Part |11
Electromagnetism




«Cavendish began his experiments on electrostatics
In 1771.

«Coulomb published his famous result in 1789.

Fifty years later, Faraday discovered the law of
electromagnetic induction.

|n 1865, Maxwell summarized the laws of the
motion of the electromagnetic field into the Maxwell
equations and predicated the existence of
electromagnetic waves. Hertz confirmed the
existence of electromagnetic waves by experiments.




o|ts wide application in engineering made the
modern civilization possible.

*The theory of electromagnetism has the most
‘beautiful’ mathematical form.

Maxwell equations printed on T-shirts

self-consistent simple and brief  symmetric

harmonic




It cannot be used to describe the electromagnetic
Interaction among elementary particles.

The quantum electrodynamics should be used In
that case. That’s why the what we will study In this

part called classical electromagnetism.




Chapter 15 Electrostatic Field
15.1 Electric Charge and Coulomb’s Law

—an Intrinsic property of matters

gravitational mass — source of gravitational force

electric charge —source of electrostatic force

positive and negative

glass rod rubbing with silk brings charge;
plastic rod rubbing with fur brings charge




In Section 29.5, the electrification i1s defined on basic
level through decay process of particle.

« all charges are equivalent, and algebraically
additive.

o Like charges repel, unlike charges attract.

« Electricity neutrality of objects Is the most
commaon occurrence.




Experiments show that charges are e, It
cannot be subdivided continuously. There Is a
. The value Is

e =1.60217733(49) X 10°C  1C=1A"s

Is e really fundamental? fractional charges?
up quark down quark strange quark

213 -1/3 -1/3

Confinement of quark




Theory: fractional charges of the collective
excitations in polymer

Experiments: B. Fairbank et al (1965, 197/7~1981)
found that on superconducting niobium ball of
diameters 280um, masses 10 ~’kg, there exist
fractional charges e / 3

1909 Millikan wrote




Charge IS In large-scale events or on the
atomic and nuclear level.

238 234 4
» Uo7, Th+ He o -decay

e +e" > 2y nair -anihilation

n—p+e+v, 3 -decay
Particle-antiparticle; Charge conjugate symmetry

Whatever has has . In other words, a
particle of zero rest mass has zero charge.
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I, =—Fp,

Force acted on g, 12 :
by & (=1 —gx1p® LM

ATE, C*

two-body action; action-at-a-distance;
Inverse-square law

1

2e  £5(27£3.0) X107




Example 15.1 In the of hydrogen atom
(r),., =0.53A

1 e’
me = 4mey (r)’

_ i N-m? (1.6x107™°C)?
C? (0.53x107m)?
=8.1x10°N

_ g m®  (9.1x10°'kg)(1.7x107*"kg)
| kg-s* (0.53x10m)?
=3.7x10*N




F 103 Coulomb Interaction dominants.

¥

Chemical processes are due to the electrical
Interaction among atoms and molecules.




In a nucleus
Z (atomic number) + N (neutron number)

= A (mass number)
r< A¥¥x107°m

(MNyp=4.0x10""m

~ (9%x10° N-m?/C?)(1.6x107°C)?
(4.0x10™°m)?

F




How can protons stay together to form a
nucleus?

There exists a strong, short ranged attractive
Interaction- to counterbalance the

Coulomb repulsion.




S—
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The neutrons contribute to the attractive nuclear
force without adding electrical repulsion. They
produce a stabilizing effect.

The nuclear fission and the a-decay are due to the
Coulomb repulsion.




15.2 Electrostatic field

Electric Field is defined operationally as

E = Iimi
QO%OqO

Field around a point charge

q9 1 1 0
E, =k—=rx—= e,

r 0, 4me, r°




- the lines that at each point on them is
tangent to the electric field at the point.

The differential equation of the lines of the force Is




Example 15.2 Find the equations of the lines of the force

for the electric field of a single point charge.
Solution: The electric field around a single point charge is

g Xi+yj+zk
E = LY
4dre, r

Then, on the x-y plane, the differential equation for the

lines of force Is
ay_E_y
dx E, x
The solution of the equation is
y = kX
which represents a family of straight lines radiating from
the point charge.




The total force acted on a charge g by a set of
charges q,,9,...4, IS

N

= = | r|
F:ZFi_Z - 3

i=1 = Arey T

where T Is the displacement vector from g to g.

Then, the resultant electric field is

:;Ei:Z Qi ri3

=1 47[80 r|




Field around a dipole

3/2 3/2

h +(y+a)]

X2+ (y-a)?)
qy-a) -q(y+a)
b2+ (y-a? " [ery+a?”

