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University Physics
Midterm Examination
Kuang Yaming Honors School, Nanjing University

Select five out of following six problems.

1. (20pts.) A skier of mass m moves down a track with constant slope &. X
The motion is mostly subjected to the air resistance and the friction between

the snowboard and the surface of snow is negligible. The air resistance is

given by f = —kv’. The initial velocity of the skier is zero.

(a) Write the equation of motion of the skier.

(b) What is the velocity of the skier as a function of time?

(c) What is the distance s traveled by the skier as a function of time?

I zdx 7= 1 tanh ™ [zj + C,Itanh(ax)dx = lln cosh(ax)+ C,

a’—x* a a a

(Hint: )
T-e i sinh(x)

Sinh(x) — %,COS]’I(X;) = %, tal’lh()C) = Cosh(x) .

Solution: (a) The equation of motion is

dv )
m—=mgsin@ —kv> .
dt

(b) Rewriting the above equation as

dv k
, > =—dt
mgsin@/k—v* m

and integrating the both sides of it, we have

J. - dv 5 zﬁjdl‘ or
cmgsin@/k—v:  my

v=,/mgsinf/k tanh(wlkg sin ﬁ/mt).
(©) s = [ vt = \Jmgsin 6]k [ tanh(|fkg sin &/mt Jit = Zin cosh(y/kg sin &/m).
0 0

2. (20pts.) A particle of mass m moves in one dimension along the x-axis. The force acted upon it is given
by

1 v k
———tanh | ———|=—1.
mgsin0/k ( mgsiné’/k] m

Thus

F== L (x>0

X X
where @ and [ are positive constant.
(a) Find the potential energy function of the particle .(Choose the zero potential energy at infinity. )
(b) Find the position(s) of the equilibrium(s) of the particle, and identify it (them) as stable or unstable.
(c) If the particle is initially placed at the pointx = a/ [, what is the minimum magnitude of velocity at
that point the particle must have so that the particle can escape to the infinity.
Solution: (a)



U(x)z—jdexzﬁ—é

: S : : dF,
(b) From F =0, we have x= a/ [ is the equilibrium point. Noting that d_x =
X

X

-2
B

3 3

3aa 2 ) . o L a :
[_ — t _ﬂ = —ﬁ— < 0, we know that the force is restoring in the vicinity of x = —. Thus, it’s a
X x |._@ o

stable equilibrium.

2
a
(c) The potential energy of the particleat x =— is U = —f— and the potential energy at the infinity is
(24
2
zero. Thus, to escape to the infinity, the minimum kinetic energy of the particle is K, = 2—, and the
o

p

minimum magnitude of velocity is M — f .
am

3. (20pts.) A pair of long thin rods, each of mass M and length L are connected

to a hoop of mass M and radius L/ 2 to form a 4-spike wheel as shown in the

) |z

around the axle in a vertical plane. Several turns of light string is wrapped on the

~\
v

wheel and a mass M is hanged on the one end of the string.

(a) What is the rotational inertia of the 4-spike wheel for the axis through the center of
the wheel?
(b) Determine the tension 7 in the string.

figure. The center of the wheel is mounted to a fixed axel so that it can rotate freely <
M

(c) Calculate the angular acceleration « of the wheel and the linear acceleration @ of the mass.

2
Solution: (a) [ =1, +1, +1, ZLMLZ+LMLZ+M L :iMLZ.
‘ : 12 12 2 12
(b) (¢) The equation of motion of the mass: Mg —T = Ma . (1)
The equation of rotational motion of the wheel T % = % MPa . )

L 2 5 5
Substituting a = aE or a = Ta into (2), we obtain 1 = gMa. Then substituting 7" = gMa into
(1), we have

Mg—%MazMa or Mgnga. Thus az%g, a =—= and ngMg.

4. (20pts.) A spaceship is sent to investigate a planet of mass M and radius R . The ship first stays
motionlessly in the position which is at a distance SR from the center of the planet and then launches an
instrument package with speed v,.The mass of the packagem is much smaller than the mass of the
spaceship. The package is launched at an angle @ with respect to the straight line that links center of the

planet and the spacecraft, as shown in the accompanying figure. v

R
(a) For what angle @ will the package just graze the surface of M =%
M

the planet? What is the minimum initial speed v, the package

required so that it is possible to graze the surface of the planet?

