University Physics Quiz 2

Name: SID: School/Department:

1. A particle of mass m slides down an inclined plane, subject to a constant vertically

downward force of magnitude mg . The motion is resisted by a force mkv? k being a
positive constant and v the particle's speed. Show that the time required to move a
distance d after starting from rest is
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where @ is the angle of inclination of the plane.
Solution: By introducing the coordinates as shown in the figure, the equation of motion can be written as
mi = mgsin@ i —mg cos j—mkv’i + Nj
Since the particle moves along the plane, we have
N—-mgcosd=0.
The equation of motion can be rewritten as
#=(gsind—k)i.
Let r=Xxi,where x is the distance the particle travels down the inclined plane. Thus

2

X . dv .
=gsinfd-k’ o —=gsinf-k’.
ac a f
Separating the variables of above equation gives
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Integrating both sides
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Integrating above equation
x = [ dx = [ 2 tanh(Zkt)dt = % [ tanh(kt)d (2kt) = %ln[cosh(ikt)] .
0 0 0
When x=d,
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2. A spherical raindrop leaves a cloud with initial radius 7, and negligible speed. As it passes through the atmosphere, its
mass is increased at a rate proportional to the product of its surface area and speedv. Assume the density of the
raindrop is constant and no forces act on the raindrop except gravity. The distance below the cloud is denoted as x .
(a) Show that the radius 7 of the raindrop increases linearly with x .
(b) If 7, is very small, show that the acceleration of the raindrop is approximately g — 3y? / X.
(c) Show also, when 7, is very small, that the equation of motion of the raindrop can be written in the
formd(vz)/dx+6v2/x =2g.
(d) Verify that the equation in (c) has solution V=2 ax / 7, and show that the acceleration of the raindrop is g / 7.
Solution: (a) According to the problem

d—mzk(47zr2)v, m :iﬂr3p.
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Thus
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Integration both sides of above equation

J-dr——jdx r=r0+%x. (1)

(b) The equation of motion of the rain drop is
d(mv) dv  dm
—t=m—tV—
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Using c;_n; = k(47z7’2 )v, we have

m%: mg—k(47zr2)v2.

Thus

If 7,is very small, » ~ — x. Substituting it into above equation gives
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(c) Noting that
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the above equation can be rewritten as
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d) Substituting v = & into above equation, we have:
g 7 q
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Substituting v* = 2gx /7 into (2), we have
dvldt=g _—3(2gx/7) =&
X 7
3. A block of mass m rests on an incline that makes an angle of € with the horizontal
plane. The static and kinetic friction coefficients between the block and the surface of
incline are g and g, respectively (£, > 1, ). The block is attached to a massless
spring of spring constant k£ and relaxed length/, as shown in the figure.

The block is pulled so that spring is extended to a length/ + x where x_, is the
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0

maximum extension of spring with which the block remains stationary when released.
The block is released and then given a tiny kick and it starts moving up.
(a) Find the maximum extension x_, .

(b) For what value of the extension of the spring x , the block reaches its maximum speed?

(c) As the block moves up-hill, the spring gets shorter. Show that the condition for the spring can become shorter than its

relaxed length / isu >2u, +tan@.

Solution: (a) The free-body diagram: (The position of the block where the spring is relaxed is taken as the original

point.)

The equilibrium of requires
X: —kx+ﬂf+mgsin9=0,
y: Fy—-mgcosd@=0.
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From the above equations, we obtain

kx < pmgcos@+mgsind or xﬁ%(ys cos0+sin0).

Therefore, X, = %(y‘v cosd +sin 6’)

max

(b) The equation of motion is

—kx+ pu,mgcos@+mgsind =ma.

At the point the accelerationa = 0, the block reaches the maximum speed. Thus, the extension for the maximum speed

is
xX= %(yk cos@+sind).
(c) (Solution 1) The equation of motion is
dv dx

m@:—kx+,ukmgcosﬁ+mgsin0 or m—-+-—=—kx+ y,mgcos@+mgsinf
dt dx dt

or mvdy = (—kx+,ukmgcos6+mgsin H)dx .



Integrating both sides of the equation from the initial point x=x_  to the highest point the block can reach

max

X = x,, (where the speed of the block is zero), we have

. X=X,
lmv2 = [— l/(362 + mg(:uk cos @ +sin 49))6}
2 o 2 X=Xpax
or
_%k(x,f = )+ mg (i, 050 +5inOYx, ¥, ) =0
or

—%k(xh + X, )+ mg(,uk cosd +sin 0) =0.

The condition for the spring can become shorter than its relaxed length / is x, < 0. Thus we have

max

—%kxmx+mg(,ukcos€+sin6’)<0 or Xx >2%(,ukcos€+sin0).

By using the result of (a), we have

%(yx cosd +sin @) > 2%(;1,{ cos@+sind).

Thus g, >2u, +tang.

(Solution2)  Since the kinetic energies of the block at the initial point x = x,_,, and the highest point x = x, are both

max

zero, then in the process the block moves from x,_ ., to Xx,,the decrease of the elastic potential energy of the spring is

equivalent to the increase of the gravitational potential energy plus the work done by the frictional force. Therefore, we

obtain

%kxiﬁx —%hi = mg(‘xmax _xh )Sin9+ mgluk Cose(xmax _xh)

or

%k(xmax +Xx, ) = mg(,uk cosd +sin 6’) :

1 .
Since x, <0, we have Ekxmax > mg(,uk cos@ +sin 6’). Using the result of (a), we obtain £, > 2, +tané.

4. A bead of mass M moves without friction along a stationary rod that lies along the y
horizontal x-axis. A pendulum of length L is suspended from this bead with a mass T M

m at its end. The pendulum swings in the xy-plane, where y is the vertical axis. e
Assuming small oscillations, what is the frequency at which the pendulum oscillates?
( Hint: To write the equation of motion of the pendulum in the noninertial frame of the
bead.)
Solution: The equation of motion of the pendulum is
e,: mgcos@—FT—m)'ésinﬁzm(—Léz)
6]
e,: —mg sin @ —mi cos @ = mL O )
The equation of motion of the bead is
Mi =F, sinf 3)
3)—(I)xsin@—(1)xcos @ :
(M +m)X=mL6* sin @—mL6 cos O (4)



For small oscillations, using the approximationssin & = @, cos@ =1 and neglecting the high order small quantity,
equations (2) and (4) can be approximated as

—mg@—mﬁé:mLé (5
and

(M +m)i=-mLO (6)

Substituting X = — L0 into (5) and after some algebra, we have the small oscillation equation
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