3/2




For far zone (r >> a), or far field points

1 3Xy

E, = 2 . 2
Ae, (X°+Y°)
1 2y —x°

=~ ey (X% +y?)Y? (a8

5/2 (q ' Za)

Xy _ 3 Sin 2 -1
(X2_|_y2)5/2 2r3 4 r3
2y% —x°

(X2+y2)5/2

1 1
= o (1-3cos2¢) ~

r3

e

[Point chargej/ re







del see appendix H

Taylor’s series

F(r+8) = ()46 V(D) + -0 - V) (1) +--

1 ziia.V£+...:£$
rtal r r r r

3

yil_0
r’ or




1P
4me, 1’
1 2p
4re, I’

E// —

The dipole of a point charge can be defined as

p=ar 1 coordinate-dependent |
In general, p:qui
i

The dipole has essential significance, only when net
charge is 0.




Force or torque on charges

F=qk
F=gqE+(—q)E=0

M =ax(qE) +(-a) x(-qE)
=20ax E

. = pPxXE.
the equation of motion Is

— pEsin @ =16

The period of small oscillation is




*In a non-uniform field

F=—qE(r—a)+qgE(r+a)

=—q|E(r) —a-VE(r)+---]+q[E{r)+a-VE(r) +--]
=(p-V)E(r)=V(p-E)

M=(r—-a)xF_+(r+a)xF,
=pXE+rxF




Work-energy relation

pPEsingdé

0

= —pE cos@ — |- pE cosd, ]
=U(0)-U(6))

U=-p-E+C




For continuous distribution of charge

E(r)=—

" dq(r)

ane, \r—r’

1

ATE,

charge density

=(r=r’)

Jp(r)cg(r_r,)

r—r’

narge

surface (area) charge density narge

linear charge density

narge

ner unit volume

Der unit area

per unit length




Example 15.3 Electric field around infinite line
of charge with linear charge density A4

— 00

/2

1 Apsec’ ado 1 24
COSo =

7-!‘/2 ATE, p2 sec” o 47'580 o,




Example 15.4  Electric field around ring of linear
charge density 4 = q/2rR.

2T

E=E, = L Iq ><Rdzgo><E
4n€002nR r r

1 qz
3

ATEy 1

1 qz
Aney (2% +R?)Y?

Forz >> R,
=+

> (a point charge. )
4ne, z°




Extend to a charge on a disc

R
1 2np dp oz
3/2

E, = 2 2
Are, ) (27 + p°)
0

Z

= ! 2O Z !

ATte, __ (z2 +,02)]/2 |

0

_ 1 2 o|sgnz — .
4re, (22 + R?)Y?

FOr R —oo, 1

S 2o Sgn z
Amte,

o —surface charge density




-

ﬁdrupole

Assignment:15.1, 15.3, 15.6




15.3 Gauss’ law

vector field V(r)

dS- an infinitesimal area on the
surface S

n-normal vector ( unit vector
perpendicular to the surface)

Flux through ds ~ d¢ =VdS cosd
=V -ndS =V -dS




6’<%, dog >0 outgoing

6’>%, dp <0 Incoming

Flux through the surface S is

¢ = deS cosé

:Iv-ndS:jV-dS



Example: Flux of particles

velocity field v

density of particles n (number of particles per
unit volume)

The number of particles passing through dS per
unittime  nycosé@dS = nv - ndS

The total flux of particle through a surface S

¢:jnv-nd8.
S




Assume each particle carries a charge g. The
total charge passing through the surface S per
unit time( intensity of the electric current) Is

I:jnqv-ndS:jj-ndS,

where j=nqv is the electric current density.




S—spherical surface
concentric with g

N\

=1 1
Are, I°
r — unit vector along the radial direction

The electric flux through the spherical surface is
O ={E-dS = E-ndS

1 (am?=4
47za)r &




S—arbitrary closed surface
a. g Is Inside S.
The flux passing through dS:
d®d: = E -ndS = EdS cos@

= cos@s =— cosfblS

Arreyr® Ame, T

9 4o
47[80

dQ2—solid angle subtended by dS as viewed from q.

@, =§£E.nd5=42803£d9=8ﬂ0




b. g Is outside S.

Because the subtended solid angles for dS’ and dS are
exactly the same, the flux through dS’ and dS are
equal In magnitude but opposite In sign.

They cancel each other.
(I)E — O

In summary:

kl g inside S;

%) g outside S.

\

(I)E:<




The electric flux through a closed surface
surrounding charges O 02,03+ IS

¢E=§E.d8=i—:,

where {in = Z Uiis the total net charge inside the

closed surface.




—the space inside a conical surface.

unit: steradian (abbreviation sr)

S—the area on the sphere
Intercepted by the conical surface.

R —the radius of the sphere.