(b) What is the speed of the package when it grazes the surface of the planet?



Solution: (a) The conservation of angular momentum about the center of the planet reads

mv, -(SR)sin @ = mvR
where Vv is the speed of the spacecraft when it grazes the surface of the planet. Solving the above equation, we
obtain v = 5v, sin @ . The conservation of mechanical energy reads

Lo GMm 1 o M
2 SR 2 R
Substituting v = 5v, sin @ into above equation, we have
lvoz—GM:lx%vozsinzH—G% or (255in20—1)v02=§% or sin0 =1 8G;thl.
2 SR 2 R 5 R S5V 5vR
Thus
gmsn(L [ )
vOR
smé’— +1_1 = +l_ :>8G;Ms24:>v02 M
5vyR 15R
’ 15R‘
. . 8GM
(b) The final speedis v =5v,sin@ =v, |[——+1.
SvyR

5. (20 pts.) A long thin rod of mass M and length L is free to

pivot around a fixed pin which is located at L/ 4 from the left end
of the rod. The rod is held in a horizontal position by a string
hanging vertically from the ceiling attached on the far right end of

it, as shown in the figure A.

(a) Find the rotational inertia of the rod relative to the pivot.
Calculate the tension 7' in the string that supports the rod.

(b) Once the string is cut, the rod begins to rotate around the pivot.
Find the angular acceleration of the rod at the moment the string is

just cut. Determine the angular velocity of the rod at the moment
it reaches the vertically-oriented position.

(c) The rod is at rest in its vertically-oriented position and a ball
of mass m =7M /12 moving horizontally to the right with
speed v, strikes elastically at the lower end of the rod, as
shown in the figure B. What is the velocity of the ball after the
collision?

Solution: (a) Using the parallel axis theorem, the rotational inertia
relative to the pivot is Vo

2
I=1,+Md’ :LML2 + M L leLz.
12 4 48
e .3 1 1
The equilibrium of the rod requires 2 LT - 2 LMg =0 .Therefore T = gMg.
(b) Using the rotational equation of motion /& = 7 , we have 4—8ML a= Z LMg . Then o = 7 z
24
The conservation of energy reads 0+ 0 = %I o’ — M; g% . Therefore @ = 7—5 :



3 3
(c) Conservation of angular momentum: Z Lmv,+0=1 o, + Z Lmy,.
. 1, 1 , 1,
Conservation of energy: > myvy, +0 = ) mvy + > lo;
3 3 21 7
Ly 0= 1o+ Lmy, = EML(vf —v, )= —gMLo, = v, —v =~ Lo,

1 2 1 2 1 2 7 2 2 7 2 2 2 2 1 2 2
Emvo +0=5mvf +51a)f :EM(vf —vo):—&ML @ =V =V, :—ZL ;.

Thus

1
v; -V = 2 —3(vf —vo)2 = 13vj2f —18vyv, +5v, =0=> (13vf —SVOva —vo): 0.
Therefore v, =—v,. (V, =V,isnotan appropriate solution for the problem.)

13
6. (20pts.) To explain the puzzle of the “missing mass” of the universe, physicists hypothesize the existence of
“dark matter”, a cloud of unknown particles surrounding the centers of the galaxies. Assume a spherical galaxy
is made (almost entirely) of the “dark matter”, with uniform mass density 0 .
(a) Find the gravitational force acted on a star of mass m at a distance » from the center of the galaxy.
(Assume that the dimension of the galaxy is larger than 7 .)
(b) If we use the galactic center as the origin of the coordinates, and assume the star moves purely in the radial

S o . . . 3z
direction, show that the motion is a simple harmonic one with a period 7 = _[— .

Gp
(c) Suppose the star is at rest at » = 7, when ¢ = 0. Find the position and the velocity of the star as the
functions of the time 7.

4

— 7’ pm

Solution: (a) F =-G 3 > ——4ﬂ(;pmr.
r

47szm .. 47sz

(b)The equation of motionis m¥F =F =—

Therefore @° = 47sz f 27T RY/4
VGp
© r@)=r COS( 4ﬂfpt} r'(t)=—ro\/4ﬂ§;p sin[\/éwfpt}




