ä:M��I� (x, y)"u´§Ä:M��:F Ú�O�Lål r, d©O�

r =

√(
x− p

2

)2

+ y2, d =
∣∣∣x+

p

2

∣∣∣ . (3.1.47)

duÄ:M3�Ô�þ§Ïd§

r =

√(
x− p

2

)2

+ 2px =

√(
x+

p

2

)2

=
∣∣∣x+

p

2

∣∣∣ . (3.1.48)

u´§

e =
r

d
= 1. (3.1.49)
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½né�Ô�¤á"

Ùg§�Äý�§
x2

a2
+
y2

b2
= 1, a > b > 0. (3.1.50)

·��§Ó3mý��:F ÚO�L§

F = (c, 0), L : x =
a2

c
, c =

√
a2 − b2. (3.1.51)

Ä:M = (x, y)��:F �ål r�

r =

√
(x− c)2

+ y2 =

√
x2 − 2cx+ c2 + b2

(
1− x2

a2

)
=

√
c2

a2
x2 − 2cx+ a2 =

∣∣∣ c
a
x− a

∣∣∣
=

c

a

∣∣∣∣x− a2

c

∣∣∣∣ . (3.1.52)

Ä:M�O�L�ål d�

d =

∣∣∣∣x− a2

c

∣∣∣∣ . (3.1.53)

Ïd§

e =
r

d
=
c

a
=

√
a2 − b2

a
< 1. (3.1.54)

½néý�¤á"

��§�ÄV­�§
x2

a2
− y2

b2
= 1, a > 0, b > 0. (3.1.55)

Ó3mý��:F ÚO�L�§

F = (c, 0), L : x =
a2

c
, c =

√
a2 + b2. (3.1.56)

u´§Ä:M��:F �ål r�

r =

√
(x− c)2

+ y2 =

√
x2 − 2cx+ c2 + b2

(
x2

a2
− 1

)
=

√
c2

a2
x2 − 2cx+ a2 =

∣∣∣ c
a
x− a

∣∣∣
=

c

a

∣∣∣∣x− a2

c

∣∣∣∣ . (3.1.57)

Ä:M�O�L�ål d�

d =

∣∣∣∣x− a2

c

∣∣∣∣ . (3.1.58)

Ïd§

e =
r

d
=
c

a
=

√
a2 + b2

a
> 1. (3.1.59)

½néV­�¤á" �

ù^5��¤±Ä�§́ Ï�§�±^��I­��½Â"·�k
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½n3.1.2. e��Ä:M���½:F ���^½��L�ål�'���~ê e§KÄ:M�

;,�½´�I­�"¿�§� e < 1�§­��ý�¶� e = 1�§­���Ô�¶� e > 1�§­

��V­�"

<�¡½n¥�½:F ��:§½��L�O�§ål�' e� %Ç"

ã 3.1.5. �� e = 1�/��IX.

y². Äk§�Ä e = 1�/"Xã3.1.5¤«§�ÏL�:F ¿�O�LR�����x¶"

�x¶�O�L��:�K§��ãKF �¥:�x¶��:O§�¥þ
−−→
OF ����x¶���"

L�:O� y¶¦¤IO²¡(k��IX"-

p = |
−−→
KF |, (3.1.60)

K

F = (
p

2
, 0), L : x = −p

2
. (3.1.61)

-Ä:M� (x, y)"PÄ:M��:F �O�L�ål©O� rÚ d§K

r =

√(
x− p

2

)2

+ y2, d =
∣∣∣x+

p

2

∣∣∣ . (3.1.62)

Ï�

e =
r

d
= 1, (3.1.63)

¤± √(
x− p

2

)2

+ y2 =
∣∣∣x+

p

2

∣∣∣ . (3.1.64)

ü>²�§�

y2 = 2px. (3.1.65)

w,§Ä:;,��Ô�"

Ùg§�Ä e 6= 1�/"Xã3.1.6Ú3.1.7¤«§Óc§�ÏL�:F ¿�O�LR�����x

¶"�x¶�O�L��:�K"òx¶��:O�3F �K��>§¿¦

|
−−→
OF |
|
−−→
OK|

= e2. (3.1.66)
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�¥þ
−−→
OF ����x¶���"L�:O� y¶¦¤IO²¡(k��IX"-F �K��I©

O�

F = (α, 0), K = (β, 0), (3.1.67)

K

α = βe2. (3.1.68)

y3§-Ä:M� (x, y)"PÄ:M��:F �O�L�ål©O� rÚ d§K

r =

√
(x− α)

2
+ y2, d = |x− β| . (3.1.69)

Ï�

e =
r

d
, (3.1.70)

¤± √
(x− α)

2
+ y2 = e |x− β| . (3.1.71)

ü>²�§�

(1− e2)x2 + y2 = αβ(1− e2). (3.1.72)

u´§
x2

a2
+

y2

(1− e2)a2
= 1, a =

√
αβ. (3.1.73)

w,§e e < 1§KÄ:;,�ý�¶e e > 1§KÄ:;,�V­�" �

ã 3.1.6. 3 e < 1��/e§�IX���. ã 3.1.7. 3 e > 1��/e§�IX���.

|^ù�½n§·��±é�B/¦Ñ�I­�34�IXe��§"3ù���§�
�B§

<�Ï~ò�I�:÷x¶²£��:F þ§d��I�:q¡4:§x¶���¶q¡4¶"-

−−→
FK = δ i, (3.1.74)

K

δ =



−p, �Ô�§m��m§4¶�é¡¶­Ü

b2

c
, ý�§4:3m�:§4¶��¶­Ü

−b
2

c
, V­�§4:3m�:§4¶�¢¶­Ü.

(3.1.75)
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u´§

ρ = r, d = |x− δ|. (3.1.76)

d
r

d
= e (3.1.77)

�

ρ = e|x− δ| = e|ρ cosϕ− δ|. (3.1.78)

ü>²�§� (
1− e2 cos2 ϕ

)
ρ2 +

(
2e2δ cosϕ

)
ρ− e2δ2 = 0. (3.1.79)

§kü��§

ρ =
1

2 (1− e2 cos2 ϕ)

[
−2e2δ cosϕ±

√
(2e2δ cosϕ)

2
+ 4 (1− e2 cos2 ϕ) e2δ2

]
(3.1.80)

=
1

2 (1− e2 cos2 ϕ)

(
−2e2δ cosϕ± 2eδ

)
(3.1.81)

=
eδ

1− e2 cos2 ϕ
(−e cosϕ± 1) (3.1.82)

=


eδ

1 + e cosϕ
,

− eδ

1− e cosϕ
.

(3.1.83)

éu�Ô�§e = 1§δ = −p§k

ρ =
p

1− cosϕ
. (3.1.84)

,��´K�§vkAÛ¿Â§¿K§Ï� ρ > 0"éuý�§e < 1§δ =
b2

c
§k

ρ =
p

1 + e cosϕ
, p = eδ =

b2

a
. (3.1.85)

,���K§vkAÛ¿Â"éuV­�§e > 1§δ = −b
2

c
§ü�þkAÛ¿Â§©O�LV­��

ü|§k

ρ =


p

1− e cosϕ
, m|

− p

1 + e cosϕ
, �|,

p = −eδ =
b2

a
. (3.1.86)

o
ó�§·�k

ρ =



p

1− cosϕ
, �Ô�§4:3�:§m��m

p

1 + e cosϕ
, ý�§4:3m�:, e < 1

p

1− e cosϕ
, V­�§4:3m�:§m|, e > 1

− p

1 + e cosϕ
, V­�§4:3m�:§�|, e > 1.

(3.1.87)
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XJò²¡7�I�:_��^=π§Kϕ→ ϕ+ π§N´wÑ§

ρ =



p

1 + cosϕ
, �Ô�§4:3�:§m���

p

1− e cosϕ
, ý�§4:3��:, e < 1

p

1 + e cosϕ
, V­�§4:3��:§�|, e > 1

− p

1− e cosϕ
, V­�§4:3��:§m|, e > 1.

(3.1.88)

5¿�V­�kü�©|§§��mkm�§́ ØëY�§,
§¢Sâf§=¤¢��:§Ø´

êÆþ�Ä:§§�;,§UìÚî1�½Æ§�½´ëY���§Ï�§���:�N�;�§�U

�V­��ü�ëY©|��§�:Ø�Ul��©|�[�,��©|"ØL§Ø��	§V­�

ü�©|´���§lÔnþw§��´�£¯"d´��§���:�N�;�§XJØ+��§K

�I­��±Ú�/��Xe/ª§

ρ =
p

1 + e cos(ϕ− ϕ0)
, ϕ0 ∈ [0, 2π), (3.1.89)

Ù¥§p��:ëê§e� %Ç§Ð�ϕ0û½­�äN����� §±94:�.´@��:§

��3ü��:��ÿ"Xd�àÚ��/ª§(¢´²;åÆéKepler¯K�î�(J§§3nØ

þ�{/)º
Kepleruy�n^¢�½Æ�

��§XJò4¶_��^=ϕ0§Kþã(J�±�{'/��

ρ =
p

1 + e cosϕ
. (3.1.90)

dd��§

e



= 1, ­���Ô�§m���§4:��:§4¶ ué¡¶þ

< 1, ­��ý�§4:�m�:§4¶ u�¶þ

> 1, ­��V­�§�|§4:���:§4¶ u¢¶þ.

(3.1.91)

§3.2 ��Ý

3(k��IXe§$Ä�:� ¥���

r(t) = x(t) i + y(t) j + z(t) k. (3.2.1)

u´§�ÝÚ\�Ý©O�

v =
dr

dt
=

dx

dt
i +

dy

dt
j +

dz

dt
k, (3.2.2)

a =
dv

dt
=

d2x

dt2
i +

d2y

dt2
j +

d2z

dt2
k. (3.2.3)
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ù
Ñ´�[ÙG�(J"ùp§·��¿�Ñ�´§�¤±kXd{ü�(J§@´Ï�(k�I

e {O; i, j,k}´��ØÄIe§§Ø��mCzµ

di

dt
= 0,

dj

dt
= 0,

dk

dt
= 0. (3.2.4)

dA:§(�`�¶<",�kÒ��"§­¯Ã~§(k��IX¿Øo´��B��IX"k�§

<�I�­��IX"­��IX�Ie´ÛÜ½Â�§§7ò�X�:�$Ä
$Ä§Ï
´$Ä

Ie"éu$ÄIe§̄ �ò¬ké��ØÓ"e¡§4·�k5�	Î�IX"

§3.2.1 ÎIe���Ý

éuÎ�IX§�:��I� (ρ, ϕ, z)"²w/§�X�:�$Ä§�:�Î�Iò��m
C

z§=

ρ = ρ(t), ϕ = ϕ(t), z = z(t). (3.2.5)

5¿� 
x = ρ cosϕ
y = ρ sinϕ
z = z,

0 ≤ ρ < +∞, 0 ≤ ϕ < 2π, −∞ ≤ z < +∞, (3.2.6)

�:� ¥�±U�Xe§

r(t) = x(t) i + y(t) j + z(t) k

= ρ(t) cos
(
ϕ(t)

)
i + ρ(t) sin

(
ϕ(t)

)
j + z(t) k. (3.2.7)

ù´��·ÜL«§���I®²C��Î�I§�´Ä¥�´�5(k��IX�Ä¥"�
òU

�?1�.§<�7L|^Î�IXÄ.�½Â§

eρ(t) = cos
(
ϕ(t)

)
i + sin

(
ϕ(t)

)
j, (3.2.8)

eϕ(t) = − sin
(
ϕ(t)

)
i + cos

(
ϕ(t)

)
j, (3.2.9)

ez(t) = k. (3.2.10)

T½Â��þÒ´Î�IÄ.����IÄ.�m�C�§§´�_�§_C��

i = cos
(
ϕ(t)

)
eρ(t)− sin

(
ϕ(t)

)
eϕ(t), (3.2.11)

j = sin
(
ϕ(t)

)
eρ(t) + cos

(
ϕ(t)

)
eϕ(t), (3.2.12)

k = ez(t). (3.2.13)

ò��\�: ¥�L�ª§·�k

r(t) = ρ(t) cos
(
ϕ(t)

) [
cos
(
ϕ(t)

)
eρ(t)− sin

(
ϕ(t)

)
eϕ(t)

]
+ρ(t) sin

(
ϕ(t)

) [
sin
(
ϕ(t)

)
eρ(t) + cos

(
ϕ(t)

)
eϕ(t)

]
+ z(t) ez(t)

= ρ(t) eρ(t) + z(t) ez(t). (3.2.14)
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ùÒ´�: ¥3Î�IXe���L�ª"·�w�§3Î�IXe§Ie��:$Ä
$Ä§Ï


§Ø��:��I��m
Cz§
�Ie�Ä¥���m
Cz"ùÒ´­��IX�A:"Ï

�Ie´$Ä�§¤±3­��IXe£��:�$Ä�§<�Ø���Ä�I��m�Cz§
�

���ÄÄ¥��m�Cz"��Ýù�þÒ´3�	Ä¥XÛ��müz�L§¥Ú?�§�e"

§3.2.1.1 ��Ý�½Â

�Ä�Ä¥Ñ´ü ¥þ§e¡·�k5�	ü ¥þ��m�üz"� e(t)�ü ¥þ§��

�m�¼ê§§ëY��"éð�ª

e(t) · e(t) = 1, (3.2.15)

ü>¦�§�

ė(t) · e(t) = 0. (3.2.16)

ùÒ´`§ė(t)� e(t)R�" ė(t)Ú e(t)üöû½��²¡§òT²¡{����nÀ�� e(t) ×

ė(t)�����§=

n = e× ė

|ė|
=

1

|ė|
e× ė. (3.2.17)

u´§·�k

n× e =
1

|ė|
(e× ė)× e =

1

|ė|
[(e · e)ė− (e · ė)e] =

1

|ė|
ė. (3.2.18)

lm>)Ñ ė§�

ė(t) = |ė|(n× e) = (|ė|n)× e = ω(t)× e(t), (3.2.19)

Ù¥§ω(t)¡���Ý§

ω(t) = |ė(t)|n. (3.2.20)

��§éü ¥þ��û�du^��ÝéT¥þ��¦§=

d

dt
e(t) = ω(t)× e(t). (3.2.21)

·�25wü�ü ¥þ eρ(t), eϕ(t)��/§�=²¡4�IX��/"Î�IX��3xy²

¡þÒ´²¡4�IX§

eρ(t) = cos
(
ϕ(t)

)
i + sin

(
ϕ(t)

)
j, (3.2.22)

eϕ(t) = − sin
(
ϕ(t)

)
i + cos

(
ϕ(t)

)
j. (3.2.23)

·�k

d

dt
eρ(t) = − sin

(
ϕ(t)

)
ϕ̇(t) i + cos

(
ϕ(t)

)
ϕ̇(t) j = ϕ̇(t) eϕ(t), (3.2.24)

d

dt
eϕ(t) = − cos

(
ϕ(t)

)
ϕ̇(t) i− sin

(
ϕ(t)

)
ϕ̇(t) j = −ϕ̇(t) eρ(t). (3.2.25)
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5¿�oö ėρ, ėϕ, eρ, eϕ�¡§�3xy²¡þ§�âü�ü ¥þ�(J§ØJ���ö eρ(t), eϕ(t)�

��Ý�Ó§G�

ω(t) = ϕ̇(t) k. (3.2.26)

�Ò´`§

d

dt
eρ(t) = ω(t)× eρ(t), (3.2.27)

d

dt
eϕ(t) = ω(t)× eϕ(t). (3.2.28)

Ïd§²¡4�IXIeÄ¥�$ÄÓ���±^��Ý5£�"

2§�Ä�
d

dt
ez(t) =

d

dt
k = 0 = ω(t)× ez(t), (3.2.29)

u´�§�mÎ�IXIeÄ¥�$Ä��±^��Ý5£�§

d

dt
eρ(t) = ω(t)× eρ(t), (3.2.30)

d

dt
eϕ(t) = ω(t)× eϕ(t), (3.2.31)

d

dt
ez(t) = ω(t)× ez(t), (3.2.32)

Ù¥§

ω(t) = ϕ̇(t) ez(t). (3.2.33)

5¿§3�Ñþã(J�§·�|^
Ä. {eρ(t), eϕ(t), ez(t)}�mÃ5"

Î�IX�þã(Jäk��5§é?¿���8�mÃÄ.Ñ´¤á�"·�QãXeµ

Ún3.2.1. � e1(t), e2(t), e3(t)G��m t�ëY��¼ê§¿�3z��� tþ�¤����

Ä.§@o§�ê ėα(t)§���� t���¥þ§�±Ðm� e1(t), e2(t), e3(t)����5|Ü§

d

dt
eα(t) =

3∑
β=1

aαβ(t) eβ(t), α = 1, 2, 3, (3.2.34)

Ù¥§aαβ(t)´ÐmXê§�=���I§§�Ñ´�m t�¼ê"bX e1(t), e2(t), e3(t)�´��

8��§

eα(t) · eβ(t) = δαβ, α, β = 1, 2, 3, (3.2.35)

@o§Xê aαβ(t)7´�é¡�§=

aβα(t) = −aαβ(t), α, β = 1, 2, 3. (3.2.36)

