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55 245 Schrodinger Equation

§24.1 Tunnel effect

Hamiltonian:
- h?* d?
- _- = 24.1.1
2m dz2 +U(2), ( )
Hrr, U ZFriEbarreier potential,
0, <0
U@)=< Uy, 0<z<a (24.1.2)
0, z=z>a
Time-independent Schrodinger Equation
Hi(z) = Ey(x), (24.1.3)
Wt 2
R d2
B
h?* d?
- =F . 24.1.
(@) + U@)(e) = Bi(a) (24.1.5)

TERBIAEE U (x) 73 BOESERTRG BATAT LASE 0 BIEAN R A IESL AT RIX B — 5K LR AE I Schrodinger
Equation /7 #%, S8J5 FFAEAH SR X 8] A2 5l EA A [ X TR]_E A ARAE 37 pR RO OK o XA, RATTA

—%@M z) = Ep(z), z <0, (24.1.6)
K2 d?
_Tﬁq/}( x) + Up(x) = EY(x), 0<zx<a, (24.1.7)
K2 d2
—5 T a¥@) = EY(z), 2> (24.1.8)

X E AN F i Schrodinger Equation /7 #2473 A 7E = A& S vl it X 8] _F 7%
N, BIOTEREE < Uy (IR, #5018

k= F \/ U" (24.1.9)
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b3 07 R AT BLS DRt Rk,

2y,
42 TFYe) =0, =<0, (24.1.10)
d2
deé} —&P(z) =0, 0<z<a, (24.1.11)
d2
dT;f + k() =0, x> a (24.1.12)
Ty FH AR 5N
P(z) = Ae™ + Be™™, 1z <0, (24.1.13)
Y(x) = Ce™ 4+ De™™, 0<z<a, (24.1.14)
Y(z) = Fe'™ + Ge ™, 2> a. (24.1.15)

R, MW AR Schrodinger Equation /5 2 I A & AW A, KU

Yl t) = p(z)e 7P = p(x)e ™, w= - (24.1.16)
Rk, AT
Y(x,t) = Ae'o=wb 4 Be~ikatwt) g <, (24.1.17)
P(x,t) = Ce™ ™ 4 De” ™™ () <z <a, (24.1.18)
P(x,t) = Felbv=wt) o Gemilkatwt) = 0 5 g, (24.1.19)
o
Aeilkr=wt) - pemilhetwt) (24.1.20)

DRAATEALEATE, B, Xz < 0k, FrEBARNR D, A NGHRE, 58 RAR X
SRR B OB . TR,

Feitke—wt)  Goilketet) (24.1.21)

HGEXIE 2 > a EREATRAEAT B B, EXE x> o b, WEERFEENE, ERATI.
HIMERT RN, F ) 5iE S, I H

G=0 (24.1.22)

R, HAE
Y(x,t) = Ae'Fo=wh) 1 Bemitketet) g (), (24.1.23)
P(x,t) = Ce™ ™ 4 De "~ () <z < a, (24.1.24)

Y(x,t) = Fe'**=» 2> q. (24.1.25)
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XH,
Vi(x,t) = Ae’*=wt g <, (24.1.26)
Yp(x,t) = Be ket g <0, (24.1.27)
Uy(z,t) = Fe'he=*t ¢ > q. (24.1.28)

TN B R R U o ORI S5 5 PR B
e, $530(24.1.22) AN 3((24.1.13)-(24.1.15), 13

P(x) = Ae™ + Be ™ 1 <0, (24.1.29)
Y(z) = Ce™ +De™™, 0<z<a, (24.1.30)
P(x) = Fe™, x> a. (24.1.31)

t =43 mARER T A S Schrodinger EquationtE = AN £ vl 4 X (8] _E i f B .
BAE, AT LA X 8] E AT 7. X H, UREAWD, — M2 =0, H—
Er=a. HiG, WRESZIESM, Fit, &A1A

P(0—) =v(0+), Y(a—)=1p(at). (24.1.32)
HR, ¥ 7712 (24.1.5) IAAEXTE [—n, +n] (0 <n < a) LB, 5
h2 +n d21/1 +n +n
~%m ., —dr + . U(z)y(x)de = F ., Y(z)de. (24.1.33)
HE, JATH
2 4 +n +n +n
_2%% K / V@@ [ U@ =B [ e (24.1.34)
FIAR P e #, EEnT 5K
2
— o ) = ()] + UE)9(En + U (&) (En = 286 (€, (24.1.35)
Hr,
51 € [_77’0]; 52 € [0777]7 53 € [_77777] (24136)
BAE, EFATS 0 — 0+, mX(24.1.35)1
h2 ’ / _
—%WJ (0+) —¢'(0—)] = 0. (24.1.37)
i Ep
@' (0+) = ¢/ (0-). (24.1.38)

KRR (x) £ 2 = 0B — SR, BRVIAMER R ) (x) K —Hr 8 () fE 2z = 0 bR #E
ZeR. [FIEERTED, o (x) fF 2 = a OB IEEFAF,

V' (at) = ¢'(a—). (24.1.39)
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gi bprid, JATA

P(0-) =(0+), ¥'(0—-) =¢'(0+),
Yla—) =la+t), o'(a—) =14'(at).

