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1 24Ù Schrödinger Equation

§24.1 Tunnel effect

Hamiltonian:

Ĥ = − ~2

2m

d2

dx2
+ U(x), (24.1.1)

Ù¥§U´¤¢�barreier potential,

U(x) =


0, x ≤ 0
U0, 0 < x < a
0, x ≥ a.

(24.1.2)

Time-independent Schrödinger Equation,

Ĥψ(x) = Eψ(x), (24.1.3)

�Ò´ [
− ~2

2m

d2

dx2
+ U(x)

]
ψ(x) = Eψ(x), (24.1.4)

½ö

− ~2

2m

d2

dx2
ψ(x) + U(x)ψ(x) = Eψ(x). (24.1.5)

5¿�³UU(x)©ãëY��§·��±k©O3ØÓ�ëY��«þÅ�¦)þãØ¹�Schrödinger

Equation�§§,�23��«m��.:þòØÓ«mþ���Å¼êë�å5"ù�§·�k

− ~2

2m

d2

dx2
ψ(x) = Eψ(x), x < 0, (24.1.6)

− ~2

2m

d2

dx2
ψ(x) + U0ψ(x) = Eψ(x), 0 < x < a, (24.1.7)

− ~2

2m

d2

dx2
ψ(x) = Eψ(x), x > a. (24.1.8)

ùÒ´Ø¹�Schrödinger Equation�§©O3n�ëY��m«mþ�/ª"

e¡§·��ÄE < U0��/"eÚ?

k =

√
2mE

~2
, κ =

√
2m(U0 − E)

~2
, (24.1.9)

· 2 ·



§24.1 Tunnel effect 3

Kþã��§|�±��Xe/ª§

d2ψ

dx2
+ k2ψ(x) = 0, x < 0, (24.1.10)

d2ψ

dx2
− κ2ψ(x) = 0, 0 < x < a, (24.1.11)

d2ψ

dx2
+ k2ψ(x) = 0, x > a. (24.1.12)

´�Ù)©O�

ψ(x) = Aeikx +Be−ikx, x < 0, (24.1.13)

ψ(x) = Ceκx +De−κx, 0 < x < a, (24.1.14)

ψ(x) = F eikx +Ge−ikx, x > a. (24.1.15)

5¿§d�¹�Schrödinger Equation�§�)�½�Å¼ê§Ù/ª�

ψ(x, t) = ψ(x)e−
i
~Et = ψ(x)e−iωt, ω =

E

~
. (24.1.16)

Ïd§·�k

ψ(x, t) = Aei(kx−ωt) +Be−i(kx+ωt), x < 0, (24.1.17)

ψ(x, t) = Ceκx−iωt +De−κx−iωt, 0 < x < a, (24.1.18)

ψ(x, t) = F ei(kx−ωt) +Ge−i(kx+ωt), x > a. (24.1.19)

N´wÑ

Aei(kx−ωt), Be−i(kx+ωt), (24.1.20)

©O´m1ÅÚ�1Å§Ïd§3«mx < 0þ§cöò�L\�Å§A�\�ÅÌ§�öò�L�

�Å§B���ÅÌ"Ón§

F ei(kx−ωt), Ge−i(kx+ωt), (24.1.21)

©O´«mx > aþ�m1ÅÚ�1Å"�´§3«mx > aþ§Ônþ��3ß�Å§§´m1Å"

dd��§F Dß�ÅÅÌ§¿�

G ≡ 0. (24.1.22)

ù�§·��

ψ(x, t) = Aei(kx−ωt) +Be−i(kx+ωt), x < 0, (24.1.23)

ψ(x, t) = Ceκx−iωt +De−κx−iωt, 0 < x < a, (24.1.24)

ψ(x, t) = F ei(kx−ωt), x > a. (24.1.25)



4 1��oÙ Schrödinger Equation

ùp§

ψi(x, t) = Aei(kx−ωt), x < 0, (24.1.26)