�
�B§·�±�¡ª (3.2.34)�Ä¥$Ä�§"

y². U½Â§¥þ¼ê��êE,´��¥þ¼ê§=§

d

dt
eα(t) = gα(t), α = 1, 2, 3, (3.2.37)
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Ù¥§gα(t)´�� t���¥þ"ògα(t)U�� t�Ä.Ðm§�

gα(t) =
3∑

β=1

aαβ(t) eβ(t), (3.2.38)

Ù¥§aαβ(t)´ÐmXê§§´�� t�¼ê"òdª�£Ùþª§�

d

dt
eα(t) =

3∑
β=1

aαβ(t) eβ(t), α = 1, 2, 3. (3.2.39)

ùÒy²
§�¥ ėα(t)�±Ðm� e1(t), e2(t), e3(t)����5|Ü§¿�ÐmXêÑ´�� t�¼

ê"

XJ e1(t), e2(t), e3(t)�´��8��§K

eβ(t) · d

dt
eα(t) = eβ(t) ·

3∑
γ=1

aαγ(t) eγ(t)

=
3∑

γ=1

aαγ(t) eβ(t) · eγ(t)

=
3∑

γ=1

aαγ(t) δβγ

= aαβ(t). (3.2.40)

�é{`§

aαβ(t) = eβ(t) · d

dt
eα(t). (3.2.41)

y3§é��8�ª§

eα(t) · eβ(t) = δαβ, (3.2.42)

ü>¦�§� (
d

dt
eα(t)

)
· eβ(t) + eα(t) ·

(
d

dt
eβ(t)

)
= 0. (3.2.43)

ù¿�X

aαβ(t) + aβα(t) = 0. (3.2.44)

½=

aβα(t) = −aαβ(t). (3.2.45)

�

�Ún`²§éu��Ä.§Ä¥$Ä�§�kÊ�ÐmXê§,
§éu��8�Ä.§Ù¥

n�é��ð�"§

a11 = a22 = a33 = 0, (3.2.46)

¿��e�8��é����kn�´Õá�§ùn�Õá�Xê�±À�

a12, a23, a31. (3.2.47)
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½n3.2.1. � e1(t), e2(t), e3(t)G��m t�ëY��¼ê§¿��¤����8�mÃÄ.§

eα(t) · eβ(t) = δαβ, α, β = 1, 2, 3; (3.2.48)

e1(t)× e2(t) = e3(t), e2(t)× e3(t) = e1(t), e3(t)× e1(t) = e2(t). (3.2.49)

@o§Ä¥�$Ä�§§

d

dt
eα(t) =

3∑
β=1

aαβ(t) eβ(t), α = 1, 2, 3, (3.2.50)

�±U�±e/ª§
d

dt
eα(t) = ω(t)× eα(t), α = 1, 2, 3, (3.2.51)

Ù¥§ω(t)¡���Ý§§½Â�

ω(t) := a23(t) e1(t) + a31(t) e2(t) + a12(t) e3(t). (3.2.52)

y². du e1(t), e2(t), e3(t)´��8��§Ïd§

a11(t) = a22(t) = a33(t) = 0, (3.2.53)

a21(t) = −a12(t), a32(t) = −a23(t), a13(t) = −a31(t). (3.2.54)

u´§

d

dt
e1(t) = a12(t) e2(t)− a31(t) e3(t), (3.2.55)

d

dt
e2(t) = −a12(t) e1(t) + a23(t) e3(t), (3.2.56)

d

dt
e3(t) = a31(t) e1(t)− a23(t) e2(t). (3.2.57)

y3§|^��Ý�½Â±9Ä.�mÃ5§·�5©O�yùn�$Ä�§"Äk§

ω(t)× e1(t) = [a23(t) e1(t) + a31(t) e2(t) + a12(t) e3(t)]× e1(t)

= −a31(t) e3(t) + a12(t) e2(t)

= a12(t) e2(t)− a31(t) e3(t)

=
d

dt
e1(t). (3.2.58)

Ùg§

ω(t)× e2(t) = [a23(t) e1(t) + a31(t) e2(t) + a12(t) e3(t)]× e2(t)

= a23(t) e3(t)− a12(t) e1(t)

= −a12(t) e1(t) + a23(t) e3(t)

=
d

dt
e2(t). (3.2.59)
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��§

ω(t)× e3(t) = [a23(t) e1(t) + a31(t) e2(t) + a12(t) e3(t)]× e3(t)

= −a23(t) e2(t) + a31(t)(t) e1(t)

= a31(t) e1(t)− a23(t) e2(t)

=
d

dt
e3(t). (3.2.60)

�

�½n¢�þ´��Ýω�½Â"·�w�§§ÏL°|
T��|Ü
�"��ÝDÜ¤Ô§

ù��½Â§�'��Ýv�½Â§�E,�õ§�Ä��õ§�ö��d¥þ¼ê��ê�Ñ"d

	§Ä¥��¥þ§Ù�Ý´ØC�§Ïd§�Ù$Ä�§Ò�k��þ�Cz
"���N§Ä.

3��þ�UC�L
§�¤�Ie3��£orientation¤þ�Cz§ù«Cz§Ônþ¢��=Ä

£rotation¤"´�§��é'§·��±`§��Ý£��´�:�²££translation¤§��Ý£�

�´��8�mÃÄ.�=Ä"·��Aw�§�´��8�mÃÄ.§§��m�üz��d��

Ý5£�§Ó�§��k��8�mÃÄ.â�±Ú?��Ý"��Ý´���8�mÃÄ.��é

X3�å�§ù´·�ÆS��ÝnØ�AT5¿�/�"

±þÒ´��Ý�½Â§§®�5äv§¿ÃO�Ð`§U�8�§ìã¢¬§X´½Â§X´

O��Ò�±
",
§Ônþ�
�*§Xã3.2.8¤«§k�<�/Ú?��ÏLIe�:�ê¶§

�Ù�����Ýω���§¿UmÃ½K3ÙþD±��½����§I±ω§XdC:��§B

¢dê¶�Ie�]�=Ä¶§¿`Ie�±��Ýω7d¶
^="ù��ã�§3Ø�E¤Ø¬

�/�§·�±��¬¦^"

ã 3.2.8. ]�=Ä¶

£ß�À§éuÎ�IX§�

e1 = eρ(t), e2 = eϕ(t), e3 = ez(t), (3.2.61)

K´�

a12 = ϕ̇(t), a23 = 0, a31 = 0. (3.2.62)

Ïd§

ω = ϕ̇(t) e3 = ϕ̇(t) ez. (3.2.63)

§�´ÎIe���Ý"
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e¡§·�5�	Î�IXe�:²£�Ý�ÎIe��Ý�'X"c¡®²��§�:� ¥

�

r(t) = ρ(t) eρ(t) + z(t) ez(t). (3.2.64)

u´§

v =
d

dt
r(t)

= ρ̇(t)eρ(t) + ρ(t)
d

dt
eρ(t) + ż(t) ez(t) + z(t)

d

dt
ez(t)

= ρ̇(t)eρ(t) + ż(t) ez(t) + ρ(t)ω(t)× eρ(t) + z(t)ω(t)× ez(t)

= ρ̇(t)eρ(t) + ż(t) ez(t) + ω(t)× [ρ(t)eρ(t) + z(t) ez(t)]

=
[
ρ̇(t)eρ(t) + ż(t) ez(t)

]
+ ω(t)× r(t). (3.2.65)

dd��§�:��Ýy3©�ü�µ1��5
u�:­«�I��m�Cz§d�Ä¥�±ØÄ¶

é��5
uÄ¥�$Ä§d��:�­«�I�±ØC"l$Ä��é55w§1��Ù¢Ò´�

:�éuÛÜ�IX�$Ä�Ý§d�§*	ö�é$Ä�IX·�§¦w���k�I�Cz§Ä

¥´·��"Ï~/ª/òùÜ©P�

Dr

dt
:= ρ̇(t)eρ(t) + ż(t) ez(t). (3.2.66)

ù�§þª���Xe/ª§
dr

dt
=

Dr

dt
+ ω × r. (3.2.67)

k�§�?�Ú§ò r"�§r§{P�ÎÒ�ª§

d

dt
=

D

dt
+ ω × . (3.2.68)

ù��,´lÎ�IXe�:�Ý�Ñ�§�§Ù¢´���5�(J§e¡·�5y²§"

§3.2.1.2 ¥þ¼ê�$Ä�§

� e1(t), e2(t), e3(t)´����8�mÃÄ.§Ù��Ý�ω(t)"q�k�¥þ¼ê f(t)"u

´§§k��©)§

f(t) =
3∑

α=1

fα(t) eα(t). (3.2.69)

ù�§·�k

d

dt
f(t) =

d

dt

3∑
α=1

fα(t) eα(t) =
3∑

α=1

d

dt

[
fα(t) eα(t)

]
=

3∑
α=1

(
d

dt
fα(t)

)
eα(t) +

3∑
α=1

fα(t)

(
d

dt
eα(t)

)

=
3∑

α=1

(
d

dt
fα(t)

)
eα(t) +

3∑
α=1

fα(t)
(
ω(t)× eα(t)

)
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=
3∑

α=1

(
d

dt
fα(t)

)
eα(t) + ω(t)×

3∑
α=1

fα(t)eα(t)

=
3∑

α=1

(
d

dt
fα(t)

)
eα(t) + ω(t)× f(t). (3.2.70)

d=

df

dt
=

Df

dt
+ ω × f , (3.2.71)

Ù¥§

Df

dt
:=

3∑
α=1

(
d

dt
fα(t)

)
eα(t), (3.2.72)

§´¥þ¼ê f�éu$ÄIe�CzÇ"4 �
�B§·�±�Ò¡ª(3.2.71) �¥þ¼ê�$Ä

�§"ù´��~^�úª§���P"

y3§·�5^¥þ¼ê�$Ä�§¦ f(t)����ê"5¿�§ª(3.2.71)m>n�

Df

dt
(t), ω(t), f(t) (3.2.73)

¥�z����2^��8�mÃÄ. e1(t), e2(t), e3(t)Ðm§u´§

d2f

dt2
=

d

dt

(
df

dt

)
=

d

dt

(
Df

dt
+ ω × f

)
=

d

dt

(
Df

dt

)
+

(
d

dt
ω

)
× f + ω ×

(
d

dt
f

)
=

D2f

dt2
+ ω × Df

dt
+

(
Dω

dt
+ ω × ω

)
× f + ω ×

(
Df

dt
+ ω × f

)
=

D2f

dt2
+

Dω

dt
× f + 2ω × Df

dt
+ ω × (ω × f). (3.2.74)

½ö§

d2f

dt2
=

d

dt

(
df

dt

)
=

D

dt

(
df

dt

)
+ ω ×

(
df

dt

)
=

D

dt

(
Df

dt
+ ω × f

)
+ ω ×

(
Df

dt
+ ω × f

)
=

D2f

dt2
+

Dω

dt
× f + 2ω × Df

dt
+ ω × (ω × f), (3.2.75)

(J�Ó"́ �

D2f

dt2
=

3∑
α=1

(
d2

dt2
fα(t)

)
eα(t). (3.2.76)

4é$ÄIee�*	ö
ó§Ä¥ e1, e2, e3Ñ´·�ØÄ�§�¥þ f �Cz�Ü5
u©þ�Cz§
�Ä¥

Ã'§ù�ÐÒ´ Df
dt
",	§k
©z§ò$�ÎÒ D

dt
P� d

dt′ "
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q§<�S.¡

α :=
dω

dt
(3.2.77)

��\�Ý"w,

α =
Dω

dt
+ ω × ω =

Dω

dt
. (3.2.78)

o�§

α =
dω

dt
=

Dω

dt
. (3.2.79)

ù´�\�Ý���AÏ5�"|^ù�AÏ5�§���ê�±��

d2f

dt2
=

D2f

dt2
+ 2ω × Df

dt
+α× f + ω × (ω × f). (3.2.80)

��~f§�:3Î�IXe�\�Ý�

d2r

dt2
=

D2r

dt2
+ 2ω × Dr

dt
+α× r + ω × (ω × r). (3.2.81)

äN5`§·�k

r(t) = ρ(t) eρ(t) + z(t)ez, (3.2.82)

Dr

dt
= ρ̇(t) eρ(t) + ż(t)ez, (3.2.83)

D2r

dt2
= ρ̈(t) eρ(t) + z̈(t)ez, (3.2.84)

ω = ϕ̇(t) ez, (3.2.85)

α = ϕ̈(t) ez. (3.2.86)

u´§�

a = ρ̈(t) eρ(t) + z̈(t)ez + 2
[
ϕ̇(t) ez

]
×
[
ρ̇(t) eρ(t) + ż(t)ez

]
+
[
ϕ̈(t) ez

]
×
[
ρ(t) eρ(t) + z(t)ez

]
+
[
ϕ̇(t) ez

]
×
{[
ϕ̇(t) ez

]
×
[
ρ(t) eρ(t) + z(t)ez

]}
= ρ̈(t) eρ(t) + z̈(t)ez +

[
2ρ̇(t)ϕ̇(t) + ρ(t)ϕ̈(t)

]
ez × eρ(t) + ρ(t)ϕ̇2(t) ez ×

[
ez × eρ(t)

]
= ρ̈(t) eρ(t) + z̈(t)ez +

[
2ρ̇(t)ϕ̇(t) + ρ(t)ϕ̈(t)

]
eϕ(t)− ρ(t)ϕ̇2(t) eρ(t)

=
[
ρ̈(t)− ρ(t)ϕ̇2(t)

]
eρ(t) +

[
2ρ̇(t)ϕ̇(t) + ρ(t)ϕ̈(t)

]
eϕ(t) + z̈(t)ez. (3.2.87)

ÙA~=²¡4�IX§d�§

z(t) = 0. (3.2.88)

u´§

a =
[
ρ̈(t)− ρ(t)ϕ̇2(t)

]
eρ(t) +

[
2ρ̇(t)ϕ̇(t) + ρ(t)ϕ̈(t)

]
eϕ(t). (3.2.89)

[=��Öþ�IO(J"
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§3.2.1.3 $ÄIeeÚî1�½Æ�/ª

�d§Öö�U¦¾§$ÄIe����IX»´
E,§{�´öY�Ë§é^ù��öY�

ËkÛ7kº�Y´§ù���ndkü:µ

Ù�§²;åÆ���IeÒ´$ÄIe"ù´dÚî1�½Æû½�§§���/ª´

ma(t) = f(t), (3.2.90)

Ù¥§m´�:��þ§a(t)´�:3�� t��\�Ý§f(t)´�:3�� t�¤É��^å"Ï

�\�ÝÚ�^åÑ´�m t�¼ê§¤±��/·�kÐm§

a(t) =
3∑

α=1

aα(t)eα(t), (3.2.91)

f(t) =
3∑

α=1

fα(t)eα(t). (3.2.92)

u´§·��
3∑

α=1

[
maα(t)− fα(t)

]
eα(t) = 0. (3.2.93)

qÏ� e1(t), e2(t), e3(t)Ø�¡£�5Ã'¤§¤±·��

maα(t)− fα(t) = 0, α = 1, 2, 3, (3.2.94)

½ö§

maα(t) = fα(t), α = 1, 2, 3. (3.2.95)

ùÒ´U©þ�$Ä�§"±þ¤ù´�:ÄåÆ�§����I{§¦^��U´$ÄIe§��

�IXáuAÏ�/§

e1(t) = i, e2(t) = j, e3(t) = k, (3.2.96)

§�n�Ä¥þØ��mCz"3d§��$ÄIe���~f§3Î�IXe§�:�ÄåÆ�§

�

m
[
ρ̈(t)− ρ(t)ϕ̇2(t)

]
= fρ(t), (3.2.97)

m
[
2ρ̇(t)ϕ̇(t) + ρ(t)ϕ̈(t)

]
= fϕ(t), (3.2.98)

mz̈(t) = fz(t). (3.2.99)

Ù�§$ÄIeBu<�¦^2Â�I"~XÎ�IÚ¥�I§§�Ñ¹k�Cþ§���IX

´ØBu£��Cþ�"éu=Ä§�Cþ´3¤7L�§Ïd§éu�:��±$Ä!fN�=Ä

�§·��U¦^$ÄIe"~X�±$Ä§·�k

mρϕ̇2(t) = −fρ(t), (3.2.100)

mρϕ̈(t) = fϕ(t). (3.2.101)
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eò�%�u�I�:§1�ª=�%\�Ý��§§1�ª=��\�Ý��§"l±þüª��§

=ù´�!��±$Äù��{ü$Ä§·��lØm$ÄIe"$ÄIe�­�5�����

�
BuA^$ÄIe§·��±òÚî1�½Æ§

dp

dt
= f , (3.2.102)

U��±e/ª§5

Dp

dt
+ ω × p = f . (3.2.103)

Ù¥�Äþp�l�:�Ý¦Ñ§

p = mv, v =
Dr

dt
+ ω × r. (3.2.104)

3±þüª¥Ñ�¹k{ü�©Û$�§

D

dt
,

§�¹é�I�¦�§Ú{ü�ê$�§

ω×,

�öBuO�§Ø´Ñ�"

§3.2.2 ¥Ie���Ý

éu¥�IX§·�k

er = sin θ cosϕ i + sin θ sinϕ j + cos θ k, (3.2.105)

eθ = cos θ cosϕ i + cos θ sinϕ j− sin θ k, (3.2.106)

eϕ = − sinϕ i + cosϕ j, (3.2.107)