The complete solid
angle around a point Is




The solid angle subtended by the surface
element dS Is

dS” dScosé
_F_

dQ =




For a point charge, due to symmetry, a spherical
Gausslan surface centered on the charge Is

appropriate. Using Gauss’ law

fE-dS=E, 4nri="
E
the electric field is: ¥

-+ 9
Ame, I




In an Insulated conductor:

| Charge —field —motion
Siifjuee | —equilibrium —E;, =0,
A Gauss’ law —q,, =0

Electric charge can only stay on

the surface of the conductor

conductor

Test Gauss’ law and
then Coulomb’s law




Observer : Conducting
| shells

G-galvanometer

£<(2.7+3.1)x107"




Example 15.5 Field of an infinite line of charge of
linear density A.

50§ E-dS= EOE,O 2mp h Gaussian surface |
Uin = Ah

= 1 24
P Ame, p




Example 15.6 Field of an infinite sheet of charge of
surface density ¢

@aussian surface

8O§E-dS=SO(EA+ EA)

Qip =OA
E=——= L 2O
26, 4meg,




Example 15.7 Field of infinite sheet of charge with
of

~ Gaussian surface

z2<d/2, g,(EA+ EA) = pA2z, E:pd( ‘ j

2£, d/2




Inversior

1 layers

p-n junction




Example 15.8 Electric field near conductor surface of
surface density o

@ =EA+0
Qin = OA

£,EA = oA




Example 15.9 Typically the earth has a small E
=130N/C downward

Q =gO§>E dS = —&,E, 41 R

Q =-5.92x10°C

1
4t x 9x10°
=-1.15x107° C/m?

= —g,E, =— x130C/m?




Example 15.10 IS the minimum
field strength to breakdown material. For dry air, it
IS

E, >3x10°N/C

9 - < Ey
drtelR

When R = 102m, Q = 3.3X10 —4C.
While R=1m, Q =3.3X10*C




Example Using Gauss’ law, determine the electric field of
a uniformly charged sphere.

Solution: Because of the symmetry, the
orientation of the electric field must be
radial. Therefore, making a spherical
Gausslan surface of radius r concentric

with the charged sphere, the flux through
For r>a, the charge inside the Gaussian surface is Q.
Thus, from Gauss’ law, we have

Eam? =2 o
&o




For r<a, the charge inside the Gaussian surface Is

Q=% 9 SRR Qr’

a’
Therefore, Gauss’ Iaw gives

E.4ar° Qr or

£,a°




Thomson model (plum Rutherford nuclear
pudding model) atom model

— 21
- 19 4paqeene B 23X107N/C

ATE, T “fired a 15-inch shell at
a plece of tissue paper
and 1t came back and hit
you”




Example 15.11 of an atom In E,
1 (—Ze)x, _
4te, R®

E,R°
VA

=E, + 0

Xqg =4TE,

Induced dipole Is

p = Zex, = 4ng,E R’




Assignment: 15.9; 15.12




S is an arbitrary closed surface
and V iIs the volume inside It. For a
continuous distribution of electric
charge, Gauss’ law reads

_1
fE-ds_govjpdr.

Using Gauss’ theorem(divergence theorem)
§E-ds =[divEdz= [V Edz,
S Vv \'

we have ' - %}ence of E|
Jo,

V—arbitrary —» the
Integrands must equal




gradV gradient of V




\Y oV oV
VV . d—a—dx +—dy+—dz=dvV —total differential

oX oy 0z

path independent |

B B B
jE-d =j—vv d =j—dv =—(V5 =V,).
A A A

According to the principle of superposition, the

electric field produced by a set of point charges Is
E — E1‘|‘ E2+ E3
where E. the f|eld produced by @ . Then

jE dl = jEl o||+jE2 dI+JE3 dl +--

IS also path mdependent




E—the electric force acted on a unit charge

—the work done by the electric field on
a unit charge

B
jE.dl
A

Conclusion: When a charge i1s moved in the static
electric field, the work done by the field is
Independent of the path. The static electric field
corresponds to a conservative force.

B
J E.dl is path independent.
A

N A

§LE-d| —




P
P,—reference point, the

potential energy at Py IS zero.  an arbitrary path

The potential energy of a unit charge at
point P IS

P -
VP:_J‘E-dLX i
R Electric potential |

unit: joules/coulomb(J/C) volt(V)




Example Find the electric potential for a single
point charge .
Solution: The electric field around a single point

charge Is
q T q 1
E = === .
Ame, 1 Are, ¥

We generally define V=0 at infinity. Then

V(r)=—jE-d|=jv(4q i)dl:jd@

g 1

ATtey I




The electric potential
produced by point charges
d;, s, Os,-.. at point P Is

—y

472«-8 0 |

I
04 '\1 P

For a continues distribution of charge, we have

1 [ p(r)dz

V(r)= —+C
ATE,




The electric potential difference between points
Aand B Is

B B
vB—vAz—jE.dl =jdv

where =a—vdx+&dy+&dz=vv-dl.
oX oy 0z

Therefore E=-VV =—gradV.

