Chapter 7

Oscillations




* Simple harmonic oscillation

* Coupled oscillation
 Damped oscillation
* Nonlinear oscillation

* Forced oscillation under friction




7.1 Simple Harmonic motion
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Under initial conditions

x(0)=x, x(0)=x,

the solution is

x=Acos(wt+ @)

- L 12
.2, %o _

A=|xy+—-| , @=arctan
Wy

N @ =w, =+k/m




The first integral mx = —kx xdt=dx
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Potential energy curve
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Time or spatial average
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Same physics, same equation

“|LC circuit




Plasma oscillation

where d is thickness and also displacement.




Torsion pendulum
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Physical pendulum M =10

(Compound pendulum ) . d
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For small oscillation
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Displacement oscillator
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aharmonic oscillator
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Torque equation is preferred

Disc pendulum
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Simple pendulum U(0)=mgt(1-cosb)

Uﬁo) %mzzé%U(e)

= j J1— k2

complete elliptic 1ntegral of the first kllld

sin 6’




For small angle approximation
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7.2 Coupled oscillation

Two-body system:
reducible
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holks =3360K, 1890K, 954K, 954K




Normal
procedure
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4
X; = Zaij COS (C()jf-l- (Dl])

J=1




Potential energy consideration
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Simpler case k, =k, =k,; m =m,=m

{ mx, = —k,x, + k(x2 — xl)

mx, =—KoX; = k(x2 - xl)

d* (x, +x,) = 2k, (x, +x,)
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@,,®, normal frequencies
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Normal modes of vibration progression through a 1D
crystal.




A phonon is a quantized normal mode of
vibration occurring in a crystal lattice (lattice
wave). It is a quasi-particle or elementary
excitation of the many-body system.

Quasi-particle or elementary excitation is a
very important concept in condensed matter
physics.

Assignment: 7.1, 7.3/7.4, *7.5




The velocity and acceleration oscillate with
a quarter and half a period delay







6.3 Damped Harmonic Motion
F =-nv
(for example, F =6nRnv)

Equation of motion is

mx=—kx—-nx

F+L it @l x=0
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For equation 71 X = —77 X (only damping)
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A trial solution
x=Ae " cos(wt + o)

b

x=Ae"’ [— 7/cos(a) t+ go)— a)sin(a) t+ ga)]

Y= go V! [7/2 cos(a) t+ go)+ 27/a)sin(a) t+ go)

— cos(a) t+ (0)]




Substituting into equation of motion yields
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J, under damping

y =—<wm, ] .
2m light damping

x = Ae cosa)t+gp W = \/a)o
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The nth order linear differential equation: Elon-homogenous term

y(n) Tq (x)y(n_l) +...+a,,(x)y" +a,,(x)y +a,(x)y(x)=b(x). (1)
Introducing the linear differential operator
d" d"’ d’ 7)
+a,(x +...+a, ,(X)—+a,,(X)—+a,(x), 2
dxn 1( )dxn_l n 2( )dx2 1( )dx ( ) ( )
the equation can be written as
Ly(x) =b(x). 3)
The corresponding homogenous equation is Ly(x)=0.

=

The nth order homogenous linear differential equation with
constant coefficients is

y(”) +a, y(”_l) +...+a _,V'+a _y'+a y(x)=0. 4)

where a =Const. i=12,--n




Now , we search the particular solutions of Eq.(4) of form e¢”.

Substituting y(x) =e™into (4), we have

(z” +az"" +..+a _,z’+ta,_z+a, )ezx =0.

Factoring out . = which is never zero, we have that z satisfy the
algebraic equation | characteristic polynomial |
(3)

F(z2)=z"+az""' +...+a, ,z° +a,z¥a,=0

which is the characteristic equation of (4).

If Eq.(5) has n distinct roots z,(i=12,--n) , then ™ (i=12,-n)
are n independent solutions of (4). Thus the general solution of
(4) 1s

y(x)= Zn: Ce™ . (6)

If Z, is aroot of (§) having multiplicity 7, then we can show
that




y(x)=x‘e, 1<k<m-1, keN) (7)

is a solution of (4).

If z, is a root of (5) having multiplicity 7, then the characteristic
polynomial can be factored as

F(z)=P(z)z-z)".

Thus, the corresponding linear differential operator can also be

factored as i
A2
dx N\ dx

Noting that%(xke” ) e —x"z.e™ or (;i—zij( ¢ ”) fx* e

obviously, we have




Therefore, by the fundamental theorem of algebra , there are also
n independent particular solutions in the form of Eq. (7) or e™ .
And the general solution is the linear combination of them.
For the equation of damped harmonic motion
X+2yx+a; x=0,

the characteristic equation is

2 2

z'+2yz+w, =0.

The solution:
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Yy =w,, z=-—y multiplicty=2;
V>, lezz—yiﬁ 0):\/7/2—0)5.