Ù¥§

er = er(t), eθ = eθ(t), eϕ = eϕ(t), (3.2.108)

θ = θ(t), ϕ = ϕ(t). (3.2.109)

5ù«/ªÓfNåÆ¥�î.�§´���§�ö´

DL

dt
+ ω × L = M,

Ù¥§L´fN��Äþ§ω´fN���Ý§M´fN¤É�	åÝ"
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u´§

ėr = θ̇
(

cos θ cosϕ i + cos θ sinϕ j− sin θ k)

+ϕ̇ sin θ
(
− sinϕ i + cosϕ j

)
= θ̇ eθ + ϕ̇ sin θ eϕ (3.2.110)

ėθ = −θ̇
(

sin θ cosϕ i + sin θ sinϕ j + cos θ k)

+ϕ̇ cos θ
(
− sinϕ i + cosϕ j

)
= −θ̇ er + ϕ̇ cos θ eϕ (3.2.111)

ėϕ = −ϕ̇
(

cosϕ i + sinϕ j
)

= −ϕ̇ sin θ er − ϕ̇ cos θ eθ, (3.2.112)

ù`²

ω = ϕ̇ cos θ er − ϕ̇ sin θ eθ + θ̇ eϕ. (3.2.113)

5¿�âf� ¥

r(t) = r(t)er(t), (3.2.114)

·���:�Ý

v(t) =
dr

dt

=
Dr

dt
+ ω × r

= ṙer + (ϕ̇ cos θ er − ϕ̇ sin θ eθ + θ̇ eϕ)× (rer)

= ṙer + rθ̇ eθ + rϕ̇ sin θ eϕ. (3.2.115)

?�Ú§·�����:\�Ý

a =
d2r

dt2
=

D2r

dt2
+ 2ω × Dr

dt
+α× r + ω × (ω × r), (3.2.116)

Ù¥§

D2r

dt2
= r̈er, (3.2.117)

2ω × Dr

dt
= 2(ϕ̇ cos θ er − ϕ̇ sin θ eθ + θ̇ eϕ)× (ṙer)

= 2ṙθ̇eθ + 2ṙϕ̇ sin θ eϕ, (3.2.118)

α =
Dω

dt
= (ϕ̈ cos θ − θ̇ϕ̇ sin θ)er − (ϕ̈ sin θ + θ̇ϕ̇ cos θ)eθ + θ̈ eϕ, (3.2.119)

α× r = [(ϕ̈ cos θ − θ̇ϕ̇ sin θ)er − (ϕ̈ sin θ + θ̇ϕ̇ cos θ)eθ + θ̈ eϕ]× (rer)

= rθ̈eθ + r(ϕ̈ sin θ + θ̇ϕ̇ cos θ)eϕ, (3.2.120)

ω × (ω × r) = (ω · r)ω − ω2r



90 1nÙ ­��I�$ÄIe

= [(ϕ̇ cos θ er − ϕ̇ sin θ eθ + θ̇ eϕ) · (rer)](ϕ̇ cos θ er − ϕ̇ sin θ eθ + θ̇ eϕ)

−(ϕ̇ cos θ er − ϕ̇ sin θ eθ + θ̇ eϕ)2(rer)

= rϕ̇2 cos2 θ er − rϕ̇2 sin θ cos θ eθ + rθ̇ϕ̇ cos θ eϕ − r(θ̇2 + ϕ̇2)er

=

(
−rθ̇2 − 1

2
rϕ̇2 +

1

2
rϕ̇2 cos 2θ

)
er −

1

2
rϕ̇2 sin 2θ eθ

+ rθ̇ϕ̇ cos θ eϕ. (3.2.121)

���\§�

a =

(
r̈ − rθ̇2 − 1

2
rϕ̇2 +

1

2
rϕ̇2 cos 2θ

)
er

+

(
2ṙθ̇ + rθ̈ − 1

2
rϕ̇2 sin 2θ

)
eθ

+
(

2ṙϕ̇ sin θ + rϕ̈ sin θ + 2rθ̇ϕ̇ cos θ
)

eϕ. (3.2.122)

3Î�IXe§��Ý�

ω = ϕ̇ ez. (3.2.123)

w,§��Ý��Cþ�'X§Ó(k��IXe�Ý��Cþ�'X����§�é�*§

v = ẋ i + ẏ j + ż k. (3.2.124)

,
§3¥�IXe§��Ý�

ω = ϕ̇ cos θ er − ϕ̇ sin θ eθ + θ̇ eϕ. (3.2.125)

·�w�§d���Ý��Cþ�'X®²C���E,
§�vk�o�*5��"̄ ¢þ§Î�

IX´éAÏ��IX§3���­��IXe§Ie^=���ÝÓ­��I�'XÑéE,§¿

Ã�*5�ó"dd��§Ó�Ý�'§��Ý´��Ä��§7L@ýO�§ØU³aú¹E"

§3.2.3 Ã��� £

|^��Ý§·���±½Â��¤¢�Ã��� £§

dΩ := ω(t)dt. (3.2.126)

Q,��Ýω´¥þ§Ã��� £dΩ�,�´¥þ"6

éuÎ�IXÚ¥�IX§·�©Ok

dΩ = dϕ ez, (3.2.127)

dΩ = cos θdϕ er − sin θdϕ eθ + dθ eϕ. (3.2.128)

6ùp§ω(t)dt´��¤¢��g�©ª"êÆþ§�g�©ª��5`¿Ø´���©£½�§��©¤§~Xõ

��§�ùp��Ýω(t)3Ônþo´�m t�ëY¼ê§Ù�¼ê´�3�§��g�©ªω(t)dto´,�'u�

m t�ëY��¼ê��©"ù`²§±ù��ª½Â�Ã��� £(¢´�����©§P�� dΩ´Ü·�§È

TÄ�§ùp§Ω�±´ω(t)�?��¼ê"
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��§Ã��� £Ó�Cþ��©�m§��Ø�3{ü�'X§
´éE,§�äNO�û½"

|^Ã��� £§¥þ��©�±��

df = Df + dΩ× f , (3.2.129)

Ù¥§

Df :=
Df

dt
dt =

3∑
α=1

dfα eα, (3.2.130)

´�é$ÄIe��©7"

¯¢þ§·���±k½ÂÃ��� £§2½Â��Ý"ù��éc¡¤ù�ÚnÚ½nÑ\

?U=�"N´��§Ã��� £�½ÂXe§

dΩ :=
[
e3 · de2

]
e1 +

[
e1 · de3

]
e2 +

[
e2 · de1

]
e3. (3.2.131)

d�§Ä¥��©�±��

dei = dΩ× ei, i = 1, 2, 3. (3.2.132)

�u��Ý§K½Â�Ã��� £é�m��û§

ω :=
dΩ

dt
. (3.2.133)

²w/§ùü«½Â�ª´�d�"�.´k¦��Ý§�´k¦Ã��� £§��OÐ��B


½"

ØÃ��� £	§�kk�� £�`{"¤¢k�� £§́ ���8�mÃIe3��þ

�UC"3ã3.2.9¥§·�kòIe÷ e2¶_��^=π/2§2òIe÷ e3_��^=π/2"�d

��§33.2.10¥§·�kòIe÷ e3¶_��^=π/2§2òIe÷ e2_��^=π/2"ü«�/

e§3å©��§Ie���´�Ó�"�©O²LügëYö���§��Ie3ü«�/e��

´ØÓ�"ù`²§k�� £�(Ü{�(Ü�gSk'§Ø÷v��Æ§Ï
k�� £¿Ø´

¥þ£¥þ�(Ü{§¡��\{§́ ÷v��Æ�¤"lÃ��� £�k�� £üö�½Â�

ã 3.2.9. k�� £�\{µk7 e2¶= π/2§27 e3¶= π/2"

±wÑ§§��p�m¿��©�È©�m�'X§=§Ã��� £Ø´k�� £��©§k�

� £�Ø´Ã��� £�È©"ÄK�{§k�� £7,ÓÃ��� £��§́ �¥þ¿÷

7ùp§��Df =´��© df ��Ü©§$ÄIe�m¤Uÿþ�@Ü©"d5�aqu�©AÛ¥��C�©§

§�=´��©��Ü©§��m¤Uÿþ�@Ü©"�d§��C�©§ùp½±D�fP�"�u�ê Df
dt
§§�

�©Df k�Ó�¿Â§́ �C�ê�aqÔ"
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ã 3.2.10. k�� £�\{µk7 e3¶= π/2§27 e2¶= π/2"

v��Æ"8 @o§ùüö�m�.kÃ'Xºek§q´N��'XQºN´wÑ§��8�mÃI

e3��þ�UC§��dÄ.�$Äû½§
Ä.�$ÄK��dÃ��� £û½"��§Ã�

�� £Úk�� £ù�ö�m´k'X�§ù�'XÒ´Ä.�$Ä�§§

dei = dΩ× ei, i = 1, 2, 3. (3.2.134)

éù|$Ä�§?1È©§·�ÒU¼���8�mÃIe3��þ�UC"��§Ók� £�Ã

�� ££½�Ý¤�'§k�� £�Ã��� ££½��Ý¤ù�ö�m�'XØ´@o��§


´k:$�!��
"�#"©)Â�

��§·�o(�e��ÝnØµ�´��8�mÃIe§ÙÄ.�$ÄÑ�±^��Ý?1£

�§
dei
dt

= ω × ei, i = 1, 2, 3, (3.2.135)

Ù¥§

ω = a23 e1 + a31 e2 + a12 e3, (3.2.136)

ùpÃXê aijdeª�Ñ§

aij(t) = ej ·
dei
dt
. (3.2.137)

�A/§��¥þ¼ê�$Ä�§�

df

dt
=

Df

dt
+ ω × f . (3.2.138)

ù´����$Ä�§§Ä¥þ�$Ä�§DÙA~§Ï�

Dei
dt

= 0, i = 1, 2, 3.

�u�\�Ý§Ù½Âaqu\�Ý§���Ýé�m��ê§

α =
dω

dt
=

Dω

dt
= ȧ23 e1 + ȧ31 e2 + ȧ12 e3.

Ä.�$Ä��±^�©/ª?1�x§d�§

dei = dΩ× ei, i = 1, 2, 3, (3.2.139)

8d´��§Ã��� £�È©§

∆Ω =

∫
dΩ =

∫ t1

t1

ωdt,

ýØ´k�� £"
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Ù¥§dΩDÃ¡�� £§

dΩ = (e3 · de2) e1 + (e1 · de3) e2 + (e2 · de1) e3. (3.2.140)

d�§¥þ��©�±��Xe�/ª§

df = Df + dΩ× f . (3.2.141)

ü«/ª´�p�d�§���B
�^�"9

�d��§·�w�§��Ýω�½Â�ªÓ��Ývké��ØÓ"(¢§ù�½Â�ªþ�

ØÓò¬Úå�ö3�êÚÔn5�þ�­�«Oµ�ö´IO¥þ§
cöKá�¥þ"äNSN§

�e�!"

§3.2.4 �¥þ��Iþ

3�m�üe§¥þ�±©�4¥þ£polar vector¤Ú�¥þ£pseudovector¤"�¥þq¶¶

¥þ£axial vector¤"

¤¢�m�ü´�Xe����IC�µ

x→ −x, y → −y, z → −z.

²w/§3�m�üe§�:� ¥òòUCÎÒ§

r→ −r.

½Â3.2.1. �´3�m�üe� ¥��UCÎÒ�¥þÒ�4¥þ"

U½Â§�:� ¥g,´��4¥þ"Ø�:� ¥±	§�:��ÝÚÄþ�´4¥þ§ù

´Ï�3�m�üe§
d

dt
r→ d

dt
(−r) = − d

dt
r.

ù¿�X

v→ −v,

p = mv→ −mv = −p.

�ö3�m�üeþUCÎÒ§�Ñ´4¥þ"

d	§�:�\�Ý�´��4¥þ§ù´Ï�

d2

dt2
r→ d2

dt2
(−r) = − d2

dt2
r.

u´§3�m�üe�:�\�ÝòUCÎÒ§

a→ −a,

9l���*:w§̂ �©/ª?1�x��Ä¾§3�©AÛ¥§	�©´£�$ÄIe�U,�ó§��b�"
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Ïd§´��4¥þ"|^Úî1�½Æ§

f = ma,

ØJ��§å�´��4¥þ"

½Â3.2.2. �´3�m�üe�±ÎÒØC�¥þÒ��¥þ½¶¥þ"

U½Â§�:��ÄþLÚåÝMÑ´�¥þ§ù´Ï�3�m�üe§�öÎÒþò�±Ø

C§

L = r× p→ (−r)× (−p) = r× p = L,

M = r× f → (−r)× (−f) = r× f = M.

þã~fL²§�¦$��UUC¥þ�á5§̄ ¢þ§XJ

c = a× b,

K´�§�aÚbÑ´4¥þ½�¥þ�§c´�¥þ¶�aÚb��4¥þ§,��´�¥þ�§c´

4¥þ"ùÒ´�¦$��¥þ4�á5���'X"

��Ý´��Í¶��¥þ§ù�lÄ¥�$Ä�§yÑ§

d

dt
ei = ω × ei, i = 1, 2, 3.

Äk§·��Ñ§dun�$ÄÄ¥÷vmÃ'X§

e1 × e2 = e3, e2 × e3 = e1, e3 × e1 = e2,

Ïd§e1, e2, e3Ø�UÑ´4¥þ"¯¢þ§ØJ��§��$ÄÄ¥§e1, e2, e3½öÑ´�¥þ§

½öÙ¥ü�´4¥þ§,��´�¥þ§�kùü«�U5§OÃÙ§"~X§���IX�n�

$ÄÄ¥ÒÑ´�¥§ù´Ï�§
∂r

∂x
,

∂r

∂y
,

∂r

∂z
,

nö3�m�üeþ�±ØC"qX§Î�IX�n�$ÄÄ¥¥§ü�´4¥§��´�¥§ù´

Ï�§
∂r

∂ρ
,

1

ρ

∂r

∂ϕ
,

∂r

∂z
,

nö�¥§c�3�m�üeUCÎÒ§
����K�±ØC"¥�IXe�n�$ÄÄ¥�´ù

�§ü�´4¥§��´�¥"

Ùg§5¿�� ei´4¥þ�§
d

dt
ei

�4¥þ¶� ei´�¥þ�§
d

dt
ei
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��¥þ"d´��§� ei´4¥þ�§3�m�üeÄ¥$Ä�§ü>7LÓ�UCÎÒ¶� ei´

�¥þ�§3�m�üeÄ¥$Ä�§ü>7LÓ��±ÎÒØC"ddØJí�§��Ýω7´�

��¥þ§Ï�§ÄK�{§3�m�üeÄ¥$Ä�§ü>ØU�±ÎÒÓ�ØC½Ó�UC"Q

,��Ý´���¥þ§�\�ÝÚÃ��� £g,�Ñ´�¥þ"

·���§��IO�IþAT3�m�üe�±ØC§~X�m t§âf��þm§±9âf

�ÄUT §

T =
1

2
mv2 =

p2

2m
.

��kù��Iþ§§3�m�üeUCÎÒµ

½Â3.2.3. �´3�m�üeUCÎÒ�IþÒ���Iþ£pseudoscalar¤"

~X§n¥þ�·ÜÈ§

α = (a,b, c),

�a,b, cÓ�Ñ´4¥þ�§αÒ´���Iþ"�a,b, c¥ü�´�¥þ§,��´4¥þ�§α�

´���Iþ"d	§ü¥þ�:È§

β = a · b,

�a,b¥��´�¥þ§,��´4¥þ�§β�´���Iþ"d	§N´wÑ§�k�a,b, cn

ö¥ü�´4¥þ§,��´�¥þ�§αâ´��ý��Iþ"Ó�§��k�a,büöþ´�¥

þ§½öþ´4¥þ�§βâ´��ý��Iþ"

§3.3 �é$Ä

ã 3.3.11. �:��é$Ä£5¿§i� jI�
§Ap�¤

Xã3.3.11¤«§�kü�ëìX§SÚS′§Ù¥S�·��IX§S′�$Ä�IX§§�éuS


$Ä"�SX�Ie� {O; i, j, k}§S′X�Ie� {O′(t); e1(t), e2(t), e3(t)}§üöþ�(k�

X"Ï~§�½ü�ëìX3Ð©�� t = 0�p­Ü§=

O′(0) = O; e1(0) = i, e2(0) = j, e3(0) = k. (3.3.1)

w,§S′XQk²Ä�k=Äµ¤¢²Ä=��:O′(t)�²£§�^»¥
−−→
OO′(t)5£�¶¤¢

=Ä=���8�mÃÄ. {e1(t), e2(t), e3(t)}�^=§�^��Ý�ω(t)5£�"
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-�: p�éuSÚS′X� ¥©O� r(t), r′(t)"dã3.3.11´�

r(t) =
−→
Op, r′(t) =

−→
O′p. (3.3.2)

dn�/{K§
−→
Op =

−−→
OO′ +

−→
O′p, (3.3.3)

·�k

r(t) =
−−→
OO′(t) + r′(t), (3.3.4)

Ù¥§

r′(t) = x′(t)e1(t) + y′(t)e2(t) + z′(t)e3(t). (3.3.5)

u´§
dr(t)

dt
=

d

dt

−−→
OO′(t) +

dr′(t)

dt
, (3.3.6)

½=§

v(t) = u(t) + v′(t) + ω(t)× r′(t), (3.3.7)

Ù¥§v(t)��: p�éuSX��Ý§

v(t) =
dr

dt
, (3.3.8)

u(t)´S′X�:O′�éuéuSX�²£�Ý§

u(t) =
d

dt

−−→
OO′(t), (3.3.9)

v′(t)��: p�éuS′X��Ý§

v′(t) =
Dr′

dt
= ẋ′(t)e1(t) + ẏ′(t)e2(t) + ż′(t)e3(t), (3.3.10)

����K´S′X�=Äé�: p$Ä�Ý�K�"o
ó�§þªL�
Ó��: p©O�éuü

��IX��ÝvÚv′�m�'X"

y3§?�Úé�m¦�§�

a(t) = u̇(t) + a′(t) + 2ω(t)× v′(t)

+α(t)× r′(t) + ω(t)× [ω(t)× r′(t)], (3.3.11)

Ù¥§a(t)��: p�éuSX�\�Ý§

a(t) =
dv

dt
=

d2r

dt2
, (3.3.12)

u̇(t)´S′X�:O′�éuéuSX�²£\�Ý§

u̇(t) =
du

dt
=

d2

dt2
−−→
OO′(t), (3.3.13)
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a′(t)��: p�éuS′X�\�Ý§

a′(t) =
Dv′

dt
=

D2r′

dt2
= ẍ′(t)e1(t) + ÿ′(t)e2(t) + z̈′(t)e3(t), (3.3.14)


α(t)K�S′X=Ä��\�Ý§

α(t) =
dω

dt
=

Dω

dt
.

w,§dªL�
Ó��: p©O�éuü��IX�\�ÝaÚa′�m�'X"

þªm>�1��§2ω(t)× v′(t)§Ò´Í¶�Coriolis acceleration§�'A^�e!"