"he electric field is the negative of the gradient of
ne electric potential.

_oV
oX

—or three components  E, =

unit of the electric field: volts/meter (V/m)







1 q2a-r
ATE, I T
1 pr
_47t80 r’

e {V(p.r)ﬂp-r)vr_{’l

V(r)=

2

3

ATE, r

— = ];)[B(F)'er)er_p]

_47t80r
. 0 ]
V(p°r):|&(pxx+ Pyy+ pzz)+"':|px+“': P.

—r—34Vr ===




Example 15.12 Find the potential along axis of a
uniformly charged disc of radius R and surface

density o 1

V(2)=
(2) ATE,

1
ATE,

T o2np dp
(22+p2)1/2

0

210 |(2% + RY)Y? —\z\]

L g Z>>R

de, | 2]

1

2no|z|? z<<R
ATe,




Example 15.13 Find the potential of a uniformly
charged infinite sheet.
Solution:From Example 15.6, the electric field Is

g,z>0,
E:< 280

o
-—,2<0.

| 2&
Using the relation E =-dV/dz , we have

-

o
-—,2>0,

d_V:< 29
az iz<O
- 2&,




Taking the potential at sheet as zero, we have

@ 3

O
——1Z, Zz >0,

V = 2E,

O
—7Z, z <0,

- 2&

J




—surfaces having the same
potential at all points.

In the case of a single point charge, the equipotential
surfaces are

vt 9_¢
ATE, T

or r=C" a family of concentric spheres |

For a uniformly charged infinite sheet

V=-"|zj=C. —» Z=C
&o

a family of parallel planes |




If a test charge Is moved on an
equipotential surface for an
arbitrary displacement, no work Is
done by the field.

!

E Is orthogonal to the equipotential surface at each
point.




§LE-d| -0,

Stokes’ theorem: {5
§LE-d|:£(VxE)-ds. )

‘ ﬁ&rotaﬁon of E |

VXE =0. Rotation-free

_|_

with source




The electric potential energy of a pair of point charges
IS just the work done to bring them together.

1 1
U=W =0V, =0, b i
Arte, ,  4Ame, I

Vy, = 1 & —theelectric potential produced
dngy h, by g, at the position of q,.




Two protons (in a nucleus 238U) 6.0x10™° m apart

2
U=—1"& 510V
Amte, I

>> kg 300K = ieV

A 2
Bohr model of hydrogen at(())m A, = 47[80?

me
2 2
Lol e 0 1
2 47[80 ao 4'Tch a-0

E=T+U =%U =-13.6eV




Fine structure constant




For an assembly of n point charges, If we bring
them one by one to their positions from the infinity,

the works done are
ql: W]_ — O

Qo W, = 0.Vio

U= W5 =q3(Vis +Vas)

qn: Wn =0 (Vln +V2n +




Therefore, the potential energy of the system is

U =W =i§:1:wi =Zn:q{iiv,-i]
=iiiqi\/ji _ izqq. _

i=l j=1 Arey T3 T

130,334 3

| j=1
1# |

V; Is the electric potential on the position of g,

produced by all other charges except g; itself.




1D ionic crystal %@

—-—a

Zuu:zze(— . Zej

Ame, a )|
1 (Ze)*
Ame, a

E

=-2ln2

binding energy of ionic
iMadelung constant crystal




For continuous distribution of charges p

U :%IV(r’)p(r’) dz’
Self-energy of a spherical charge g Is

2
L 30 l—r—2 Am redr
Are, 2R 3R

31 ¢q
54re, R

= j V_. p (r)4m ridr

1 Sq(rY
= q( j p 4w redr
dre, o AR

Core-shell




Suppose electron has structure. Lack of further
knowledge about density distribution, one may define
a “classical electron radius” by

1 e3

=m,C

ATE, I

2
n=— & 282x10%m

4me, m,C?




Where Is U located?

_% |_y. .
== j[ V-(VE)+VV-Eldr

=—5—0§VE-dS+EIVpdr
2 2

1
_ 2 (vpd
zj’” u:g—ZOE-E




Applying it to point charges,




When two point charges exist, the field Is a
superposition of their fields. The energy of
Interaction Is

E E E
AU =?0j(|51 +E,)-(E, + Ez)dr—?oj Efdr—?ojEzzdf

E
=?OI(E1-E2+E2-E1)dT

1
= EJ‘ (oV,+pV,)dr

1
= CAMRIAYY
Assignment 15.15, 15.17