ψr(x, t) = Be−i(kx+ωt), x < 0, (24.1.27)

ψt(x, t) = F ei(kx−ωt), x > a. (24.1.28)

©O�\�Å¼ê!��Å¼êÚß�Å¼ê"

y3§òª(24.1.22)�\ª(24.1.13)-(24.1.15)§�

ψ(x) = Aeikx +Be−ikx, x < 0, (24.1.29)

ψ(x) = Ceκx +De−κx, 0 < x < a, (24.1.30)

ψ(x) = F eikx, x > a. (24.1.31)

dn©O�L
Ø¹�Schrödinger Equation3n�ëY��m«mþ)�Ôn/ª"

y3§·��±òØÓ«mþ�)?1ë�
"ùp§>.:kü�§��´x = 0§,��

´x = a"Äk§Å¼êo´ëY�§Ïd§·�k

ψ(0−) = ψ(0+), ψ(a−) = ψ(a+). (24.1.32)

Ùg§ò�§(24.1.5)ü>3«m [−η,+η] ( 0 < η < a )þÈ©§�

− ~2

2m

∫ +η

−η

d2ψ

dx2
dx+

∫ +η

−η
U(x)ψ(x)dx = E

∫ +η

−η
ψ(x)dx. (24.1.33)

d´§·�k

− ~2

2m

dψ

dx

∣∣∣∣+η
−η

dx+

∫ 0

−η
U(x)ψ(x)dx+

∫ +η

0

U(x)ψ(x)dx = E

∫ +η

−η
ψ(x)dx. (24.1.34)

|^È©¥�½n§þª����

− ~2

2m
[ψ′(+η)− ψ′(−η)] + U(ξ1)ψ(ξ1)η + U(ξ2)ψ(ξ2)η = 2Eψ(ξ3)η, (24.1.35)

Ù¥§

ξ1 ∈ [−η, 0], ξ2 ∈ [0, η], ξ3 ∈ [−η, η]. (24.1.36)

y3§4·�- η → 0+§dª(24.1.35)�

− ~2

2m
[ψ′(0+)− ψ′(0−)] = 0. (24.1.37)

d=

ψ′(0+) = ψ′(0−). (24.1.38)

ù´)ψ(x)3x = 0?���ë�^�§§L²��Å¼êψ(x)����êψ′(x)3x = 0?´ë

Y�"Ón��§)ψ(x)3x = a?kë�^�§

ψ′(a+) = ψ′(a−). (24.1.39)
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nþ¤ã§·�k

ψ(0−) = ψ(0+), ψ′(0−) = ψ′(0+), (24.1.40)

ψ(a−) = ψ(a+), ψ′(a−) = ψ′(a+). (24.1.41)

ùÒ´��Å¼ê3>.þ��Üë�^�§c�áu:x = 0§��áu:x = a"

d��Å¼êψ(x)3>.x = 0þ�ë�^�(24.1.40)§·�k

A+B = C +D, (24.1.42)

ikA− ikB = κC − κD, (24.1.43)

½ö§

A+B = C +D, (24.1.44)

A−B = −iκ
k

(C −D). (24.1.45)

d�´�

A =
1

2

[(
1− iκ

k

)
C +

(
1 + i

κ

k

)
D
]
, (24.1.46)

B =
1

2

[(
1 + i

κ

k

)
C +

(
1− iκ

k

)
D
]
. (24.1.47)

2§d��Å¼êψ(x)3>.x = aþ�ë�^�(24.1.41)§·�k

Ceκa +De−κa = F eika, (24.1.48)

Cκeκa −Dκe−κa = F (ik)eika, (24.1.49)

d=

Ceκa +De−κa = eikaF, (24.1.50)

Ceκa −De−κa = i
k

κ
eikaF. (24.1.51)

d�§·�k

C =
1

2

(
1 + i

k

κ

)
e−κaeikaF, (24.1.52)

D =
1

2

(
1− ik

κ

)
eκaeikaF. (24.1.53)