±þ´����¹§Ù¥S′XQ�±²Ä§��±=Ä"3AÏ�¹e§S′X�±vk=Ä§


�k²£§=§

O′ = O′(t); e1(t) = i, e2(t) = j, e3(t) = k. (3.3.15)

u´§

ω = 0, α = 0. (3.3.16)

d�§·�k

v(t) = u(t) + v′(t), (3.3.17)

a(t) = u̇(t) + a′(t). (3.3.18)

��§XJS′Xvk²£§�k=Ä§=§

O′(t) = O; e1 = e1(t), e2 = e2(t), e3 = e3(t), (3.3.19)

K

u(t) = 0, u̇(t) = 0. (3.3.20)

d�§·�k

v(t) = v′(t) + ω(t)× r′(t), (3.3.21)

a(t) = a′(t) + 2ω(t)× v′(t)

+α(t)× r′(t) + ω(t)× [ω(t)× r′(t)]. (3.3.22)

ù´ü«;.�AÏ�¹"Ù§�AÏ�¹ÖöØJg1�Ñ"

��§XJSÚS′Xþ´.5ë�X§K

u(t) = c, ω = 0, α = 0. (3.3.23)

=§u(t)´��~¥þ§¿�S′vk^=$Ä§ù´Ï�?¿ü�.5ë�X�õ����!��

�$Ä"u´§

v(t) = u + v′(t), (3.3.24)

a(t) = a′(t). (3.3.25)
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ü�.5ëìX�m�C�¡�³|ÑC�£Galilean transformation¤"Uìc¡'uü�ëìX

IO /��½§N´��§

r(t) =
−−→
OO′(t) + r′(t) = ut+ r′(t). (3.3.26)

d´��§eO\�m§·�Òk��C�§

t′ = t, (3.3.27)

r′ = r− ut. (3.3.28)

ùÒ´³|ÑC��L�ª§§w,´�_C�§Ù_C��

t = t′, (3.3.29)

r = r′ + ut′. (3.3.30)

ã 3.3.12. ³|ÑC�

�
�B§Xã3.3.12¤«§<�~òSÚS′X�é$Ä�����x¶���§u´§

u = ui. (3.3.31)

ù�§·�k 
t′ = t
x′ = x− ut
y′ = y
z′ = z.

(3.3.32)

ù´³|ÑC��~��/ª"³|ÑC��N
²;���*§3dÂ�éØ¥§§ò�âÔ[C

�£Lorentz transformation¤¤��§¿��±y²³|ÑC�´âÔ[C��$�Cq"

§3.4 �pc|\�Ý��pc|å

�!§����Ý�$ÄIe���A^§·�5?Ø�pc|\�Ý£Coriolis acceleration¤

Ú�pc|å£Coriolis force¤"

/¥Qkú=§qkg=§�öþk\�$Ä§Ïd§/¥�,Ø´.5X"ú=�\�Ý�g

=\�Ý��õ§Ïd§·�e¡ò�Ñú=§��Ä/¥�g="��k��Øg=�/¥§�§

�.5X§P��xyz�IX§/¥�éd.5Xg="y3§3/¥þ�½��(k��IX§P

��x′y′z′�IX§§�/¥�g=
=Ä§�/¥�g=¶�d(k��IX� z′¶§�»�²¡



§3.4 �pc|\�Ý��pc|å 99

�d(k��IX�x′y′²¡"·�¡d�IX�/¥ëìX"w,§/¥ëìX3.5X¥�½¶

=Ä§z′¶=Ù=¶�"±e§P.5ëìX�Ie�

{O; i, j, k}, (3.4.1)

P/¥ëìX�Ie�

{O′; ex′(t), ey′(t), ez′(t)}. (3.4.2)

d�þ���8�mÃX§¿�§�
�B§Ã�b½3Ð©�� t = 0�§�ö­Ü§=§
O′ = O,

ex′(0) = i,

ey′(0) = j,

ez′(0) = k.

(3.4.3)

ù�§3�� t§·�Bk 
ex′(t) = cosϕ(t) i + sinϕ(t) j,

ey′(t) = − sinϕ(t) i + cosϕ(t) j,

ez′(t) = k,

(3.4.4)

Ù¥ϕ(t)´�� te/¥ëìX�x′¶�.5ëìX�x¶¤¤�Y�§�ã3.4.13"

ã 3.4.13. /¥�g=

����8�mÃX§/¥ëìXIeÄ.

{ex′(t), ey′(t), ez′(t)} (3.4.5)

�$Ä�±^��Ý\±£�§�d��Ý�ω§w,§§Ò´/¥�g=��Ý"aquÎ�IX§

N´��

ω = ϕ̇k. (3.4.6)

��b½§´��~¥þ§

ω = ω k, ω = ϕ̇ = constant. (3.4.7)
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ù�§/¥ëìXIeÄ.�$Ä�§�

d

dt
ex′(t) = ω × ex′(t), (3.4.8)

d

dt
ey′(t) = ω × ey′(t), (3.4.9)

d

dt
ez′(t) = ω × ez′(t). (3.4.10)

y3§�k��: p3/¥L¡þ$Ä§½3L¡	�m�¥$Ä"Pd�:3.5ëìX� 

¥� r(t)§3/¥ëìX� ¥� r′(t)"w,§

r(t) =
−→
Op, r′(t) =

−→
O′p. (3.4.11)

Uìc¡éü�ëìX /���§ü:O�O′­Ü§�ã3.4.13§�

−→
Op =

−→
O′p. (3.4.12)

ù`²

r(t) = r′(t). (3.4.13)

y3§ò r′(t)3$ÄÄ. {ex′(t), ey′(t), ez′(t)}e©)§

r′(t) = x′(t) ex′(t) + y′(t) ey′(t) + z′(t) ez′(t), (3.4.14)

Ù¥§(x′, y′, z′)´�:3/¥ëìXe����I"u´§·�k

r(t) = x′(t) ex′(t) + y′(t) ey′(t) + z′(t) ez′(t). (3.4.15)

ù�§�:3.5ëìXe��Ýv�

v(t) =
dr

dt
=

Dr

dt
+ ω × r = v′(t) + ω × r, (3.4.16)

Ù¥§v′(t)´�:3/¥ëìXe��Ý,

v′(t) =
Dr

dt
= ẋ′(t) ex′(t) + ẏ′(t) ey′(t) + ż′(t) ez′(t). (3.4.17)

?�Ú§�:3.5ëìXe�\�Ýa�

a(t) =
dv

dt

=
D2r

dt2
+ 2ω × Dr

dt
+

dω

dt
× r + ω × (ω × r)

= a′(t) + 2ω × v′(t) + ω × (ω × r), (3.4.18)

Ù¥§a′(t)´�:3/¥ëìXe�\�Ý§

a′(t) =
D2r

dt2
= ẍ′(t) ex′(t) + ÿ′(t) ey′(t) + z̈′(t) ez′(t). (3.4.19)
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ª (3.4.18)m>1��§=

2ω × v′(t), (3.4.20)

Ò´¤¢�Coriolis acceleration§§5
u/¥�g="

UìÚî1�½Æ£§�3.5ëìXeâ¤á¤§·�k

ma = f , (3.4.21)

Ù¥§m´�:��þ§ f´�:¤É��^å"þªD�:3.5ëìXe�ÄåÆ�§"ò

ª (3.4.18)¥�\�Ýa�\§�

ma′(t) +m [2ω × v′(t)] +m [ω × (ω × r)] = f . (3.4.22)

ùÒ´8c¤�Ä��: p3.5ëìXe�ÄåÆ�§�äN/ª"£�§�

ma′(t) = f −m [2ω × v′(t)]−m [ω × (ω × r)] . (3.4.23)

Ï~òþªn)�3/¥ëìXe�: p�ÄåÆ�§"/¥ëìX´�.5ëìX§Ïd§þªD

�.5ëìXe�ÄåÆ�§"þªm>�1��´ý¢��^å f¶1��§

−m [2ω × v′(t)] , (3.4.24)

´¤¢��pc|åCoriolis force§§5
u�pc|\�Ý¶1n�§

−m [2ω × v′(t)] , (3.4.25)

´¤¢�.5l%å"3ÚîåÆµee§�pc|åÚ.5l%å§�öo�ý¢å§
´/ªå"

§3.5 S��IX ∗

��:�å31w�­�½­¡þ$Ä�§�Xü{§�:Ò�å3�±þ$Ä§<���±Ú

^�«S�u­�½­¡��IX——FrenetIe"Ï�FrenetIe��d­�½­¡�AÛ5�û

½§§�N
­�½­¡�S3á5§Ïd§<�k�q¡��S��IX"UìNewton1�½Æ§

�:�$Ä´d~�©�§|��§�¼��:;��ÄåÆ&E§<�I�¦)~�©�§"lê

Æ�Ýw§�§y3Q,É�
­�½­¡��å§|^­�½­¡�AÛ&E§�,kÃu§�¦

)"́ �§3?n�å¯K�§¦^S��IXò´�«Ø��ÀJ"

�À^S��IX§<�I�ä�v
��©AÛ�¡��£"�e=�
)ù«�{§ù�´

�!�8�§%ÃIXd§<��Ln)²¡­��FrenetIe=�§§´�é{ü�"

�
�B§·�o´ò²¡w��m��Ü©§¿ò§S���m(k��IXxyz�xy²¡"

� r(t)´�^²¡­�§

r(t) = x(t) i + y(t) j, t ∈ [a, b], (3.5.1)
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Ù¥§t´ëê"Ônþ§·��±ò t����m§ò r(t)����:�;,"·�ò r(t)À�k�

­�§§���=ëê tO����"±�§·�o´b½k�­� r(t)kv
Ð�)Û5�§�Ò

´§k·�¤I�����ê§¿�ù
�ê�´ëY�"

�[��§r′(t)´­�3 t:����¥§

r′(t) = x′(t) i + y′(t) j. (3.5.2)

ØL§T�¥²w/�	Üëêk'§Ø´��S��"�d§·�Ú\l�ëê s§§d¤¢�l�

��û½§

ds = |r′(t)|dt. (3.5.3)

3�±­�½��ëêC�e§

t = ϕ(u), ϕ′(u) > 0, (3.5.4)

Ù¥§u´?¿#ëê§O���� t��"u´§

r′(u) = r′(t)
dt

du
= r′(t)ϕ′(u), (3.5.5)

¿�

ds = |r′(u)|du = |r′(t)ϕ′(u)|du = |r′(t)|ϕ′(u)du = |r′(t)|dt. (3.5.6)

��§l����	ÜëêÃ'§§´­����S�5�",	§l� s�O���w,Ó t��§

=§E�±­��½�"o�§l��¢´­����S�ëê"±�§·�ò­� r(t)P� r(s)"

Ú^þã�l�§·��±��­� r(s)�S��¥α(s)§

α(s) =
dr

ds
. (3.5.7)

§�	ÜëêÃ'§
�w,´��ü ¥þ"5¿�k´xy²¡�g,{¥§§�,Ò´T²¡

S��­��S�{¥"dd§·����²¡­� r(s),��S�{¥β(s)§

β(s) = k×α(s). (3.5.8)

β(s)w,��¥α(s)R�§¿�

{r(s); α(s), β(s), k} (3.5.9)

�¤
²¡­� r(s)3 s?�����8�mÃIe§Ï~¡��FrenetIe"w,§FrenetIe´

S�u­��§Ïd§§´��S��IX"d	§FrenetIe´��ÛÜIe§§ò�S�ëê s�

Cz
Cz§Ï
§�´��$ÄIe"

Uìþ!�nØ§·��±^����Ýω(s)5£�FrenetIe�$Ä§

d

ds
α(s) = ω(s)×α(s), (3.5.10)

d

ds
β(s) = ω(s)× β(s), (3.5.11)

d

ds
k = ω(s)× k. (3.5.12)
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dukD~¥þ§Ïd§
d

ds
k = 0. (3.5.13)

d´��§��Ýω(s)7�¥þk²1§=

ω(s) = ω(s) k. (3.5.14)

ù�§·�k
d

ds
α(s) =

[
ω(s) k

]
×α(s) = ω(s)β(s). (3.5.15)

ù¿�X��Çω(s)�±UXe�ª¦Ñ§

ω(s) = β(s) · d

ds
α(s). (3.5.16)

5¿�

r(s) = x(s) i + y(s) j, (3.5.17)

·��

α(s) = x′(s) i + y′(s) j, (3.5.18)

d

ds
α(s) = x′′(s) i + y′′(s) j, (3.5.19)

β(s) = −y′(s) i + x′(s) j. (3.5.20)

u´§

ω(s) = −x′′(s)y′(s) + y′′(s)x′(s) =

∣∣∣∣ x′(s) y′(s)
x′′(s) y′′(s)

∣∣∣∣ . (3.5.21)

þ¡§·�?Ø
ω(s)�Ôn¿Âµ��Ç"§�kAÛ¿Â"�α(s)�x¶¤Y� θ(s)§d

u§´ü ¥þ§·�k

α(s) = cos θ(s) i + sin θ(s) j. (3.5.22)

u´§

d

ds
α(s) = [− sin θ(s) i + cos θ(s) j] θ′(s), (3.5.23)

β(s) = − sin θ(s) i + cos θ(s) j. (3.5.24)

ù�§·��

ω(s) = β(s) · d

ds
α(s) = θ′(s) =

dθ

ds
. (3.5.25)

þªL²§ω(s)�uS��¥α(s)����l� sCz�¯ú"²w/§S��¥α(s)����l

� sCz�¯ú�N
­� r(s)��­§Ý§Cz��¯§­��´�­"AO/§e

dθ

ds
= 0, (3.5.26)

Kα(s)�~¥§

α(s) = c, (3.5.27)
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­�ò£���§ù3�*þ´w,�"�ÏXd§3AÛþ§<�¡ù�CzÇ��é­Ç§¿P

��κr§

κr(s) =
dθ

ds
. (3.5.28)

§���Ò´ýé­Çκ§Ï~{¡­Ç§

κ(s) =

∣∣∣∣dθds

∣∣∣∣ . (3.5.29)

­Ç��ê=­Ç�» ρ§

ρ =
1

κ
=

∣∣∣∣dsdθ

∣∣∣∣ . (3.5.30)

AÛþ§§TÐ´­������»§��d¡¢"

o
ó�§éu²¡­�§·�k

ω(s) = κr(s) =
dθ

ds
. (3.5.31)

XJ¦^��ëê t§K

α(t) =
r′(t)

|r′(t)|
=

1√
[x′(t)]

2
+ [y′(t)]

2

[
x′(t) i + y′(t) j

]
, (3.5.32)

β(t) = k×α(t) =
1√

[x′(t)]
2

+ [y′(t)]
2

[
− y′(t) i + x′(t) j

]
, (3.5.33)

d

ds
α(t) =

[
d

dt
α(t)

]
dt

ds
=

(
ds

dt

)−1 d

dt
α(t) =

1

|r′(t)|
d

dt
α(t)

=
1√

[x′(t)]
2

+ [y′(t)]
2

 1√
[x′(t)]

2
+ [y′(t)]

2

[
x′′(t) i + y′′(t) j

]

+
[
x′(t) i + y′(t) j

] d

dt

1√
[x′(t)]

2
+ [y′(t)]

2

 . (3.5.34)

