University Physics Quiz 1

Name: SID: School/Department:

1. A particle moves outward along a spiral trajectory given by » = A8, where A is a positive constant. & increases in

time f according to @ = at’ / 2, where ¢ is a positive constant.

(a) Find the time when the radial acceleration of the particle is zero.

(b) Find the time when the radial acceleration and the transverse acceleration of the particle have the equal magnitude.
Solution: From

Fore  Feic +rée, (%zéég,%:—éa) P = (- r6)e, + 206+ i,

we know that the radial acceleration and the transverse acceleration are respectively

a =i-rf* and a,=270+r0.
. 1 5 A4 ,
Since szat and I’:Aé’zzat , we have

O=at, O=a, r=Aat and F=Ac.
Substituting above results into the formulae for the radial acceleration and the transverse acceleration, we have

a, :Aa—%Aa%“, a,=24a’t’ +%Aa2t2.

42

(a) arzAa—%Aoft‘*:O, a’tt*=2, t=—=.

Ja
J33-5

b) a, =Aa—%Aa3t4 = a,=24a’t’ +%Aa2t2, a’t* +5at* -2=0, o’ ==

J33-5
T

2. A particle travels along the path y =a + bx + cx® ona plane, where a, b, c are constants. The speed of the
particle is constant v, .

(a) Determine the x and y components of velocity at x = 0.

(b) Find the acceleration of the particle at x =0.

Solution:

(@) y=>bx+2cxx.
At x=0, yp=bx.
Substituting y = bx into X° + y* =V, , we have

(167" =02,

bv,

. 2 ) bv, 2
X=—F—m—,V, =y =—F—= Oor V, =——F—=,V :
Ji+p? 7 VJ1+b? > Ji+p? 7 V1+b?

(b)  J =b¥+2cxk> +2exi

Then, we have v =

Making derivative on both side of X° + 3> =v_, we have



2AF+259 =0, J=—%
b

At x=0, y:-%x', J=bi+2ci’=  (1+b%)¥ =—2bci’

—2bcx®  —2bcv,

a. =X

TN 04bY) (1+b7)F
p —"——l)'c'— 2cv,
YT T ey

3. In spherical polar coordinates, the position vector of a particle is# = re, . If a particle moves in 3-dimensional space,
its trajectory can be described with » =r(¢),0 =6(t), = @(t) in spherical polar coordinates, where fis the time.
Evaluate the components of the velocity and acceleration of the particle in spherical polar coordinates.

Solution:

e :sinH(cosgoi+singoj)+ cosO k,
e, :cosH(cosgoi+singoj)—sin0k,
e,=—sin@i+cosy j.
e :[cos@(cosgoi+sin¢j)—sin0k]9+sin0(—sin¢i+cos¢) j)qb: 6@0 +sinbge,,
e, :[—sin@(cosgoi+sin¢)j)—cos@k]é+cost9(—sin¢i+cos¢) j)qb:—éb, +cosbipe,,,
e, =—sin(oi+cosgoj:(—cosgoi—singoj)(b:—gb(sinﬁer +cos€e9).
r=re v=r=re +re =re, +r9e9 +rsintgpe,,,
a=v=r
=ie, +ie, +Ge, +rle,+rbé,+FsinOgpe, +rcosOdpe, +rsinOige,, +rsinOge,
=ie, +(Ge, +sin 9¢e¢)+f9e9 +rle, + ré(— Ge, +cos 6’¢e¢)
+Fsin Oge,, + r cos O0¢e,, +rsin Oge,, + rsin Op[— g(sin be, +cos e, )]
= (,';_rg'ﬂ —rsin’ H(pz)er +(2f9+ré—rsin000st9qb2)e€
+(2sin 6o+ 2 cos 00+ rsin O e,

4. (Pursuit curve) As shown in the figure, an aircraft ( pursuee) is flying in a

straight line parallel to the x-axis with speedv . A guided missile (pursuer)
. . . Aolab) Alxn,b)

with constant speed v,,(v,, >V, ), moves towards the aircraft in such a e =

way that the guidance of the missile locks on the aircraft and its direction of )

velocity always points to the aircraft. Initially, the aircraft is at point M( )
miym
A,(a,b) and the missile is fired at the origin. Find the time used for the
missile to hit the aircraft.
M,(0,0) . *

Solution: The position vector of the aircraft is r, =(a+v,t)i+bj and
the position vector of the missile can be denoted as r,, = x(¢)i + y(¢)j, where ¢is the time. Since the tangent vector
of the trajectory of the missile always points to the aircraft, the equation of pursuit can be written as

L/l ML TR I VN (1)
7= r] [P
The above equation can be rewritten as
(a+vAz—x(r))x2+(b—y(t))y'2 v Riiievl o
Ja+vi=x@)) +(b- )




Squaring and rearranging (2) gives

[(a+v,t=x@)s+b-yO)F =v2 [(@+v, = x) +(b- 30}

Expanding above equation, we obtain
(a +v,t— x(t))2 ()'cz —-vi )+ (b - y(t))2 (j/z —vi )+ 2(a +v,t—- x(t))(b - y(t)))'cj/ =0.

Using x> +7§° = vjl , the above equation can be rewritten as

(av,t—xOV 5 —(b-y(0) i +2a+v t—x(0) b - y(t))iy =0
or
(x(t)—a—v ) +(b— (1)) =0. o
((C  Another way to obtain (3):

The unit tangent vector of the curve is ¢ =-—

A Jes”

—Vi+Xxj

Then, the unit normal vector is n = Thus,

the equation of pursuit can be written as

n-(r,—r,)=0

or  (x()—a-v)y+(b-y@)i=0. )
By applyin x':@:dx/dtzz we have
Yy applymg dy dy/dt ),},
(x—a—vAt)+(b—y)x':0. 4)

Noting that the arc length is

12
s=|V1l+x"dy=v,t,

O

Eq.(4) can be rewritten as

(x—a—V—AI\/1+x'2dyJ+(b—y)x'=0. (5)

Yu o

Differentiating ( 4 ) above equation gives
dy

Y 1+x”° +(b-y)x"=0 or = :
Vu (dsz b-y
I+ —

L dx .
Substituting u = d_ into above equation, we have

'y

du_ v, /vy a0
\/1+u2 b-y



Noting that for £=0 ,y=0, u= a/ b , integrating both sides of above equation, we have

u 2 _
[ du jVA/VMd or In| XVIFUT :—V—Aln(b—yj (b—y>01)
a/b\/1+u b y g+ 1+£ Yy b
b\ B
b i a a’
or TRV LA | U B
b—y) |b b

Thus, the capture time is

2 b
:—=—j\/1+u dy—=— (b yj (b 1+Z—2}dy—LJ.udy

Vu % Vi %o

b
Var =V 2 b
_ 1 bVA/V’VI(b y) v _+ h az __L @dy (6)
Vi =V, b b Vi o dy
0

= ! (a+\/a2+b2)—vi[x(y=b)—X(y=0)]

Vi V4 M

Obviously, x(y=b)—x(y=0)=a+v,t. Substituting that into (6), we have
1 1
t=—(a+\/a2 +b° )——(CH—VAt)
Yu — Va4 Ym

Finally, we obtain

t:%(vAa+vM\/a2 +b° )

Vu V4

To obtain the analytical solution of the pursuit curve equation, please refer to:
http://mathworld.wolfram.com/PursuitCurve.html