òd�ª©O�\ª(24.1.46)Ú(24.1.47)§�

A =
1

4

[(
1− iκ

k

)(
1 + i

k

κ

)
e−κa +

(
1 + i

κ

k

)(
1− ik

κ

)
eκa
]

eikaF, (24.1.54)

B =
1

4

[(
1 + i

κ

k

)(
1 + i

k

κ

)
e−κa +

(
1− iκ

k

)(
1− ik

κ

)
eκa
]

eikaF. (24.1.55)



6 1��oÙ Schrödinger Equation

Ñ��n§�

A =
1

4

{[
2− i

(
κ

k
− k

κ

)]
e−κa +

[
2 + i

(
κ

k
− k

κ

)]
eκa
}

eikaF, (24.1.56)

B =
1

4

[
i

(
κ

k
+
k

κ

)
e−κa − i

(
κ

k
+
k

κ

)
eκa
]

eikaF. (24.1.57)

Ú^V­¼ê§

sinhx =
ex − e−x

2
, coshx =

ex + e−x

2
, (24.1.58)

±þ(J����

A =
1

2

[
2 cosh(κa) + i

(
κ

k
− k

κ

)
sinh(κa)

]
eikaF, (24.1.59)

B = −i1
2

(
κ

k
+
k

κ

)
sinh(κa)eikaF. (24.1.60)

l1�ª�)§�

F =
2

2 cosh(κa) + i
(
κ
k
− k

κ

)
sinh(κa)

e−ikaA. (24.1.61)

d=ß�ÅÌ�\�ÅÌ�'X"ò1�ªØ±1�ª§�

B = −i
(
κ
k

+ k
κ

)
sinh(κa)

2 cosh(κa) + i
(
κ
k
− k

κ

)
sinh(κa)

A. (24.1.62)

y3§·�5O�\�VÇ6�Ý!��VÇ6�ÝÚß�VÇ6�Ý"d6�Ýúª§

j(r, t) = − i~
2m

[ψ∗(r, t)∇ψ(r, t)− ψ(r, t)∇ψ∗(r, t)], (24.1.63)

·��

j(x, t) = − i~
2m

[ψ∗(x, t)
d

dx
ψ(x, t)− ψ(x, t)

d

dx
ψ∗(x, t)]ex. (24.1.64)

u´§·�k

ji(x, t) = − i~
2m

[ψ∗i (x, t)
d

dx
ψi(x, t)− ψi(x, t)

d

dx
ψ∗i (x, t)]ex, (24.1.65)

jr(x, t) = − i~
2m

[ψ∗r (x, t)
d

dx
ψr(x, t)− ψr(x, t)

d

dx
ψ∗r (x, t)]ex, (24.1.66)

jt(x, t) = − i~
2m

[ψ∗t (x, t)
d

dx
ψt(x, t)− ψt(x, t)

d

dx
ψ∗t (x, t)]ex, (24.1.67)

Ù¥§ji(x, t)§jr(x, t)§jt(x, t)©O´\�6�Ý!��6�ÝÚß��Ý§ψi(x, t)§ψr(x, t)§ψt(x, t)©

O�\�Å¼ê!��Å¼êÚß�Å¼ê§Ù/ª�ª(24.1.26)-(24.1.28)"

|^ª(24.1.26)§�

ji(x, t) = − i~
2m

[A∗e−i(kx−ωt)
d

dx
Aei(kx−ωt) −Aei(kx−ωt)

d

dx
A∗e−i(kx−ωt)]ex

= − i~
2m

[A∗(ik)A−A(−ik)A∗]ex

=
~k
m
A∗Aex. (24.1.68)
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Ón§|^ª(24.1.27)Úª(24.1.28)§́ �

jr(x, t) = −~k
m
B∗Bex, (24.1.69)

jt(x, t) =
~k
m
F ∗Fex. (24.1.70)