Ï�§·��

ω(t) = κr(t) = β(t) · d

ds
α(t) =

x′(t)y′′(t)− y′(t)x′′(t)[
[x′(t)]

2
+ [y′(t)]

2
]3/2

. (3.5.35)

e?�Ú§�x�ëê§= t = x§K

ω(x) = κr(x) =
y′′(x)[

1 + [y′(x)]
2
]3/2

. (3.5.36)

��~f§·�5�	�»�R��§

r(t) = R cos t i +R sin t j, 0 ≤ t < 2π. (3.5.37)

Äk§·�k

ds = |r′(t)|dt = Rdt. (3.5.38)
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u´§

α(t) =
dr

ds
=
−R sin tdt i +R cos tdt j

Rdt
= − sin t i + cos t j. (3.5.39)

dd§�

β(t) = k×α(s) = − cos t i− sin t j, (3.5.40)

d

ds
α(t) =

− cos tdt i− sin tdt j

Rdt
= − 1

R

(
cos t i + sin t j

)
. (3.5.41)

dd��§β(t)� r(t)�²1§[����%"��§

ω(t) = κr(t) = β(t) · d

ds
α(t) =

1

R
, (3.5.42)

±9

ρ =
1

|κr(t)|
= R. (3.5.43)

y3§·�5?ØS��IX3åÆþ�A^"Äk§�:��Ýv§

v =
dr

dt
=

dr

ds

ds

dt
= α |r′(t)| = v(t)α(t). (3.5.44)

Ùg§�:�\�Ýa§

a =
dv

dt
=

dv

dt
α(t) + v(t)

d

dt
α(t)

=
dv

dt
α(t) + v(t)

(
d

ds
α(t)

)
ds

dt
=

dv

dt
α(t) + v2(t)

d

ds
α(t)

=
dv

dt
α(t) + v2(t)

(
κr(t)k

)
×α(t) =

dv

dt
α(t) + v2(t)κr(t)β(t)

=
dv

dt
α(t)± v2(t)

ρ(t)
β(t). (3.5.45)

��§�:�ÄåÆ�§§
dv

dt
α(t)± v2(t)

ρ(t)
β(t) =

1

m
f(t), (3.5.46)

Ù¥§m´�:��þ§f´�:�Éå§§�)�ååÚÙ§	å"

����~f§·�5�	ü{"� θ(t)´ü{é�$:� l�§K

r(t) = l sin θ(t) i− l cos θ(t) j, (3.5.47)

Ù¥§l´{�"u´§

v(t) = lθ̇(t), ρ(t) = l. (3.5.48)

ù�§�:�ÄåÆ�§�

lθ̈α(t) + lθ̇2β(t) =
1

m

[
N(t)β(t)−mg ez

]
, (3.5.49)

Ù¥§N(t)D{-�Üå§=�åå£§ò�:�å3�±þ$Ä¤§g�­å\�Ý"5¿�

ez = sin θ(t)α(t) + cos θ(t)β(t), (3.5.50)
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·�kÄåÆ�§§

lθ̈α(t) + lθ̇2β(t) = −g sin θα(t) +

[
N(t)

m
− g cos θ

]
β(t). (3.5.51)

d=�§|§

θ̈ +
g

l
sin θ = 0, (3.5.52)

N = mg cos θ +mlθ̇2. (3.5.53)

ù
Ñ´�[ÙG�(J§{ØäØ°"
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§4.1 Eê

3þfåÆ¥§Ô�Å�Å¼êψ(x, y, z, t)´�Eê���§Ù¥§x, y, z�L�m�I§t�

L�m"d´��§EêD´ÔnÆ�S3I�§ÆSÔn7LÆSEê±9E�¼ê"3²;åÆ

¥§�,��åÆþÑ´�¢ê���§�3k
¯K¥§�X§n�¼ê�±Ïy�§·�EØ�

òÙ*Ü�Eê�¥5�Ä"3¦)~�©�§½ �©�§��ÿ§<��´Xd"Ùm�n§�

X¦¢Xê���g�§��§=ù´Ïé¢�§�Ð�´��2��E�¥�?Ø§Ï�3Eê�

¥§��©Ù�¹´���Ù�"3ù�!¥§·�Ì�0�Eê±9¢CE�¼ê§�u����

ECE�¼ê§@´±��p?�§�?Ö§~X§5êÆÔn�{6½5EC¼êØ6"

§4.1.1 ½Â

·�r/X

x+ iy, x, y ∈ R, (4.1.1)

�ê¡�Eê§P� z§=

z = x+ iy. (4.1.2)

ùp§i´Jêü §

i =
√
−1, (4.1.3)

x, y©O¡� z�¢ÜÚJÜ§P�

x = Rez, y = Imz. (4.1.4)

�NEê|¤�8Ü�Eê�§P�C"ü�Eê z1Ú z2��§��=�§��¢Ü�JÜ©O�

�§=

z1 = z2 ⇔ Rez1 = Rez2, Imz1 = Imz2. (4.1.5)

¢êk\!~!¦!ØoK$�§Eê�k"� a1, a2, b1, b2 ∈ R§Eê�\{Ú¦{½ÂXe§

(a1 + ib1) + (a2 + ib2) = (a1 + a2) + i(b1 + b2), (4.1.6)

(a1 + ib1)(a2 + ib2) = (a1a2 − b1b2) + i(a1b2 + a2b1). (4.1.7)

· 107 ·
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3þ�1�ª�¥§r¦ÈÐm� i�õ�ª§,�^ i2 = −1�\=�m>�(J"~{ÚØ{½

Â�\{Ú¦{�_$�"·�k

(a1 + ib1)− (a2 + ib2) = (a1 − a2) + i(b1 − b2), (4.1.8)

a1 + ib1

a2 + ib2

=
a1a2 + b1b2

a2
2 + b2

2

+ i
a2b1 − a1b2

a2
2 + b2

2

, a2 + ib2 6= 0. (4.1.9)

�±y²§Eê�oK$�÷vÓ¢êoK$����$�{K£��Æ!(ÜÆ!©�Æ�¤"Eê

�C´¢ê�R�*Ü"

lEê\{�¦{�½ÂN´wÑ§

(a1 + ib1) + (a2 + ib2) = (a1 + a2) + i(b1 + b2), (4.1.10)

α(a1 + ib1) = (αa1) + i(αb1), α ∈ R. (4.1.11)

Ïd§E��±w�¢ê�þ�5�m§�± {1, i}�ÙÄ."ùÒ´`§E�D��¢�m§Ï


�±Ó²¡ïá��éAµ

C → R2 : z = x+ iy 7→ (x, y) 7→ r = x i + y j ∈ R2. (4.1.12)

d=Eê�AÛL«§<�~~��ò z¡��:§½¥þ§Ó�ò�A�²¡¡��E²¡C"d

´��§·���±Ú?Eêü: z1Ú z2�m�ål§

d(z1, z2) =

√
(x2 − x1)

2
+ (y2 − y1)

2
, (4.1.13)

±9Eê z��§

|z| =
√
x2 + y2. (4.1.14)

N´wÑ§

d(z1, z2) = |z1 − z2|. (4.1.15)

²w/§ål��÷vn�Ø�ª§

d(z1, z3) ≤ d(z1, z2) + d(z2, z3), (4.1.16)

|z1 + z2| ≤ |z1|+ |z2|. (4.1.17)

�L5§<���±ò z¡�: (x, y)½¥þ r�EL«§Ï
§{1, i}�Ò´��Ä. {i, j}�EL

«"

XJò²¡(k��IX��4�IX§{
x = ρ cosϕ

y = ρ sinϕ,
(4.1.18)

@o§Eê��±kn�L«§

z = ρ(cosϕ+ i sinϕ). (4.1.19)
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4�ϕ´¥þ z�x¶�Y�§§���±kÃ¡õ��§<�ò�P�Argz§

Argz = ϕ+ 2kπ, k ∈ Z, (4.1.20)

¿¡�� z�Ë�"3Argz¥§�k���α÷v^�−π < α ≤ π§§�� z�Ë��Ì�§P

� argz"k�§�òÌ���5½� [0, 2π)§= 0 ≤ argz < 2π"Ú^��Ë�§Eê�n�L«�

�±��

z = |z| (cos Argz + i sin Argz) . (4.1.21)

Eê z = x+ iy��ÝEê�x− iy§P�� z̄ 1§

z̄ = x− iy. (4.1.22)

w,§zÚ z̄'u¢¶é¡"q§²w/§¯̄z = z§Ïd§zÚ z̄�p�Ý"|^n�L«§·�k

z̄ = ρ(cosϕ− i sinϕ). (4.1.23)

AO/§

z1 + z2 = z1 + z2, z1 · z2 = z1 · z2, (4.1.24)

|z̄| = |z|, |z|2 = zz, (4.1.25)

x =
1

2
(z + z̄), y =

1

2i
(z − z̄). (4.1.26)

Eê�n�L«AO·ÜO�¦Ø$�"�

z1 = ρ1(cosϕ1 + i sinϕ1), z2 = ρ2(cosϕ2 + i sinϕ2). (4.1.27)

@o§

z1z2 = ρ1(cosϕ1 + i sinϕ1) · ρ2(cosϕ2 + i sinϕ2)

= ρ1ρ2[cosϕ1 cosϕ2 − sinϕ1 sinϕ2 + i(sinϕ1 cosϕ2 + cosϕ1 sinϕ2)]

= ρ1ρ2[cos(ϕ1 + ϕ2) + i sin(ϕ1 + ϕ2)]. (4.1.28)

ùÒ´`§ü�Eê�¦§Ò´§����¦§Ë��\"AO/§

zn = ρn(cosnϕ+ i sinnϕ), 1 < n ∈ N. (4.1.29)

Ó�/§·�k
z1

z2

=
z1z̄2

z2z̄2

=
ρ1

ρ2

[cos(ϕ1 − ϕ2) + i sin(ϕ1 − ϕ2)]. (4.1.30)

=§ü�Eê�Ø§Ò´§����Ø§Ë��~"

w,§²¡­�

r(t) = x(t) i + y(t) j, t ∈ [a, b], (4.1.31)

1k�©z¥§̂ z∗L« z��ÝEê"
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��±^Eê£�§

z(t) = x(t) + y(t) i, t ∈ [a, b]. (4.1.32)

¯¢þ§k
²¡AÛ¯K^Eê£���{'!���B"�,§�:�²¡$Ä�´Xd"

��§·�5�	EêS� {zn} ,

z1, z2, · · · , zn, zn+1, · · · . (4.1.33)

EêS�¢SþÒ´��¢¥þS�"¡EêS� {zn}Âñ�: z0§P�

lim
n→∞

zn = z0, (4.1.34)

XJ∀ε > 0§∃N ∈ N§¦��n > N�§ok

|zn − z0| < ε. (4.1.35)

Ó¥þS���§N´y²§ lim
n→∞

zn = z0�¿©7�^��

lim
n→∞

Rezn = Rez0, lim
n→∞

Imzn = Imz0. (4.1.36)

=EêS�Âñ��=�Ù©þS�Âñ"

§4.1.2 E�ê¼ê

½Â4.1.1. Eê z��ê¼ê¡�E�ê¼ê§P� ez§½Â�

ez := ex(cos y + i sin y), z = x+ iy.

d½Â��§E�ê¼ê�Cþ´E�§Ï
´��EC¼ê"� y = 0�§§ò£�¢�ê¼

êµez = ex§Ïd§E�ê¼ê´¢�ê¼ê�í2"3ù«í2e§E�ê¼êEU�3¢�ê¼

ê¤k�Ð5�§�X§

1. ez 6= 0, ∀z ∈ C;

2. ez1+z2 = ez1 · ez2 ;

3. ez = lim
n→∞

(
1 +

z

n

)n
.

y². 1�^´w,�"e¡§·�5y 2Ú 3"

-

z1 = x1 + iy1, z2 = x2 + iy2, (4.1.37)
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@o§

ez1ez2 = ex1+iy1 · ex2+iy2

= ex1(cos y1 + i sin y1) · ex2(cos y2 + i sin y2)

= [ex1ex2 ] · [(cos y1 + i sin y1)(cos y2 + i sin y2)]

= ex1+x2 · [cos(y1 + y2) + i sin(y1 + y2)]

= ez1+z2 .

1�^¤á"

�u1n^§Äk§XJ z = 0§§´w,¤á�"Ùg§� z 6= 0�§

(
1 +

z

n

)n
=

(
1 +

x

n
+ i

y

n

)n
= ρn(cosϕn + i sinϕn), (4.1.38)

Ù¥§

ρn =

[(
1 +

x

n

)2

+
(y
n

)2
]n

2

(4.1.39)

ϕn = n arctg

(
y
n

1 + x
n

)
, n > |x|. (4.1.40)

|^â7�{K§�

lim
n→∞

ln ρn = lim
n→∞

[
n

2
ln

(
1 +

2x

n
+
x2 + y2

n2

)]
= x, (4.1.41)

lim
n→∞

ϕn = lim
n→∞

[
n arctg

(
y
n

1 + x
n

)]
= y. (4.1.42)

��§|^¼ê�ëY5§·�k

lim
n→∞

(
1 +

z

n

)n
= lim

n→∞
ρn(cosϕn + i sinϕn)

= lim
n→∞

eln ρn(cosϕn + i sinϕn)

= e
lim
n→∞

ln ρn [
cos
(

lim
n→∞

ϕn
)

+ i sin
(

lim
n→∞

ϕn
)]

= ex(cos y + i sin y)

= ez. (4.1.43)

Ïd§� z 6= 0�§1n^½¤á" �

Øùn^5�	§E�ê¼ê��3
¢�ê¼êk'¦�!È©!Taylor?ê�õ�¡�Ð5

�§�ë�5EC¼êØ6½5êÆÔn6�¡��§"�Ö�^�§�A~µî.úª"§�{ü§

==´��¢CE�¼ê
®§�e��!"
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§4.1.3 î.úª

3E�ê¼ê¥§-x = 0§Bk

eiy = cos y + i sin y. (4.1.44)

þªB´Í¶�î.úª"

|^î.úª§Eê�k�êL«§

z = ρ(cosϕ+ i sinϕ) = ρ eiϕ. (4.1.45)

|^�êL«§O�Eê�¦Ø{±9E�Ýc��B§

z1z2 = ρ1 eiϕ1 · ρ2 eiϕ2 = ρ1ρ2 ei(ϕ1+ϕ2), (4.1.46)

z1

z2

=
ρ1 eiϕ1

ρ2 eiϕ2
=
ρ1

ρ2

ei(ϕ1−ϕ2), (4.1.47)

z̄ = [ρ eiϕ] = ρ [eiϕ] = ρ (cosϕ+ i sinϕ) = ρ (cosϕ− i sinϕ) = ρ e−iϕ. (4.1.48)

î.úª���õ^´O�n�¼ê§̂ =��

cos θ =
1

2

(
eiθ + e−iθ

)
, sin θ =

1

2i

(
eiθ − e−iθ

)
. (4.1.49)

~X§\{úª§

cos(α+ β) =
1

2

(
ei(α+β) + e−i(α+β)

)
=

1

2

(
eiαeiβ + e−iαe−iβ

)
=

1

2
[(cosα+ i sinα)(cosβ + i sinβ) + (cosα− i sinα)(cosβ − i sinβ)]

= cosα cosβ − sinα sinβ. (4.1.50)

2X§ÈzÚ�§

sinα cosβ =
1

2i

(
eiα − e−iα

)
· 1

2

(
eiβ + e−iβ

)
=

1

4i

(
ei(α+β) + ei(α−β) − e−i(α−β) − e−i(α+β)

)
=

1

4i

(
ei(α+β) − e−i(α+β) + ei(α−β) − e−i(α−β)

)
=

1

2
[sin(α+ β) + sin(α− β)]. (4.1.51)

qX§Ú�zÈ§

cosα+ cosβ =
1

2

(
eiα + e−iα + eiβ + e−iβ

)
=

1

2

{
eiβ
[
ei(α−β) + 1

]
+ c.c.

}
=

1

2

{
ei

1
2 (α+β)

[
ei

1
2 (α−β) + e−i

1
2 (α−β)

]
+ c.c.

}
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=
1

2

{
ei

1
2 (α+β)2 cos

(
α− β

2

)
+ c.c.

}
= cos

(
α− β

2

)[
ei

1
2 (α+β) + e−i

1
2 (α+β)

]
= 2 cos

(
α+ β

2

)
cos

(
α− β

2

)
, (4.1.52)

Ù¥§c.c.L«E�ÝÜ©"Eg§

sin3 α =

[
1

2i

(
eiα − e−iα

)]3

= − 1

8i

(
ei3α − 3eiα + 3e−iα − e−i3α

)
=

1

4
(3 sinα− sin 3α). (4.1.53)

2g§

n∑
k=1

cos kα =
1

2

n∑
k=1

(
eikα + e−ikα

)
=

1

2

(
e−inα + e−i(n−1)α + · · ·+ e−iα + eiα + ei2α + · · ·+ einα

)
=

1

2

(
e−inα + e−i(n−1)α + · · ·+ e−iα + e−i0α + eiα + ei2α + · · ·+ einα

)
− 1

2

= −1

2
+

e−inα
(
1− ei(2n+1)α

)
1− eiα

= −1

2
+

e−i(n+ 1
2)α (1− ei(2n+1)α

)
e−i

1
2α − ei

1
2α

= −1

2
+

sin
(
n+ 1

2

)
α

sin 1
2
α

. (4.1.54)

��§·�5w��Ônþ�~f§�Ä�Ü¤§

A1 cos (ωt+ ϕ1) +A2 cos (ωt+ ϕ1) =
1

2

[(
A1eiϕ1 +A2eiϕ2

)
eiωt + c.c.