KA AIER AL AR A, iR TR e =0, FoR TR =a.

P AIE % BRI o () FEIL S 2 = O _BIIFERE S0 (24.1.40), 341G

A+B=C+ D,
tkA —ikB = kC — kD,

ﬁ%,

HZ 5

B HAMER R () FEIL T © = o BIIERRAF(24.1.41), RATH

Cefm _|_De—na — Feika’

Cke™ — Dre " = F(ik)e™,

HrRA
Cena 4 Defna ezk:aF’
Cer;a De—ﬁa i ezkaF
iz, FATE
1 k
C= (1 + z) “raeth R
2 K
D = 1 (1 - zk> eraethe o
2 K

Kb =2 AN IR (24.1.46) F1(24.1.47), 13

A= i [(1 - z%) (1 + zi) e (1 + zg) <1 - 2i> e”“] ke p
p=g|(+ip) (1eit) e (1-i7) (108 e e

(24.1.40)

(24.1.41)

(24.1.42)

(24.1.43)

(24.1.44)

(24.1.45)

(24.1.46)

(24.1.47)

(24.1.48)

(24.1.49)

(24.1.50)

(24.1.51)

(24.1.52)

(24.1.53)

(24.1.54)

(24.1.55)
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(R SHINEE

51U B 4

PAESSRIE TS N

A = % {2 cosh(ka) + i <: — k) sinh(/ia)] e,

K

1 K k : ika
B = —i5 (k + K) sinh(ka)e™F.

MR — i, 15
2

T2 cosh(ka) + i (£ — %) sinh(ka)
SERIES B 5 AN PR 2 R R K5 AR, 5

—ikaA

: (£ + %) sinh(ka)
Z2cosh(/w) +i (£ — %) sinh(ka)

(24.1.56)

(24.1.57)

(24.1.58)

(24.1.59)

(24.1.60)

(24.1.61)

(24.1.62)

BUE, BATRIF NS BERFUE L . S R PR LB S AR . R A,

1
Jr,) = = o[ (5, O V(1) — 0, )V (x, 1)
HA45
h d
(o, t) = =5 [0 (@) T t) = e, 1) o (o e,
TR, &
h d d
ji(xa t) = _;%[wj(:m t)azﬁi('xa t) - ¢1(.CL', t)aw:(x> t)]eﬂw
3ol 8) = =7 )t (0, 8) = 0, ) (0, e,

h d d
e, 0) = =5 [ () o, ) — (1) o (1)

3, ) s (@) s Gels £) P BURNERE RS RBEH I, 0i(n.0) U (2,1) + Gy(2,8) 5

T NS BRE . S U BR ORI S R, R L 3(24.1.26)-(24.1.28) .
R (24.1.26), 5

i , d , , d ,
jz(m,t) — _;im[A*efz(kwfwt)aAez(szwt) _ Aez(lmfwt)@A*efz(kmfwt)]em
_ —;—h[A*(ik)A — A(—ik) Ae,
= @A*Ae

(24.1.63)

(24.1.64)

(24.1.65)
(24.1.66)

(24.1.67)

(24.1.68)
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FE, R (24.1.27)f150(24.1.28), 513
A
Jr(z,t) = _EB Be,, (24.1.69)
i) = " pepe,. (24.1.70)
m
SE b, NATTHE I S R B R AE S R4 T, FoE Lol
dr (2, )] ez, 1))
rR="Y =1 . 24.1.71
e E] S
RN EHRTREENLER, 515
_ BB |B? _F*F _|F]?
R=— = e D= AT ap (24.1.72)
TR R (24.1.62) M3 (24.1.61), AT
K k)2 - 2
54 B ginp
R= (i +) sin g (a) (24.1.73)
4cosh®(ka) + (£ — £)"sinh
T = . A - (24.1.74)
4cosh®(ka) + (& — £)" sinh®(ka)
e
cosh®z = 1 +sinh® z, (24.1.75)
St 23 R AE S 28 T kv 20
K kY2 - 2
54 B ginp
o ity sinh (ra) (24.1.76)
4+ (% + £)” sinh®(ka)
T— 42 — (24.1.77)
4+ (£ 4 %) sinh*(ka)
wHEH,
R+T=1. (24.1.78)
LIYAL /RSO R EGE S
W, A2
e & 1. (24.1.79)
T,
. 1 _ 1
sinh(ka) = §(e’m —e ") = ¢ (24.1.80)
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e 0k & 0,

Q

445

Q

PE+s
K
162
¢
—2
Us— E E .
<V E +Vlh—E> ¢

16
Toe—sz'

=]

KR ANHE B A S

FHEFERRE E < U KEE, ZMEE, 2850 TR A feiEid %2 (potential barrier).

