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1 22Ù Energy Quantization

§22.1 Blackbody radiation

çNË�=�nË�§¢�uy§§���nN�á�Ã'§��n�/GÃ'§��nSL¡

�5�Ã'"

§22.1.1 �6�çNË��ªÇÌ

çNË��U6�Ý�§

j = u(T )c, (22.1.1)

Ù¥§u(T )�SUN�Ý"u´§·�k

dj = [du(T )]c = cdu(T ). (22.1.2)

Ï�Uþ©Ù3���7Å�ª�þ§¤±§é7Å�ª��©§�

du(T ) = ρ(k, T )dk, dk = dkxdkydkz, (22.1.3)

du�m��Ó5§�·�w,k

ρ(k, T ) = ρ(k, T ). (22.1.4)

u´§

du(T ) = ρ(k, T )dk. (22.1.5)

ù�§·�k

dj = cρ(k, T )dk. (22.1.6)

w,§

c = ck̂ = c
k

|k|
= c

k

k
, (22.1.7)

u´§·�k

dj =
c

k
ρ(k, T )kdk. (22.1.8)

3¥�IXe§

k = k(ex sin θ cosϕ+ ey sin θ sinϕ+ ez cos θ), dk = k2 sin θdkdθdϕ, (22.1.9)
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2 1���Ù Energy Quantization

·��

dj = cρ(k, T )(ex sin θ cosϕ+ ey sin θ sinϕ+ ez cos θ)k
2 sin θdkdθdϕ. (22.1.10)

XJ�6m����m§K�6�±©Ù¿¿÷��m��m§
���mØ¬k?Û�6©Ù"ù

´Ï�§Ã�b� z¶d���m§�63 z����Ý vz7L�u½�u"§= vz ≥ 0§�Ý vz�

u"�Ë�²w/´Ø�Ul�n¥�Ñ�"u´§oUþ�6�

Ju =

∫
ez · dj =

∫ 2π

0

dϕ

∫ π/2

0

dθ

∫ +∞

0

dk cρ(k, T )k2 cos θ sin θ. (22.1.11)

5¿§3þª�È©¥§'u θ�È©�� 0�π/2§§�Ð�L
cã�6��¦µvz ≥ 0"È�

áN�§�

Ju = πc

∫ +∞

0

dk ρ(k, T )k2. (22.1.12)

2§dª(22.1.5)�§

u(T ) =

∫
ρ(k, T )dk

=

∫ 2π

0

dϕ

∫ π

0

dθ

∫ +∞

0

dk ρ(k, T )k2 sin θ

= 4π

∫ +∞

0

dk ρ(k, T )k2. (22.1.13)

'�±þüª��§

Ju =
1

4
uc. (22.1.14)

�Ä�1� c�~þ§dd��§çNË��UþN�Ýu(T )TÐ�±ÏL�6ÿÑ"?�Ú§Ú\

ªÌ©Û§<���±|^�6ÿÑUþN�Ýu(T )3ªÇ�m�©Ùu(ν, T )§

u(T ) =

∫ +∞

0

u(ν, T )dν, (22.1.15)

Ù¥§ν�ªÇ"u(ν, T )=çNË��ªÇÌ"§Q�d¢�ÿ�§½�dnØ�Ñ§�´u?1n

Ø�¢�é'§Ïd§3çNË�ïÄ¥g,´�~­��"d(22.1.13)§¿5¿�

νλ = c ⇒ ν
2π

k
= c ⇒ k =

2π

c
ν, (22.1.16)

´�ÙnØO�úª�

u(ν, T ) =
32π4

c3
ν2ρ

(
2πν

c
, T

)
. (22.1.17)

§22.1.2 SUN�Ý�O�

Ï�çNË����nN�á�Ã'§½�nN�m�/GÃ'§¤±§·��±À^n�7á



§22.1 Blackbody radiation 3

���n§¿ò�n/G�����N"ù��§�±Buk'çNË�nØ�O�"

u(T ) =
U

V

=
1

V

∑
k,σ

〈εk〉

= 2
1

V

∑
k

〈εk〉

= 2
1

(2π)3

∫
dk 〈εk〉

= 2
1

(2π)3

∫
dk g(k) g(k) = 〈εk〉

= 2
1

(2π)3

∫
dk g(k) g(k) = g(k) = g(ν)

=

∫
dνD(ν)g(ν), (22.1.18)

Ù¥§

D(ν) =
8π

c3
ν2. (22.1.19)

dd��§·�k

u(T ) =

∫ +∞

0

u(ν, T )dν, (22.1.20)