]
=

1

2

(
Aeiϕeiωt + c.c.

)
= A cos (ωt+ ϕ) , (4.1.55)

Ù¥§

A =
∣∣A1eiϕ1 +A2eiϕ2

∣∣
=

[(
A1eiϕ1 +A2eiϕ2

)∗ (
A1eiϕ1 +A2eiϕ2

)] 1
2

=
√
A2

1 +A2
2 + 2A1A2 cos(ϕ1 − ϕ2), (4.1.56)

tgϕ =
A1 sinϕ1 +A2 sinϕ2

A1 cosϕ1 +A2 cosϕ2

. (4.1.57)

^BJ�é§3EC¼êØ¥§�uÚ{u¼ê½ÂXe§

sin z =
1

2i

(
eiz − e−iz

)
, cos z =

1

2

(
eiz + e−iz

)
. (4.1.58)
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ùp§Cþ´Eê§Ïd§�öG�ECE�¼ê§{¡EC¼ê"� z�¢ê�§§�ò£�ÊÏ�

¢C¼ê"��éA�´V­¼ê§

shz =
1

2

(
ez − e−z

)
, chz =

1

2

(
ez + e−z

)
. (4.1.59)

Ó�/§� z�¢ê�§§�þò£�ÊÏ�¢C¼ê"��§ÏLE�ê¼ê§n�¼ê�V­¼

ê�±Ú�å5"S¢�Â§��Ú��êÆÔn§Û#Ø,�

dî.úª§

e±i
π
2 = ±i, e±iπ = −1, e±i2π = 1. (4.1.60)

ù
Ñ´~~Ú^�(J"

d	§

eiϕ = cosϕ+ i sinϕ, (4.1.61)

§´E²¡���ü ¥þ§

|eiϕ| = 1. (4.1.62)

N´wÑ§§Ù¢Ò´÷X¥»����ü ¥þ§½ö`§§´4�IXÄ¥ eρ�E/ª§

eρ = i cosϕ+ j sinϕ. (4.1.63)

òÙ_��^=π/2§

i eiϕ = ei(ϕ+π
2 ) = cos

(
ϕ+

π

2

)
+ i sin

(
ϕ+

π

2

)
= − sinϕ+ i cosϕ, (4.1.64)

·����Ò´4�IXÄ¥ eϕ�E/ª§

eϕ = i (− sinϕ) + j cosϕ. (4.1.65)

o
ó�§4�IXÄ.�EL«Ò´

{eiϕ, i eiϕ}. (4.1.66)

ù�é·�34�IXeïÄ�:�²¡$Ä´é­��"d�§²¡­�z�±e/ª§

z(t) = ρ(t) eiϕ(t). (4.1.67)

§�

r(t) = ρ(t) eρ(t) (4.1.68)

�éA"
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§4.2 ¢CE�¼ê

§4.2.1 ½Â

½Â4.2.1. �D ⊂ R"·�rlD�C�ü�N�

w = f(t)

¡�¢CE�¼ê"

~X§î.úª§

z(t) = eit = cos t+ i sin t, (4.2.1)

B´��¢CE�¼ê"2X§²¡­�,

z(t) = x(t) + i y(t), t ∈ [a, b], (4.2.2)

�´��¢CE�¼ê"<�Ú\¢CE�¼ê§8�Ò´�±��óä§���B/ïÄ¢C¼ê"

�

w = u+ iv, (4.2.3)

f(t) = ψ(t) + iχ(t). (4.2.4)

N´wÑ§��¢CE�¼ê��u�éÊÏ¢¼ê§{
u = ψ(t)

v = χ(t).
(4.2.5)

§4.2.2 4�

½Â4.2.2. �¢CE�¼ê f(t)3: t0���Sk½Â§�3: t0���±Ã½Â"q� c ∈

C"∀ε > 0§∃δ > 0§¦���

0 < |t− t0| < δ,

Bk

|f(t)− c| < ε,

@o§·�Ò`§� tªu t0�§¼ê f(t)ªu4� c§P�

lim
t→t0

f(t) = c.

½n4.2.1. �¢CE�¼ê f(t) = ψ(t) + iχ(t)3 t0���Sk½Â£3 t0���k�Ã¤"q

� c = a+ ib, a, b ∈ R§@o§

lim
t→t0

f(t) = c

�¿©7�^�´

lim
t→t0

ψ(t) = a, lim
t→t0

χ(t) = b.
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y². 5¿�±eØ�ª=��§

|ψ(t)− a|
|χ(t)− b|

}
≤ |f(t)− c| ≤ |ψ(t)− a|+ |χ(t)− b|. (4.2.6)

�

N´wÑ§XJ

lim
t→t0

f(t) = c, (4.2.7)

@o§

lim
t→t0

f̄(t) = c̄, (4.2.8)

§4.2.3 ëY5

½Â4.2.3. �¢CE�¼ê f(t)3: t0���Sk½Â"XJ

lim
t→t0

f(t) = f(t0),

@o§·�Ò`¼ê f(t)3: t0ëY"

½n4.2.2. �¢CE�¼ê f(t) = ψ(t) + iχ(t)3: t���Sk½Â§@o§f(t)3: tëY

��=�ψ(t)Úχ(t)Ñ3: tëY"

|^ù�½n±9��¢C¢�¼ê��A(J§N´�Ñ±e(Ø"

½n4.2.3. ~�¼ê f(t) = c, c ∈ C3: tëY"

½n4.2.4. �¢CE�¼ê f(t)Ú g(t)3Ñ: tëY§c ∈ C§K

1. c f(t)3: tëY"

2. f(t) + g(t)3: tëY"

3. f(t) · g(t)3: tëY"

4.
f(t)

g(t)
3: t ëY§g(t) 6= 0"

5. f̄(t)3: tëY§Ù¥§f̄(t)´ f(t)�E�Ýµf̄(t) = ψ(t)− iχ(t)"

6. |f(t)|3: tëY"

½n4.2.5. �¢C¢�¼ê f(t)3: tëY§¢CE�¼ê g(x)3:x = f(t)ëY§@o§E

Ü¼ê g ◦ f(t) = g(f(t))3: tëY"
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§4.2.4 �ê

½Â4.2.4. �¢CE�¼ê f(t)3: t0���Sk½Â"XJ±e4��3§

lim
t→t0

f(t)− f(t0)

t− t0
,

@o§·�Ò`¼ê f(t)3: t0��§¿�rþã4�¡�¼ê f(t)3: t0��ê§P� f ′(t0)

½
df(t0)

dt
§=§

f ′(t0) =
df(t0)

dt
= lim

t→t0

f(t)− f(t0)

t− t0
.

½n4.2.6. �¢CE�¼ê f(t) = ψ(t) + iχ(t)3: t���Sk½Â§@o§f(t)3: t��

��=�ψ(t)Úχ(t)Ñ3: t��"¿�§�ù�^�÷v�§·�k

f ′(t) = ψ′(t) + iχ′(t).

|^ù�½n±9��¢C¢�¼ê��A(J§½���ì��¢C¢�¼ê��{§N´y

²±e�S�·K"

½n4.2.7. XJ¢CE�¼ê f(t)3: t��§@o§3T:ëY"

½n4.2.8. �¢CE�¼ê f(t)Ú g(t)3Ñ: t��§c ∈ C§K

1. c′ = 0"

2. c f(t)3: t��§¿� [c f(t)]′ = c f ′(t)"

3. f(t) + g(t)3: t��§¿� [f(t) + g(t)]′ = f ′(t) + g′(t)"

4. f(t) · g(t)3: t��§¿� [f(t) · g(t)]′ = f ′(t) · g(t) + f(t) · g′(t)"

5.
f(t)

g(t)
3: t��§Ù¥ g(t) 6= 0§¿�

[
f(t)

g(t)

]′
=
f ′(t)g(t)− f(t)g′(t)

g2(t)
"

y². ùp§·��ì��¢C¢�¼ê��{5y²þã½n���ü:µ

4. -

h(t) = f(t)g(t). (4.2.9)

u´§

h(t+ ∆t)− h(t) = f(t+ ∆t)g(t+ ∆t)− f(t)g(t)

= [f(t+ ∆t)− f(t)]g(t+ ∆t) + f(t)[g(t+ ∆t)− g(t)]. (4.2.10)

ù�§Bk

h′(t) = lim
∆t→0

h(t+ ∆t)− h(t)

∆t

= lim
∆t→0

[
f(t+ ∆t)− f(t)

∆t
g(t+ ∆t) + f(t)

g(t+ ∆t)− g(t)

∆t

]
= f ′(t) · g(t) + f(t) · g′(t). (4.2.11)
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5. -

h(t) =
f(t)

g(t)
. (4.2.12)

u´§

h(t+ ∆t)− h(t) =
f(t+ ∆t)

g(t+ ∆t)
− f(t)

g(t)

=
f(t+ ∆t)g(t)− f(t)g(t+ ∆t)

g(t+ ∆t)g(t)

=
[f(t+ ∆t)− f(t)]g(t)− f(t)[g(t+ ∆t)− g(t)]

g(t+ ∆t)g(t)

=
[f(t+ ∆t)− f(t)]g(t)

g(t+ ∆t)g(t)
− f(t)[g(t+ ∆t)− g(t)]

g(t+ ∆t)g(t)
. (4.2.13)

Ï
k

h′(t) = lim
∆t→0

h(t+ ∆t)− h(t)

∆t

= lim
∆t→0

[
f(t+∆t)−f(t)

∆t
g(t)

g(t+ ∆t)g(t)
−
f(t) g(t+∆t)−g(t)

∆t

g(t+ ∆t)g(t)

]

=
f ′(t)g(t)− f(t)g′(t)

g2(t)
. (4.2.14)

�

½n4.2.9. �¢C¢�¼ê f(t)3: t��§¢CCE�¼ê g(x)3:x = f(t)��§@o§

EÜ¼êh(t) = g ◦ f(t) = g(f(t)) 3: t��§¿�

h′(t) = g′(f(t)) · f ′(t).

y². -

g(x) = ψ(x) + iχ(x), (4.2.15)

K

h(t) = ψ ◦ f(t) + iχ ◦ f(t) = ψ(f(t)) + iχ(f(t)). (4.2.16)

Ï�§

h′(t) = [ψ(f(t))]′ + i[χ(f(t))]′ = ψ′(f(t)) · f ′(t) + iχ′(f(t)) · f ′(t)

= [ψ′(f(t)) + iχ′(f(t))] · f ′(t)

= g′(f(t)) · f ′(t). (4.2.17)

�

�½nL²§
dh

dt
=

dh

df

df

dt
. (4.2.18)
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Ï~¡��EÜ¼ê¦��óª{K"

¢C¢�¼ê�p��ê�±ÓÊÏ¢¼ê��/½Âµ���ê��êÒ´���ê§· · · §n�

�ê��êÒ´n+ 1��ê§

f ′′(t) = [f ′(t)]′, · · · , f (n+1)(t) =
[
f (n)(t)

]′
, (4.2.19)

½
d2f(t)

dt2
=

d

dt

df(t)

dt
, · · · , dn+1f(t)

dtn+1
=

d

dt

dnf(t)

dtn
. (4.2.20)

½n4.2.10. �¢CE�¼ê f(t)3: t��§K

f̄ ′(t) = f ′(t), · · · , f̄ (n)(t) = f (n)(t),

½
d

dt
f̄(t) =

d

dt
f(t), · · · , dn

dtn
f̄(t) =

dn

dtn
f(t).

�½nL²§¦�½�ûÓE�Ý�±�p��$�gS"ù´�^é­��5�§3?Ø�©

�§�´ék^�"

~4.2.1. �n ∈ N, c ∈ C§Á¦

f(t) = (t+ c)n

��ê"

). �n = 1�§·�k

f ′(t) = lim
∆t→0

(t+ ∆t+ c)− (t+ c)

∆t
= 1. (4.2.21)

�n = 2�§|^¦È�¦�úª§·�k

f ′(t) =
[
(t+ c)2

]′
= (t+ c)′ · (t+ c) + (t+ c) · (t+ c)′ = 2(t+ c). (4.2.22)

�n > 2�§|^¦È�¦�úª§

[(t+ c)n]
′
=
[
(t+ c)n−1

]′ · (t+ c) + (t+ c)n−1 · (t+ c)′, (4.2.23)

8B�

f ′(t) = n(t+ c)n−1. (4.2.24)

�

~4.2.2. �n ∈ N, c ∈ C§Á¦

f(t) = (t+ c)−n, t 6= −c,

��ê"
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). |^û�¦�úª§·�k

f ′(t) =

[
1

(t+ c)n

]′
= − 1

(t+ c)2n
[(t+ c)n]

′

= − 1

(t+ c)2n
n(t+ c)n−1

= −n(t+ c)−n−1 (4.2.25)

�

~4.2.3. Á¦

f(t) = eλt

��ê§Ù¥λ ∈ C"

). -

λ = α+ iβ. (4.2.26)

u´§

f(t) = e(α+iβ)t = eαt(cosβt+ i sinβt). (4.2.27)

ù�§·�k

f ′(t) =
(
eαt
)′

(cosβt+ i sinβt) + eαt(cosβt+ i sinβt)′

= αeαt(cosβt+ i sinβt) + eαt(−β sinβt+ iβ cosβt)

= αeαt(cosβt+ i sinβt) + iβeαt(cosβt+ i sinβt)

= (α+ iβ)eαt(cosβt+ i sinβt)

= λeλt. (4.2.28)

�

e¡§��A^§·�5ïÄ�:²¡$Ä��Ý v�\�Ý a"

Äk§3(k��IXe§�:� ¥ z(t)�

z(t) = x(t) + i y(t), t ∈ [a, b]. (4.2.29)

u´§

v =
dz(t)

dt
=

dx(t)

dt
+ i

dy(t)

dt
= ẋ(t) + i ẏ(t), (4.2.30)

a =
dv(t)

dt
=

d2x(t)

dt2
+ i

dy(t)2

dt2
= ẍ(t) + i ÿ(t). (4.2.31)

ùég,!é�*"
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Ùg§34�IXe§|^�êL«§�:� ¥ z(t) �§

z(t) = ρ(t) eiϕ(t). (4.2.32)

ù�§·�Bk

v =
dz(t)

dt
=

dρ(t)

dt
eiϕ(t) + ρ(t)

d

dt
eiϕ(t). (4.2.33)

|^EÜ¼ê�¦�úª§�
d

dt
eiϕ(t) = i ϕ̇(t)eiϕ(t). (4.2.34)

ò��£�ª§B�

v = ρ̇(t) eiϕ(t) + ρ(t)ϕ̇(t) ieiϕ(t). (4.2.35)

ù´�Ý34�IXe�EL«"5¿�§4�IXÄ.�EL«Ò´

{eiϕ(t), ieiϕ(t)}, (4.2.36)

Ïd§þªL²�:�»��î��Ý©O�

vρ = ρ̇(t), (4.2.37)

vϕ = ρ(t)ϕ̇(t). (4.2.38)

y3§UY¦\�Ý a§

a =
dv(t)

dt

=
d

dt

[
ρ̇(t) eiϕ(t) + ρ(t)ϕ̇(t) ieiϕ(t)

]
=

[
ρ̈(t)− ρ(t)ϕ̇2(t)

]
eiϕ(t) + [2ρ̇(t)ϕ̇(t) + ρ(t)ϕ̈(t)] ieiϕ(t). (4.2.39)

ù´\�Ý34�IXe�EL«"§`²§»��î�\�Ý©O�

aρ = ρ̈(t)− ρ(t)ϕ̇2(t), (4.2.40)

aϕ = 2ρ̇(t)ϕ̇(t) + ρ(t)ϕ̈(t). (4.2.41)

§Ó·�±c���(J��"

��:Éå� f§

f = fx(t) + i fy(t)

= fρ(t)e
iϕ(t) + fϕ(t)ieiϕ(t). (4.2.42)

ùp§1���Ò�m>´å3(k��IXe�©)§1����Òm>´å34�IXe�©

)"�âÚî1�½Æ§·�k

ma(t) = f(t), (4.2.43)
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Ù¥§m��:�þ"34�IXe©)�§B�

maρ(t) = fρ(t), (4.2.44)

maϕ(t) = fϕ(t). (4.2.45)

u´§·�k

m
[
ρ̈(t)− ρ(t)ϕ̇2(t)

]
= fρ(t), (4.2.46)

m [2ρ̇(t)ϕ̇(t) + ρ(t)ϕ̈(t)] = fϕ(t). (4.2.47)

ùÒ´$Ä�§34�IXe�/ª§§·^u�:�²¡$Ä§AO´§�±^uKepler¯K"

§4.2.5 �©

½Â4.2.5. �¢CE�¼ê f(t)3: tNCk½Â"XJ

f(t+ ∆t)− f(t) = A∆t+ o(∆t),

Ù¥§o(∆t)´{�§§´∆t�¢CE�¼ê§÷v

lim
∆t→0

o(∆t)

∆t
= 0,

@o§·�¡¼ê f(t)3: t��"

½n4.2.11. ¢CE�¼ê f(t)3: t���¿©7�^�´§3ù:��"

y². ¿©5µXJ f(t)3: t��§=�34�§

lim
∆t→0

f(t+ ∆t)− f(t)

∆t
= f ′(t), (4.2.48)

@o§�∆t→ 0�§

α(∆t) =
f(t+ ∆t)− f(t)

∆t
− f ′(t) → 0. (4.2.49)

ù¿�X

f(t+ ∆t)− f(t) = f ′(t)∆t+ α(∆t)∆t. (4.2.50)

�

A = f ′(t), o(∆t) = α(∆t)∆t, (4.2.51)

Bk

f(t+ ∆t)− f(t) = A∆t+ o(∆t), (4.2.52)

¿�

lim
∆t→0

o(∆t)

∆t
= 0. (4.2.53)

¼ê f(t)3: t��"
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7�5µXJ f(t)3: t��§=

f(t+ ∆t)− f(t) = A∆t+ o(∆t), (4.2.54)

@o§
f(t+ ∆t)− f(t)

∆t
= A+

o(∆t)

∆t
. (4.2.55)

u´§

A = lim
∆t→0

f(t+ ∆t)− f(t)

∆t
= f ′(t). (4.2.56)

¼ê f(t)3: t��" �

��§��!��DÓÂ��§¿�§� f(t)3: t���§

f(t+ ∆t)− f ′(t) = f ′(t)∆t+ o(∆t). (4.2.57)

½Â4.2.6. �¢CE�¼ê f(t)3: t��"½Â

dt := ∆t,

df := f ′(t)∆t.