Therefore, the general solution of (8) is:

7/ < 500, X(t) _ Cle(—yﬂ'a)t) + C2e(—7+ia)t)
=e” [(C +C )cosa)t+i(C -C )sin a)t]
(x(t) {C cosa)t+C sin a)tJ

=Ae cos(a)t + ga),

V=, x(t)=(a+bt)e™;

_ v _ C, _
V=@, x(t)=Ce ™" +Cee” " =Ce ”{eﬂ’ +—2e ﬁt}

1

=Ce” {[sinh( St)+cosh(ft )]+ % [cosh(t)— sinh(ﬂt)]}

= ge " [cosh(ft)+ bsinh( )]




In simple harmonic oscillation

A9 C(), (0 basic

In coupled oscillation

@, (02, ... essential

though different 4, @, may lead to
numerous solutions, but not essential.

In damped oscillation

what is essential?




Energy tflow
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dr dr\2 2
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ln<E> = ln(% mA’w; j +Ine™"

= ln(% mA”w; j — 2yt

1 d(E) __d1n<E>

(E) dt dt




In Tangshang, northern China, before April
1976 earthquake the average quality factor
was O =666 after O =180. This means
after earthquake, rocks were broken,
earthquake waves decay increased.

Assignment 7.7




* 7.4 Nonlinear oscillation

F=—(1+Bx2)kx (B >0) Y
hard

X+ax+ B =0 g
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Jﬂdx:laxz +lﬂx4
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Hard potential




Soft potential

In simple pendulum

—mgsinf = —mg(&’—%&ﬁ +




aharmonic oscillator

F=—(1+Bx)kx (B>0)

U




Two-well potential

1 1

u=——ax’+—px"

/2 4

o = (0 critical bifurcation

From this value to positive we have hard

potential 1 1
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u=—aox" +—px
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attractor

e equilibrium (point)

e periodic motion or a limit cycle (closed
curve in phase plane)

0 +asind=T + 91— L6




* quasi-periodic motion (surface in a 3D
phase space)

f (t) = cos(wt) + cos(mwt)

A strange attractor ~ fractal set










oscillation under friction

x+27/x+a)0 X ——cos@»t

) B T

@, the (undamped) natural frequency
@ the driving frequency




Non-homogenous term

X+2y x+aw; x =—Lcoswt (1)
m

The equation is a second order non-homogenous linear
ordinary differential equation with constant coefficients

RS IRE R B AEE o TR

The corresponding homogenous equation 1s

X+2yx+aw; x=0.
The general solution of (1) can be written as

x()=x,(O)+x,(1)

general solution of the corresponding\E1particular solutioﬂ
homogenous equation

ordinary differential equation #1¥ 4% 7 ODE
partial differential equation W% %7 PDE




We expect a solution of following form:
X=X4 TXp

where x, is transient term due to damping.
Particular solution of the equation is

Xp = Acos(a)t go)

Asin(a)t — a)

nothing but a math trick.




Trial solution
X = Asin(a)t— a)
Substitute it into equation of motion

sin(a)t — a)+ 27/a)cos(a)t = a) = &cosa)t
m
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\/(a)2 — a)g)2 +4y* @’
To find extremum

04 O 2 2 2 2}
—_—_—-() or [a) —wy | +4y"w” |=0
ow Ow’ ( O)Z 4

A

20® - w3 )+ 47> =0




_ Fy/m
\/(a)2 —w)) +4r 0’

To find extremum

A

04

7 _0 or
ow

4

arctan—
0,

y >0 x—>oo Displacement resonance




Turbulent winds set up standing waves in the
Tacoma Narrows suspension bridge leading to
its collapse on November 7, 1940, just four
months after it had been opened for traffic.




The shape of resonance curve is important
for sensor design.

For capacity sensor using displacement
variation characteristics, one may let it

work in the flat zone w/w 0 << 1.

Then sensor has a flat frequency response.
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For the induced emf of coil-driven
loudspeaker or microphone is proportional
to the speed of its membrane.

Sensor working in resonance zone has better
frequency response and higher sensitivity.




. w° Fy/m m w0 —°
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The extremum appear at @ =







Acceleration resonance curve is flat at
zone @ /w, >> 1.

But when using accelerometer to measure
acceleration of the source, one has to
consider the requirement of oscillation

pickup, i.e., w/w, << 1, where @, is the
harmonic frequency of accelerometer.




Resonance phenomena have many
applications in various fields. Some may be
listed below:

electronic circuits,
acoustics,

atomic process,

nuclear magnetic resonance,
Mossbauer effect,

elementary particle resonance etc.




Resonance frequency of human body

“system”’ Resonance
frequency/Hz

chest-abdomen 3—~6

head-neck-shoulder 20~—30

eyeball 60~90

lower jaw-skull 100~200




Assignment:7.8
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