
Chapter 7
Oscillations



• Simple harmonic oscillation

• Forced oscillation under friction

•* Nonlinear oscillation

• Damped oscillation

• Coupled oscillation



7.1 Simple Harmonic motion
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The first integral

Exmxmxmxm  2
0

2
0

2
0

22
0

2

2

1

2

1

2

1

2

1  

xtx dd 

Potential energy curve

22
0

2

2

1

2

1
xmkxU 

kxxm 



 d
1

><
0

T

T tP
T

P

xP
A

P
A

A d
1

><
0


Time or spatial average



Same physics, same equation
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where d is thickness and also displacement.



Torsion pendulum
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Physical pendulum

(Compound pendulum )
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aharmonic oscillator
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Torque equation is preferred
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A single 
frequency

7.2 Coupled oscillation

Two-body system: 
reducible
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Normal modes of vibration progression through a 1D 
crystal.



Assignment: 7.1, 7.3/7.4, *7.5

Quasi-particle or elementary excitation is a 
very important concept in condensed matter 
physics.

A phonon is a quantized normal mode of 
vibration occurring in a crystal lattice (lattice 
wave). It is a quasi-particle or elementary 
excitation of the many-body system.



The velocity and acceleration oscillate with 
a quarter and half a period delay 





6.3 Damped Harmonic Motion
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A trial solution
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Substituting                into (4), we have 
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is a solution of (4).    

Thus, the corresponding linear differential operator can also be
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Therefore, by the fundamental theorem of algebra , there are also 
n independent particular solutions in the form of Eq. (7) or      . 
And the general solution is the linear combination of them.
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In coupled oscillation

,21, 
though different Ai, i may lead to 
numerous solutions, but not essential.
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In simple harmonic oscillation

,,A basic

In damped oscillation

what is essential?
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In Tangshang, northern China, before April 
1976 earthquake the average quality factor 
was This means 
after earthquake, rocks were broken, 
earthquake waves decay increased.

666Q .180Qafter
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* 7.4 Nonlinear oscillation
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aharmonic oscillator
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attractor

• equilibrium (point)

• periodic motion or a limit cycle (closed 
curve in phase plane)

）（ 21sin    T



  )(cos)(cos tttf  

A strange attractor  ~ fractal set

• quasi-periodic motion (surface in a 3D 
phase space)





Tacoma Narrows Bridge
“Galloping Gertie”
opened on July 1, 1940
collapsed into Puget Sound 
on November 7,1940  



7.5 Forced oscillation under friction
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The equation is a second order non-homogenous linear 
ordinary differential equation with constant coefficients 
二阶非齐次常系数线性常微分方程
The corresponding homogenous equation is 

Non-homogenous term
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ordinary differential equation  常微分方程 ODE
partial differential equation      偏微分方程 PDE

(1)

The general solution of (1) can be written as
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homogenous equation

a particular solution
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We expect a solution of following form:

where xd is transient term due to damping. 
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nothing but a math trick.

Particular solution of the equation is
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Turbulent winds set up standing waves in the 
Tacoma Narrows suspension bridge leading to 
its collapse on November 7, 1940, just four 
months after it had been opened for traffic.



The shape of resonance curve is important 
for sensor design. 

Then sensor has a flat frequency response.

For capacity sensor using displacement 
variation characteristics, one may let it 
work in the flat zone  /0  1.
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For the induced emf of  coil-driven 
loudspeaker or microphone is proportional 
to the speed of its membrane. 

Sensor working in resonance zone has better 
frequency response and higher sensitivity.
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Acceleration resonance curve is flat at 
zone  /0  1.  

But when using accelerometer to measure 
acceleration of the source,  one has to 
consider the requirement of oscillation 
pickup, i.e.,  /a  1，where a is the 
harmonic frequency of accelerometer.



• electronic circuits, 
• acoustics, 
• atomic process, 
• nuclear magnetic resonance, 
• Mössbauer effect, 
• elementary particle resonance etc.

Resonance phenomena have many 
applications in various fields. Some may be 
listed below:



“system” Resonance 
frequency/Hz

chest-abdomen 3～6

head-neck-shoulder 20～30

eyeball 60～90

lower jaw-skull 100～200

Resonance frequency of human body 
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