THFERE E > U MfEE, ZMIEE, £l el s, KM

- 4+ (& — ) sin’*(ka)
T = ’ 42 ’
4+ (& — ) sinh?(k'a)
2mE , 2m(E —Uy)
b= M=
AR, AME
R+T=1.
KR MEZR S R
YER 55—+, iEFRATIR % l&Potential step,
0, z<0
G, ANE I 15 T RN
Hijp(x) = Ep(),
Hrb, ENRFREE, H AR 7R,
N K2 d?
= “omawr TU@
[FHT, FAT15E 7 X SR AEAS i) i e 155 5 #E
K2 d?
o da? (z) = Ey(x), =<0,
K2 d?

———(x) + Upp(x) = EY(z), x>0.

2m da?

(24.1.81)

(24.1.82)

(24.1.83)

(24.1.84)

(24.1.85)

(24.1.86)

(24.1.87)

(24.1.88)

(24.1.89)
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TAVEHERE < Uy 115K, £

k= Q%E K= Qm(Uf;_E) (24.1.90)
YO T FR A T R A3 A
ff;f + k=0, z<0, (24.1.91)
jl:f — k=0, z>0. (24.1.92)
ol
Y(z) = Ae™ + Be ™ 2 <0, (24.1.93)
P(x) = Ce™ + De ™, x> 0. (24.1.94)

WRC A0, N

pla,t) = [Yla)e F) [p(z)eh]
= Pr(@)y(x)
— |C|262nz + C*D + CD* + |D|2672nz

— 400, z— +oo. (24.1.95)

WL, XERRATREN. Bk, RECLI0N%E, B,

C=0. (24.1.96)

XFE, FAVEA
P(x) = Ae™™™ 4+ Be % 1 <0, (24.1.97)
Y(x) =De "™, x>0. (24.1.98)

XA AL B PR BE P SE R X B EPNIX R 5 5 i b, AR R 506 U0 T IR 5%
7,

P(0—) = (0+), (24.1.99)
P'(0—) =" (0+4). (24.1.100)

/2 AT 15
A+ B=D, (24.1.101)

ik(A— B) = kD. (24.1.102)
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ik, 13
1 K
—5(1—'LE)D7
1 K
=5 (1+i7)
T,
2
D = —A,
1*’1/%
145
B=_""kg
1_ZE

55— OB BRSNS PR T8I 2K 3 58— OB SR 5 NS 2 18] fR 9% R

B Yy HIE
hk
Ji(z, t) = —A” Ae,,
m
jt(xa t) — 0)
hk
jr(z,t) = ——B"Be,.
m
XEE, JATHE
T |-!t(x7t)‘ — 0’
iz, 1)]
§r (=, t)] _ |BJ?
R - 1.
iz, )] A2
R+T=
WAE, BAVKEERE > U, WK, £
2mE 2m(E — Uy)
k = h,2 Y q = FLQ )
DUIANE5 I e 5E 15 77 A2 20 il
d2
&§+H¢=Q z <0,
d?y

@—l—qu:O, x> 0.

Y(z) = Ae™™ + Be ™ 1 <0,

Y(x) = Ce® + De™= 1> 0.
fEx > 0 X, RA@ENE, ERAa1TH, Hit,

D =0.

(24.1.103)

(24.1.104)

(24.1.105)

(24.1.106)

(24.1.107)
(24.1.108)

(24.1.109)

(24.1.110)

(24.1.111)

(24.1.112)

(24.1.113)

(24.1.114)

(24.1.115)

(24.1.116)

(24.1.117)

(24.1.118)
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TR, FA115
P(x) = Ae™™ + Be™™, x <0, (24.1.119)

P(z) = Ce'™, x> 0. (24.1.120)

FEPA X B A by ASAE I o8 BACRE i 2 0 1 BRI

P(0—) = 1 (0+), (24.1.121)
P'(0—) = ' (04). (24.1.122)
FEPAVAS
A+B=0C, (24.1.123)
ik(A - B) = iqC. (24.1.124)
iz, 13
_1 q
-2 (1 + %) C, (24.1.125)
_1 q
B=3 (1 - %) c. (24.1.126)
Xt
=2 4 (24.1.127)
=13 1.
Bty (24.1.128)
= Tt 1.

S OB BIE 5 NS BE 2 18] 1R 3 38— SO SR SR 5 NS 2 1B (R 9K AR
HEHIA

e t) = " 4 e, (24.1.129)
m
jilw, 1) = %C*Cez, (24.1.130)
iv(@t) =~ B pe,. (24.1.131)
m
XK, ATEH
: 2 9
T — |.!t(l',t)| — |C’2g —4 k = (241132)
Ji(e, )l JAPE (14 9)
. 2 1 _q 2
Ji(z, ) JAP (14 9)
AR, BAMH

R+T=1. (24.1.134)