Ï~¡df�¼ê f(t)3: t��©"

d´��§

∆f = f(t+ ∆t)− f ′(t) = df + o(∆t), (4.2.58)

Ïd§dfD¼êOþ∆f��5ÌÜ"

¼ê��©k��­��5�——�©/ª�ØC5"�	EÜ¼ê f(g(t))��êµ

[f(g(t))]′ = f ′(g(t))g′(t). (4.2.59)

·�k

d[f(g(t))] = [f(g(t))]′dt = f ′(g(t))g′(t)dt = f ′(g(t))dg(t). (4.2.60)

ùÒ´`§ØØx´gCþ§�´¥mCþ
(
x = g(t)

)
§¼ê f(x)��©[�Ñk�Ó�/ª§

df(x) = f ′(x)dx. (4.2.61)

d=¼ê�©�/ªØC5�"

��§|^þ��!�(J§·��k

½n4.2.12. �¢CE�¼ê f(t)Ú g(t)3Ñ: t��§c ∈ C§K

1. dc = 0"

2. c f(t)3: t��§¿�d[c f(t)] = cdf(t)"
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3. f(t) + g(t)3: t��§¿�d[f(t) + g(t)] = df(t) + dg(t)"

4. f(t) · g(t)3: t��§¿�d[f(t) · g(t)] = df(t) · g(t) + f(t) · dg(t)"

5.
f(t)

g(t)
3: t��§Ù¥ g(t) 6= 0§¿�d

[
f(t)

g(t)

]
=

df(t)g(t)− f(t)dg(t)

g2(t)
"

§4.2.6 Ø½È©

½Â4.2.7. �¢CE�¼ê f(t)3«m Iþk½Â"XJ�3��¢CE�¼êF (t)§§3«

m IþëY§3d«mSÜ Io��§¿�

F ′(t) = f(t),

@o§·�Ò`F ´ f����¼ê"

�

F (t) = Ψ(t) + iΦ(t), f(t) = ψ(t) + φ(t), (4.2.62)

u´§F ′(t) = f(t)��=�

Ψ′(t) = ψ(t), Φ′(t) = φ(t). (4.2.63)

d´��§

½n4.2.13. �F (t)Ú f(t)þ´¢CE�¼ê§KF (t)´ f(t)����¼ê��=� F̄ (t)´ f̄(t)�

���¼ê"

½n4.2.14. �F (t)Ú f(t)þ´¢CE�¼ê§KF (t)´ f(t)����¼ê��=�F (t)�

¢Ü�JÜ©O´ f(t)�¢Ü�JÜ��¼ê"

ldØJy²§

½n4.2.15. XJF (t)´¢CE�¼ê f(t)���¼ê§@o§é?Û��EêC ∈ C§¼ê

F (t) + C

�´ f(t)����¼ê§¿� f(t)�?Û�¼ê�Ñ�±L«¤ù«/ª"

½Â4.2.8. XJF (t)´¢CE�¼ê f(t)���¼ê§@o§¼êx

F (t) + C, C ∈ C,

L« f(t)����¼ê"·�rù�¼êx��¼ê f(t)�Ø½È©§P�∫
f(t)dt = F (t) + C.

þª¥� f(t)¡��È¼ê"
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~4.2.4. �n ∈ N, c ∈ C§¦Ø½È©∫
(t+ c)ndt.

). du

[(t+ c)n]
′
= n(t+ c)n−1, (4.2.64)

Ïd§ ∫
(t+ c)ndt =

1

n+ 1
(t+ c)n+1 + C. (4.2.65)

�

~4.2.5. � 1 < n ∈ N, c ∈ C§¦Ø½È©∫
(t+ c)−ndt.

). du [
(t+ c)−n

]′
= −n(t+ c)−n−1, (4.2.66)

Ïd§ ∫
(t+ c)−ndt = − 1

n− 1
(t+ c)−n+1 + C. (4.2.67)

�

~4.2.6. ¦Ø½È© ∫
eλtdt, 0 6= λ ∈ C.

). Ï� (
eλt
)′

= λeλt, (4.2.68)

¤± ∫
eλtdt =

1

λ
eλt + C. (4.2.69)

�

½n4.2.16. � f(t)´¢CE�¼ê"XJ∫
f(t)dt = F (t) + C,

@o§ ∫
f̄(t)dt = F̄ (t) + C.

½n4.2.17. � f(t), g(t)þ´¢CE�¼ê§λ ∈ C"XJ f(t), g(t)�k�¼ê§@o§∫
[f(t) + g(t)]dt =

∫
f(t)dt+

∫
g(t)dt,∫

λf(t)dt = λ

∫
f(t)dt.
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½n4.2.18. � f(x)´¢CE�¼ê§g(t)´¢C¢�¼ê§�ö�k�¼ê§@o§

∫
f(g(t))g′(t)dt =

∫
f(g(t))dg(t).

½n4.2.19. �u(t), v(t)þ´ëY���¢CE�¼ê§@o§

∫
u(t)dv(t) = u(t)v(t−

∫
v(t)du(t).

~4.2.7. ¦Ø½È© ∫
1

(t2 + 1)2
dt.

). 5¿�

1

(t2 + 1)2
=

(
1

t2 + 1

)2

=

[
1

2i

(
1

t− i
− 1

t+ i

)]2

= −1

4

[
1

(t− i)2
− 2

t2 + 1
+

1

(t+ i)2

]
=

1

2

1

t2 + 1
− 1

4

1

(t− i)2
− 1

4

1

(t+ i)2
, (4.2.70)

·�k

∫
1

(t2 + 1)2
dt =

1

2

∫
1

t2 + 1
dt− 1

4

∫
1

(t− i)2
dt− 1

4

∫
1

(t+ i)2
dt

=
1

2
arctgt+

1

4

1

t− i
+

1

4

1

t+ i
+ C

=
1

2
arctgt+

1

2

t

t2 + 1
+ C, C ∈ R. (4.2.71)

�

~4.2.8. ¦Ø½È© ∫
t2 cos tdt.

). dEulerúª§k

∫
t2 cos tdt =

1

2

(∫
t2eitdt+

∫
t2e−itdt

)
=

1

2

∫
t2eitdt+ c.c. (4.2.72)
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q§ ∫
t2eitdt = −i

∫
t2deit

= −it2eit + i

∫
eitdt2

= −it2eit + i2

∫
teitdt

= −it2eit + 2

∫
tdeit

= −it2eit + 2teit − 2

∫
eitdt

= −it2eit + 2teit + i2eit + C. (4.2.73)

Ï
§·�� ∫
t2 cos tdt = t2 sin t+ 2t cos t− 2 sin t+ C, C ∈ R. (4.2.74)

�

~4.2.9. ¦Ø½È© ∫
eat cos btdt, a, b ∈ R.

). dEulerúª§k∫
eat cos bt dt =

1

2

(∫
eateibtdt+

∫
eate−ibtdt

)
=

1

2

∫
e(a+ib)tdt+ c.c.

=
1

2

1

a+ ib
e(a+ib)t + c.c.+ C

=
1

2

a− ib
a2 + b2

e(a+ib)t + c.c.+ C

=
a

a2 + b2
eat cos bt+

b

a2 + b2
eat sin bt+ C, C ∈ R. (4.2.75)

�

§4.2.7 ½È©

½Â4.2.9. � f(t)�¢CE�¼ê§§34«m [a, b]þk½Â"é«m [a, b]�©�§¦�

a = t0 < t1 < · · · < tn = b.

éd©�§�RiemannÚ§
n∑
ν=1

f(ξν)∆tν ,

Ù¥§ξν ∈ [tν−1, tν ]§∆tν = tν − tν−1"-

∆t = max{∆t1, ∆t2, · · · , ∆tn}.
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�	4�§

lim
∆t→0

n∑
ν=1

f(ξν)∆tν ,

XJ§é?¿©�Ñ�3§¿��À: ξ1, · · · , ξnÃ'§@o§·�Ò`¼ê f(t)3«m [a, b]þ�

È§¿rT4�¡�¼ê f(t)3 [a, b]þ�½È©§P�∫ b

a

f(t) dt = lim
∆t→0

n∑
ν=1

f(ξν)∆tν .

�Ï~��§ùp�

∫
¡�È©Ò§f(t)¡��È¼ê§bÚ a©O¡�È©�þ�Úe�"

�

f(t) = ψ(t) + iχ(t). (4.2.76)

u´§RienmannÚ�©)�¢Ü�JÜ§

n∑
ν=1

f(ξν)∆tν =
n∑
ν=1

ψ(ξν)∆tν + i
n∑
ν=1

χ(ξν)∆tν . (4.2.77)

Ï�

lim
∆t→0

n∑
ν=1

f(ξν)∆tν = lim
∆t→0

n∑
ν=1

ψ(ξν)∆tν + i lim
∆t→0

n∑
ν=1

χ(ξν)∆tν . (4.2.78)

¤± ∫ b

a

f(t) dt =

∫ b

a

ψ(t) dt+ i

∫ b

a

χ(t) dt. (4.2.79)

dd´�§

1.

∫ b

a

λf(t)dt = λ

∫ b

a

f(t)dt £λ�E~ê¤"

2.

∫ b

a

(f(t) + g(t))dt =

∫ b

a

f(t)dt+

∫ b

a

g(t)dt.

3.

∫ b

a

f
(
µ(t)

)
µ′(t)dt =

∫ b

a

f
(
µ(t)

)
dµ(t).

4.

∫ c

a

f(t)dt =

∫ b

a

f(t)dt+

∫ c

b

f(t)dt, a < b < c.

5.

∫ b

a

f(t)dt = F (b)− F (a)£Newton-Leibnitz úª§F (t)´ f(t)����¼ê¤"

6.

∫ b

a

f̄(t)dt =

∫ b

a

f(t)dt.
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§4.3 ~Xê�5~�©�§

Ï~¡/X
dnx

dtn
+ an−1(t)

dn−1x

dtn−1
+ · · ·+ a0(t)x = f(t) (4.3.1)

��§¡�n��5~�©�§§Ù¥ ai(t) (i = 0, 1, · · · , n − 1)±9 f(t)Ñ´,«m [a, b]þëY

�¢CE�¼ê"AO/§XJ f(t) ≡ 0§K¡��n�àg�5~�©�§§{¡à�5�§"�

�§XJ f(t) 6= 0§K¡��n��àg�5~�©�§§{¡�à�5�§§¿¡ f(t)��àg

�"

z���à�5�§§Ñk��éA�à�5�§§-�àg��u"=�§�Ò´§

dnx

dtn
+ an−1(t)

dn−1x

dtn−1
+ · · ·+ a0(t)x = 0. (4.3.2)

�à�5�§)�(��éA�à�5�§k'"� ξ(t)Ú η(t)´�à�5�§�ü�?¿)§

dnξ

dtn
+ an−1(t)

dn−1ξ

dtn−1
+ · · ·+ a0(t)ξ = f(t), (4.3.3)

dnη

dtn
+ an−1(t)

dn−1η

dtn−1
+ · · ·+ a0(t)η = f(t), (4.3.4)

@o,

ψ(t) = ξ(t)− η(t) (4.3.5)

7´�Aà�5�§�)§=§

dnψ

dtn
+ an−1(t)

dn−1ψ

dtn−1
+ · · ·+ a0(t)ψ = 0. (4.3.6)

��§XJψ(t)� η(t)©O´à�5�§���à�5�§?�)§

dnψ

dtn
+ an−1(t)

dn−1ψ

dtn−1
+ · · ·+ a0(t)ψ = 0, (4.3.7)

dnη

dtn
+ an−1(t)

dn−1η

dtn−1
+ · · ·+ a0(t)η = f(t), (4.3.8)

@o§

ξ(t) = ψ(t) + η(t) (4.3.9)

7´�à�5�§�)§=§

dnξ

dtn
+ an−1(t)

dn−1ξ

dtn−1
+ · · ·+ a0(t)ξ = f(t). (4.3.10)

ù¿�X§�à�5�§���)�u§g��?¿��A)2\þ�Aà�5�§���)"u

´§̄ K8(�¦à�5�§���)±9�à�5�§���A)"êÆþ§��)��Ï)"

3ÔnÆ¥§²~-�¤¢�~Xê�5~�©�§"XJ�5~�©�§�¤kXêÑ´~

ê§Ø�gCþ�Cz
Cz§=

an−1(t) ≡ an−1, · · · , a0(t) ≡ a0, (4.3.11)
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@o§ù��§Ò¡�~Xê�5~�©�§"ù«�§���/ª�

dnx

dtn
+ an−1

dn−1x

dtn−1
+ · · ·+ a0x = f(t). (4.3.12)

~X§gdáN�$Ä�§§

m
d2z

dt2
= −mg, (4.3.13)

Ù¥§m´gdáN��þ§g´¤¢�­å\�Ý"2X§��{��f§

m
d2x

dt2
+ kx = 0, (4.3.14)

Ù¥§m´�f��þ§k´����5Xê"

~Xê�5~�©�§�é{ü§){éõ"·�ùp0��«{ü�){§�d§·�k?Ø

gdáN§§��§�z�

d2

dt2
z(t) = −g. (4.3.15)

5¿�

d2

dt2
=

d

dt

d

dt
, (4.3.16)

�§�?�Úz�

d

dt

d

dt
z(t) = −g. (4.3.17)

-

z1(t) =
d

dt
z(t), (4.3.18)

K

d

dt
z1(t) = −g. (4.3.19)

)�§�

z1(t) = −gt+ c1, (4.3.20)

Ù¥§c1 ∈ C´��E~ê"ò��\ª(4.3.18)§k

d

dt
z(t) = −gt+ c1. (4.3.21)

?�Ú)�§�

z(t) = −1

2
gt2 + c1t+ c2, (4.3.22)

Ù¥§c2 ∈ C�´��E~ê"ù�§ÏLk)�§(4.3.19)§2)�§(4.3.18)§X´Gé¦)§·

���Ò��
��§�Ï)"

�uÏ)¥�ü�E~ê§K�Ï~��§�±dÐ�(½§

c2 = z(0), c1 = ż(0) = v(0), (4.3.23)
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Ù¥§z(0)=Ð© �§v(0)=Ð©�Ý"¦+·�ò)���*��
¢CE�¼ê§����(

Jqg,
,/£�
ÊÏ�¢C¢�¼ê§

z(t) = −1

2
gt+ v(0)t+ z(0). (4.3.24)

��Xð§ÈTÄ��

c[*	þã¦)Ï)�L§§ØJuy§U
ïáGé){�'�3uª(4.3.16)§=

d2

dt2
=

d

dt

d

dt
=

(
d

dt

)2

, (4.3.25)

§ò��¦��f©)�ü���¦��f�¦È§u´§<��±ÏLÚ?¥mCþl
¼��±

Gé¦)��§|§

d

dt
z1(t) = −g, (4.3.26)

d

dt
z(t) = z1(t). (4.3.27)

y3§·�5�	��{��f§§��§�z�Xe/ª§(
d2

dt2
+ ω2

)
x(t) = 0, (4.3.28)

Ù¥§

ω =

√
k

m
. (4.3.29)

N´uy§ÓgdáN��§��{��f��3�f©)§

d2

dt2
+ ω2 =

(
d

dt

)2

+ ω2 =

(
d

dt
+ iω

)(
d

dt
− iω

)
. (4.3.30)

ù�§��§�z� (
d

dt
+ iω

)(
d

dt
− iω

)
x(t) = 0. (4.3.31)

N´wÑ§ÏLÚ?¥mCþx1§

x1 :=

(
d

dt
− iω

)
x(t), (4.3.32)

<��±ïáGé�§|Xe§ (
d

dt
+ iω

)
x1(t) = 0, (4.3.33)(

d

dt
− iω

)
x(t) = x1(t). (4.3.34)