¢�þ§<�~ÿþ��XêRÚß�XêT §Ù½Â©O�

R =
|jr(x, t)|
|ji(x, t)|

, T =
|jt(x, t)|
|ji(x, t)|

. (24.1.71)

�\þ¡'u6�Ý�(J§́ �

R =
B∗B

A∗A
=
|B|2

|A|2
, T =

F ∗F

A∗A
=
|F |2

|A|2
. (24.1.72)

5¿�ª(24.1.62)Úª(24.1.61)§·�k

R =

(
κ
k

+ k
κ

)2
sinh2(κa)

4 cosh2(κa) +
(
κ
k
− k

κ

)2
sinh2(κa)

, (24.1.73)

T =
4

4 cosh2(κa) +
(
κ
k
− k

κ

)2
sinh2(κa)

. (24.1.74)

�Ä�

cosh2 x = 1 + sinh2 x, (24.1.75)

��XêRÚß�XêT ��L�

R =

(
κ
k

+ k
κ

)2
sinh2(κa)

4 +
(
κ
k

+ k
κ

)2
sinh2(κa)

, (24.1.76)

T =
4

4 +
(
κ
k

+ k
κ

)2
sinh2(κa)

. (24.1.77)

N´wÑ§

R+ T = 1. (24.1.78)

dDVÇÅð�Ly"

Ï~§³^÷v

e−κa � 1. (24.1.79)

u´§

sinh(κa) =
1

2
(eκa − e−κa) ≈ 1

2
eκa. (24.1.80)
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dd´�§

T ≈ 4

4 + 1
4

(
κ
k

+ k
κ

)2
e2κa

≈ 4
1
4

(
κ
k

+ k
κ

)2
e2κa

= 16

(
κ

k
+
k

κ

)−2
e−2κa

= 16

(√
U0 − E
E

+

√
E

U0 − E

)−2
e−2κa

= T0e
−2κa.

ù´��~^�Cqúª"

þ¡�Ä�´E < U0��/§ù«�/§3²;�¹eâfØUßL³ £̂potential barrier¤"

e¡�Ä�´E > U0��/§ù«�/§3²;�¹eâf�±�L³^"aq��

R =

(
k′

k
− k

k′

)2
sin2(k′a)

4 +
(
k′

k
− k

k′

)2
sin2(k′a)

, (24.1.81)

T =
4

4 +
(
k′

k
− k

k′

)2
sinh2(k′a)

, (24.1.82)

Ù¥§

k =
2mE

~2
, k′ =

2m(E − U0)

~2
. (24.1.83)

w,§·�Ek

R+ T = 1. (24.1.84)

ù´VÇÅð��¦"

��,��~f§4·�5�ÄPotential step§

U(x) =

{
0, x < 0
U0, x ≥ 0.

(24.1.85)

d�§Ø¹�Å½��§�

Ĥψ(x) = Eψ(x), (24.1.86)

Ù¥§E�âf�Uþ§H�âf�M�îþ§

Ĥ = − ~2

2m

d2

dx2
+ U(x). (24.1.87)

Óc§·�k©«¦)Ø¹�Å½��§§

− ~2

2m

d2

dx2
ψ(x) = Eψ(x), x < 0, (24.1.88)

− ~2

2m

d2

dx2
ψ(x) + U0ψ(x) = Eψ(x), x > 0. (24.1.89)
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·�k�ÄE < U0��/"-

k =
2mE

~2
, κ =

2m(U0 − E)

~2
, (24.1.90)

Kþ¡�ü��§©Oz�

d2ψ

dx2
+ k2ψ = 0, x < 0, (24.1.91)

d2ψ

dx2
− κ2ψ = 0, x > 0. (24.1.92)

Ù)�

ψ(x) = Aeikx +Be−ikx, x < 0, (24.1.93)

ψ(x) = Ceκx +De−κx, x > 0. (24.1.94)

XJC 6= 0§K

ρ(x, t) = [ψ(x)e−i
E
~ t]∗[ψ(x)ei

E
~ t]