Ù¥§

u(ν, T ) = D(ν)g(ν) =
8π

c3
ν2g(ν). (22.1.21)

ù´çNË�Uþ�Ý3ªÇ�m©Ù���ÚOúª"

§22.1.3 {��ª

7á�n¥z��>^Å�ªÑ´��ü �þ�{��f"ù´Ï�§>|÷vÅÄ�§§

1

c2
∂2

∂t2
E−∇2E = 0, (22.1.22)

Ù¥§

E = E(r, t). (22.1.23)

3©lCþe§

E(r, t) = E(r)f(t) =
3∑
i=1

Ei(r)f(t) ei, (22.1.24)

þãÅÄ�§z�

∇2Ei + k2Ei = 0, i = 1, 2, 3, (22.1.25)

f̈(t) + ω2f(t) = 0, ω = ck, (22.1.26)



4 1���Ù Energy Quantization

½ö§�d/

∇2E(r) + k2E(r) = 0, (22.1.27)

f̈(t) + ω2f(t) = 0. (22.1.28)

·���§3�n�¥§>|E(r)kéõÅÄ�ª§§�dk���û½§ØÓ���éAØÓ��

ª"Ù¥§���ª§ÑkgC��kªÇ§

ω = ck = ckmnl = c

√(mπ
a

)2
+
(nπ
b

)2
+

(
lπ

c

)2

= ωmnl. (22.1.29)

òd�\ª(22.1.28)§�

f̈mnl(t) + ω2
mnl fmnl(t) = 0. (22.1.30)

dd��§7á�n¥z��>^Å�ªÑéA��{��ª——ü �þ�{��f"

w,§3çN�n¥§kÃ��{��ª"

§22.1.4 Rayleigh-Jeans law

U²;ÚO§kUþþ©½n"z�{��ªéA��ü �þ�{��f§z��{��fk

ü�²��§��´ÄU�²��§��´³U�²��§u´§·�k

〈εk〉 = 2× 1

2
kBT = kBT, (22.1.31)

u´§

g(ν) = 〈εk〉 = kBT. (22.1.32)

ù�§·�k

u(ν, T ) =
8π

c3
ν2g(ν) =

8π

c3
ν2kBT. (22.1.33)

d(J=Rayleigh-Jeans law§�$ª�/��§��pª�/Ø��§¿�ÚåuÑ§

u(T ) =

∫ +∞

0

u(ν, T )dν

=

∫ +∞

0

dν
8π

c3
ν2kBT

=
8π

c3
kBT

∫ +∞

0

dν ν2

→ +∞. (22.1.34)

§22.1.5 PlanckUþþfz

Planckb½{��f�Uþ´þfz�§

εn = nhν, 0 ≥ n ∈ Z. (22.1.35)



§22.1 Blackbody radiation 5

§22.1.6 PlanckçNË�úª

5¿�²;ÚO²þ§

〈ε〉 =
∫
dxdp ε(x, p)e−βε∫
dxdp e−βε(x,p)

= kBT, (22.1.36)

Ù¥§ε(x, p)´{��f�²;Uþ§

ε(x, p) =
p2

2m
+

1

2
mω2x2, (22.1.37)

Planck�ò²;ÚO²þ¥�È©U�¦Ú§

〈ε〉 =
∑+∞

n=0 εne
−βεn∑+∞

n=0 e
−βεn

. (22.1.38)

u´§·�k

〈ε〉 =
− ∂
∂β

∑+∞
n=0 e

−βεn∑+∞
n=0 e

−βεn

= −
∂
∂β
Z(β)

Z(β)

= − ∂

∂β
lnZ(β), (22.1.39)

Ù¥§

Z(β) =
+∞∑
n=0

e−βεn . (22.1.40)

òPlanck�Uþþfzb½�\§�

Z(β) =
+∞∑
n=0

e−nβhν =
1

1− e−βhν
. (22.1.41)

ò��\þ¡�Uþ²þúª§�

〈ε〉 = − ∂

∂β
lnZ(β) =

∂

∂β
ln
(
1− e−βhν

)
=

hνe−βhν

1− e−βhν
=

hν

eβhν − 1
. (22.1.42)

u´§

g(ν) = 〈εk〉 =
hν

eβhν − 1
. (22.1.43)

ù�§·�k

u(ν, T ) =
8π

c3
ν2g(ν) =

8π

c3
ν2

hν

eβhν − 1
. (22.1.44)

ùÒ´Planck�çNË�úª§�¢�(J��"