��¥mCþx1§d�§|=£�ª(4.3.31)§Ïd§dGé�§|Ó��§(4.3.31)���d"þã

�§|�1���§=
d

dt
x1(t) = −iω x1(t). (4.3.35)

©lCþ�
dx1

x1

= −iω dt. (4.3.36)
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d´��§Ù)�

x1(t) = c1e−iωt. (4.3.37)

Ù¥§c1 ∈ C´��E~ê"ò��\Gé�§�1���§§�

d

dt
x(t)− iω x(t) = c1e−iωt. (4.3.38)

ü>Ó�¦±

e−iωt, (4.3.39)

�

e−iωt
d

dt
x(t)− iω e−iωt x(t) = c1e−i2ωt. (4.3.40)

d=
d

dt

[
e−iωt x(t)

]
= c1e−i2ωt. (4.3.41)

È©§�

e−iωt x(t) =
c1

−i2ω
e−i2ωt + c2, (4.3.42)

Ù¥§c2 ∈ C´È©~ê"��§·���Ï)§

x(t) = c1 e−iωt + c2 eiωt, (4.3.43)

Ù¥§c1, c2´ü�E~ê"

E�Ï)�,�)¢�Ï)§�
éÑ¢�Ï)§�Lé c1, c2���\±��=�"N´wÑ§

¢�)�½÷v

x̄(t) = x(t), ∀t, (4.3.44)

�=

c1 e−iωt + c2 eiωt = c̄1 eiωt + c̄2 e−iωt, ∀t. (4.3.45)

©O-ωt = 0Úωt = π/2§�§

c1 + c2 = c̄1 + c̄2, (4.3.46)

c1 − c2 = −c̄1 + c̄2. (4.3.47)

üª�~§�

c2 = c̄1. (4.3.48)

Ïd§¢�Ï)�/ª�

x(t) = c e−iωt + c̄ eiωt, c ∈ C. (4.3.49)

§k���½�E~ê§½ü��½�¢~ê"e-

c =
A

2
e−iϕ, A > 0, ϕ ∈ R, (4.3.50)



§4.3 ~Xê�5~�©�§ 133

K¢�Ï)���

x(t) = A cos(ωt+ ϕ), (4.3.51)

Ù¥§A > 0Úϕ´ü��½�¢~ê"XJ-

c =
A

2
+ i

B

2
, A,B ∈ R, (4.3.52)

@o§¢�Ï)����

x(t) = A cosωt+B sinωt, (4.3.53)

Ù¥§A, B�ü��½�¢~ê"¢�Ï)�þãn«/ª´�d�"

�,§��±òE�Ï)¥�ü�~ê3����Ð�(½§

c1 + c2 = x(0), (4.3.54)

−iω(c1 − c2) = ẋ(0). (4.3.55)

d��

c1 =
1

2

[
x(0) + i

ẋ(0)

ω

]
, c2 =

1

2

[
x(0)− i ẋ(0)

ω

]
. (4.3.56)

Ïd§

x(t) = x(0) cosωt+
ẋ(0)

ω
sinωt. (4.3.57)

���ª)o´¢��§¦+¥mL§´E��"

c¡!�§Gé){�'�´�f©)§§¢�þÒ´��õ�ª�Ïf©)"�Aw�§�¢

yGé¦)§7Lò�fõ�ª©)��gõ�ª�¦È§
ù3¢ê�þ��´Ø�U�§~X{

��f��fõ�ª§
d2

dt2
+ ω2 =

(
d

dt

)2

+ ω2, (4.3.58)

3¢ê�þ´Ø�U©)�ü��gÏª�¦È�§ù´Ï��gõ�ª

P (λ) = λ2 + a, a > 0, (4.3.59)

Ù¥λ´¤¢��½�§3¢ê�þ´Ø���",
§Uì�êÄ�½n§3Eê�þ§¤k��

õ�ªÑ�©)��gõ�ª�¦È§Ïd§�
¢yGé){§·�7Lò~�©�§�Xê�l

¢ê�*Ü�Eê�§¿�A/§ò�§�)�lÊÏ�¢C¢�¼ê*Ü�¢CE�¼ê"ùÒ´

3c¡·�Ú?¢CE�¼ê�Ä��Ï"

{��fá~Xêà�5~�©�§§

d2x

dt2
+ ω2x = 0, (4.3.60)

gdáNá~Xê�à�5~�©�§§

d2z

dt2
= −g. (4.3.61)
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dþ?Ø��§Gé){éà�5Ú�à�5~�©�§Ñ·^§ÑU¦�E�Ï)§��§�´~

XêÒ�±
"

3ÔnÆ¥§~�©�§��Ø�Lü�§Ïd§·�e¡X­ïÄ��~Xê�5~�©�§"

Äk§�Äàg��/§=§
d2x

dt2
+ a1

dx

dt
+ a0x = 0. (4.3.62)

��f©)
d2

dt2
+ a1

d

dt
+ a0 =

(
d

dt
− λ1

)(
d

dt
− λ2

)
, (4.3.63)

Ù¥§λ1, λ2����gõ�ª

P (λ) = λ2 + a1λ+ a0 (4.3.64)

�ü�E�§�=§

P (λ) = (λ− λ1)(λ− λ2). (4.3.65)

ù�§·�B�Gé�§|§

dx1

dt
− λ1x1 = 0, (4.3.66)

dx

dt
− λ2x = x1. (4.3.67)

²w/§1���§�)�

x1(t) = c1 eλ1t, c1 ∈ C. (4.3.68)

ò��\1���§§�
dx

dt
− λ2x = c1 eλ1t. (4.3.69)

ü>¦±

e−λ2t, (4.3.70)

k
d

dt

[
e−λ2t x(t)

]
= c1 e(λ1−λ2)t. (4.3.71)

È©§�

x(t) =


(c1t+ c2)eλ2t, λ1 = λ2

c1

λ1 − λ2

eλ1t + c2 eλ2t, λ1 6= λ2.
(4.3.72)

ù�§·�B��
~Xê��àg�5~�©�§�Ï)"�λ1 = λ2�§Ï)/ª�

x(t) = (c1t+ c2)eλ2t; (4.3.73)

�λ1 6= λ2�§Ï)/ª�

x(t) = c1 eλ1t + c2 eλ2t. (4.3.74)

3ùü«/ª�Ï)¥§c1, c2Ñ´E~ê"
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~4.3.1. �Ä��{Z�f"d�§�fØ
É�5¡Eå (f1 = kx)��^	§�É����

�Ý¤�'������{Zå (f2 = −ηẋ)��^"Ïd§�f�$Ä�§�

mẍ = −kx− ηẋ,

Ù¥§m´�f��þ"?Ø�f�$Ä�¹"

). �f�$Ä�§´��~Xê��àg�5~�©�§§

ẍ+ 2γẋ+ ω2
0x = 0, (4.3.75)

Ù¥§

γ =
η

2m
> 0, ω0 =

√
k

m
> 0. (4.3.76)

��§ëê γ�L
{Z�rÝ§ω0�L
�f�g,ªÇ"

��f©)§
d2

dt2
+ 2γ

d

dt
+ ω2

0 =

(
d

dt
− λ1

)(
d

dt
− λ2

)
, (4.3.77)

Ù¥§

λ1 = −γ −
√
γ2 − ω2

0, (4.3.78)

λ2 = −γ +
√
γ2 − ω2

0. (4.3.79)

e¡§�â{Z�rf§©n«�/?Ø�µ

1. f{Z��/µγ < ω0. d�§

λ1 = −iω − γ, (4.3.80)

λ2 = +iω − γ, (4.3.81)

Ù¥§

ω =
√
ω2

0 − γ2. (4.3.82)

Ïd§$Ä�§���)�

x(t) = c1 e−iωt−γt + c2 eiωt−γt, c1, c2 ∈ C. (4.3.83)

ù`²§3f{Z���/§�f�$Ä´�«P~��"

2. ¥�{Z��/µγ = ω0. d�§

λ1 = λ2 = −γ < 0. (4.3.84)

$Ä�§���)�

x(t) = (c1t+ c2)e−γt, c1, c2 ∈ C. (4.3.85)

Ïd§3¥�{Z��/§�f� £´k��5O�,��êª/P~§�ªªu""



136 1oÙ ¢CE�¼ê

3. r{Z��/µγ > ω0. d�§

λ1 < 0, λ2 < 0. (4.3.86)

$Ä�§���)�

x(t) = c1 e−|λ1|t + c2 e−|λ2|t, c1, c2 ∈ C. (4.3.87)

ù¿�X§3r{Z���/e§�f�$Ä´X�êª�P~§�f� �ò��müN/ª

u²ï:x = 0"

�

y3§4·�5�Ä�àg��/§

d2x

dt2
+ a1

dx

dt
+ a0x = f(t). (4.3.88)

Ônþ§�àg� f(t)�L	Ü�°Ä"§��Ñ�±©)��
{ü��Ú§

f(t) =
∑
l

αlfl(t), αl ∈ C. (4.3.89)

N´y²§XJxl(t)´�àg�§

d2x

dt2
+ a1

dx

dt
+ a0x = fl(t) (4.3.90)

�)§@o§§���5U\§

x(t) =
∑
l

αlxl(t), (4.3.91)

�½´��§(4.3.88)�)"

c®�Ñ§�à�5�§�Ï)�u§g��?¿��A)2\þ�Aà�5�§�Ï)"à�

5�§Ï)�¦{®�þ§�e�´¦A)"�¦A)§·��L�þ¡@�§kò�àg� f(t)©

)��
{ü��Ú§,�¦�f�§(4.3.90)�A)§��òù
A)�5|Ü=�"lÔnþw§

�àg� f(t)�©)��Ò´FourierÐm§=ò f(t)©)�ØÓªÇ°Ä&Ò��5|Ü§

f(t) =
∑
l

αle
−iωlt, αl ∈ C, (4.3.92)

Ù¥§ωl´1 l�©þ&Ò�ªÇ"Ïd§·��L3êÆþ¬¦±e�§�A)=�§

d2x

dt2
+ a1

dx

dt
+ a0x = e−iωt. (4.3.93)

Gé{�±¦�à�5�§�Ï)§�,ÒU¦�à�5�§�A)"�d§�L3¦)L§¥¿K

È©~ê=�§�e"

Óc§��f©)Xe§

d2

dt2
+ a1

d

dt
+ a0 =

(
d

dt
− λ1

)(
d

dt
− λ2

)
, λ1, λ1 ∈ C. (4.3.94)
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u´§�Gé�§|§

dx1

dt
− λ1x1 = e−iωt, (4.3.95)

dx

dt
− λ2x = x1. (4.3.96)

é1���§ü>¦±

e−λ1t, (4.3.97)

�
d

dt

[
e−λ1t x1(t)

]
= e(−λ1−iω)t. (4.3.98)

È©§�

e−λ1t x1(t) =
1

−λ1 − iω
e(−λ1−iω)t + c1, c1 ∈ C. (4.3.99)

¿KÈ©~ê c1§�

x1(t) =
1

−λ1 − iω
e−iωt. (4.3.100)

ò��\1���§§�
dx

dt
− λ2x =

1

−λ1 − iω
e−iωt. (4.3.101)

ü>¦±

e−λ2t, (4.3.102)

�
d

dt

[
e−λ2t x(t)

]
=

1

−λ1 − iω
e(−λ2−iω)t. (4.3.103)

È©§�

e−λ2t x(t) =
1

(−λ1 − iω)(−λ2 − iω)
e(−λ2−iω)t + c2, c2 ∈ C. (4.3.104)

¿KÈ©~ê c2§�

x(t) =
1

(−iω − λ1)(−iω − λ2)
e−iωt

=
1

−ω2 − ia1ω + a0

e−iωt. (4.3.105)

��§ù�ÀJ�A)Ó	Ü°Ä�ªÇ�Ó§� /́E�Ì0ØÓ
®"XJ-

−ω2 − ia1ω + a0 =
∣∣−ω2 − ia1ω + a0

∣∣ eiϕ, (4.3.106)

@o§

x(t) =
1

|−ω2 − ia1ω + a0|
e−i(ωt+ϕ). (4.3.107)

�Ò´`§A)Ó	Ü°Ä���O=3�Ì�Ð �"

Ônþ§Ï~���A)�Á&)�

x(t) = Ae−iωt, A ∈ C, (4.3.108)
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,�ò��\�§(4.3.93)±½/E�Ì0A§

A(−ω2 − ia1ω + a0)e−iωt = e−iωt, (4.3.109)

á�

A =
1

−ω2 − ia1ω + a0

. (4.3.110)

(JÓc"d{Ï�B|§ÔnÆó�öõW��"

~4.3.2. �Ä{Z�f�r½�Ä"d�§�fØ
É�5¡Eå (f1 = kx)Ú{Zå (f2 =

−ηẋ)��^	§�É	.°Äå��^§Ù/ª�

f3 = F0 cosωt, 0 < F0 ∈ R,

Ù¥§ω�	å�ªÇ"��f��þ�m"?Ø�f�$Ä�¹"

). dNewton1�½Æ§�f�$Ä�§�

mẍ = −kx− ηẋ+ F0 cosωt, (4.3.111)

�=

ẍ+ 2γẋ+ ω2
0x = αe−iωt + αeiωt, (4.3.112)

Ù¥§

γ =
η

2m
, ω0 =

√
k

m
, α =

F0

2m
. (4.3.113)

éAàg�§�Ï)3c¡�~f¥®²¦�"y35¦A)§ù�Lòe�ü��àg�§�

A)¦Ñ¿�5|Ü=�§

d2x

dt2
+ 2γ

dx

dt
+ ω2

0x = e−iωt, (4.3.114)

d2x

dt2
+ 2γ

dx

dt
+ ω2

0x = eiωt. (4.3.115)

1���§=�§(4.3.93)§§�A)c®¦Ñ§=

x1(t) =
1

−ω2 − i2γω + ω2
0

e−iωt. (4.3.116)

1���§´1���§�E�Ý§Ïd§ÙA)���1���§A)�E�Ý§

x2(t) =
1

−ω2 + i2γω + ω2
0

eiωt. (4.3.117)

½���Á&)§

x2(t) = Aeiωt, A ∈ C, (4.3.118)

½�¦��Ó�(J"é�ö��5|Ü§B��§(4.3.112)�A)§

x(t) = αx1(t) + αx2(t)

=
α

−ω2 − i2γω + ω2
0

e−iωt +
α

−ω2 + i2γω + ω2
0

eiωt. (4.3.119)
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��¢/ª§B´

x(t) =
2α√

(ω2 − ω2
0)

2
+ 4γ2ω2

cos

(
ωt+ arctg

(
2γω

ω2 − ω2
0

))
. (4.3.120)

�Aàg�§�Ï)§Ø+{ZrfXÛ§²L�����m��Ñ´�êªP~�§Ïd§3

²Lv
���m��§àg�§�Ï)Bé�f§�±�ÑØP§d�§�f�É½�Ä1��±

��^þãA)£�"�[SNÒØKã
§ë��'�á��" �

3�!���§·�5�	���n�~Xê�5~�©�§§

dnx

dtn
+ an−1

dn−1x

dtn−1
+ · · ·+ a0x = f(t). (4.3.121)
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dn

dtn
+ an−1

dn−1

dtn−1
+ · · ·+ a0 =

(
d

dt
− λ1

)(
d

dt
− λ2

)
· · ·
(

d

dt
− λn

)
, (4.3.122)

Ù¥§λ1, λ2, · · · , λn´õ�ª§

P (λ) = λn + an−1λ
n−1 + · · ·+ a0, (4.3.123)

3Eê�þ�n��§­�U­êO�"êÆþ§~¡õ�ªP (λ)��A�§(4.3.121) �A�õ�

ª"|^�f©)§�§(4.3.121)���(
d

dt
− λ1

)(
d

dt
− λ2

)
· · ·
(

d

dt
− λn

)
x(t) = f(t). (4.3.124)

u´§ÏLÚ?n− 1�¥mCþx1, x2, · · · , xn−1§·��±��Gé�§|Xe§(
d

dt
− λ1

)
xn−1(t) = f(t), (4.3.125)(

d

dt
− λ2

)
xn−2(t) = xn−1(t), (4.3.126)

· · · · · · · · · · · · · · ·(
d

dt
− λn−1

)
x1(t) = x2(t), (4.3.127)(

d

dt
− λn

)
x(t) = x1(t). (4.3.128)

Ïd§3êÆþ§̄ K8(�)��~Xê�5~�©�§§(
d

dt
− α

)
y(t) = g(t), α ∈ C, (4.3.129)

Ù¥§g(t)´��¢CE�¼ê"XJ g(t) = 0§�§�à�5�§§©lCþ§

dy

y
= αdt, (4.3.130)
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y = c eαt, c ∈ C. (4.3.131)



140 1oÙ ¢CE�¼ê

XJ g(t) 6= 0§Kü>¦±

e−αt, (4.3.132)

�
d

dt

[
e−αty(t)

]
= g(t)e−αt. (4.3.133)

È©§�

e−αty(t) =

∫
dt g(t)e−αt + c, c ∈ C, (4.3.134)
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y(t) = c eαt + eαt
∫

dt g(t)e−αt, c ∈ C. (4.3.135)
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