= ψ∗(x)ψ(x)

= |C|2e2κx + C∗D + CD∗ + |D|2e−2κx

→ +∞, x→ +∞. (24.1.95)

Ônþ§ùw,´Ø�U�"Ïd§XêC7L�"§=§

C ≡ 0. (24.1.96)

ù�§·�Bk

ψ(x) = Aeikx +Be−ikx, x < 0, (24.1.97)

ψ(x) = De−κx, x > 0. (24.1.98)

ùÒ´��Å¼ê3ü�ëY��«þ�/ª"3ü«m��.:þ§��Å¼êkXe�ë�^

�§

ψ(0−) = ψ(0+), (24.1.99)

ψ′(0−) = ψ′(0+). (24.1.100)

d´��

A+B = D, (24.1.101)

ik(A−B) = κD. (24.1.102)
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)�§�

A =
1

2

(
1− iκ

k

)
D, (24.1.103)

B =
1

2

(
1 + i

κ

k

)
D. (24.1.104)

u´§

D =
2

1− iκ
k

A, (24.1.105)

B =
1 + iκ

k

1− iκ
k

A. (24.1.106)

1�ª�ß�ÅÌ�\�ÅÌ�m�'X§1�ª���ÅÌ�\�ÅÌ�m�'X"

N´��

ji(x, t) =
~k
m
A∗Aex, (24.1.107)

jt(x, t) = 0, (24.1.108)

jr(x, t) = −~k
m
B∗Bex. (24.1.109)

ù�§·�k

T =
|jt(x, t)|
|ji(x, t)|

= 0, (24.1.110)

R =
|jr(x, t)|
|ji(x, t)|

=
|B|2

|A|2
= 1. (24.1.111)

w,§

R+ T = 1. (24.1.112)

y3§·�5�ÄE > U0��/"-

k =
2mE

~2
, q =

2m(E − U0)

~2
, (24.1.113)

KØ¹�Å½��§©Oz�

d2ψ

dx2
+ k2ψ = 0, x < 0, (24.1.114)

d2ψ

dx2
+ q2ψ = 0, x > 0. (24.1.115)

Ù)�

ψ(x) = Aeikx +Be−ikx, x < 0, (24.1.116)

ψ(x) = Ceiqx +De−iqx, x > 0. (24.1.117)

3x > 0�«�§�kß�Å§§´m1Å§Ïd§

D ≡ 0. (24.1.118)
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u´§·��

ψ(x) = Aeikx +Be−ikx, x < 0, (24.1.119)

ψ(x) = Ceiqx, x > 0. (24.1.120)

3ü«m��.:þ§��Å¼êò÷vXe�ë�^�§

ψ(0−) = ψ(0+), (24.1.121)

ψ′(0−) = ψ′(0+). (24.1.122)

d�á�

A+B = C, (24.1.123)

ik(A−B) = iqC. (24.1.124)

)�§�

A =
1

2

(
1 +

q

k

)
C, (24.1.125)

B =
1

2

(
1− q

k

)
C. (24.1.126)

ù`²

C =
2

1 + q
k

A, (24.1.127)

B =
1− q

k

1 + q
k

A. (24.1.128)

1�ª�ß�ÅÌ�\�ÅÌ�m�'X§1�ª���ÅÌ�\�ÅÌ�m�'X"

N´��

ji(x, t) =
~k
m
A∗Aex, (24.1.129)

jt(x, t) =
~q
m
C∗Cex, (24.1.130)

jr(x, t) = −~k
m
B∗Bex. (24.1.131)

ù�§·�k

T =
|jt(x, t)|
|ji(x, t)|

=
|C|2

|A|2
q

k
= 4

q
k(

1 + q
k

)2 , (24.1.132)

R =
|jr(x, t)|
|ji(x, t)|

=
|B|2

|A|2
=

(
1− q

k

)2(
1 + q

k

)2 . (24.1.133)

w,§·�Ek

R+ T = 1. (24.1.134)


