Chapter 6
Dynamics of

a Rigid Body




6.1 Rotation about a fixed axis and
rotational inertia

Rigid solid ~ rotation

general rotation ~ rotation about a fixed axis

a)=((()1,(()2,0)3)




L=rxmy
= m(pe + zk) [a) k x (pe + zk)]
= m(pe + zk >< a)pe

=mp°®—omzp

For a single %
we may set z =

We have a simple relation

L = mpza)




For a system of particles,

L= Zmi p; o~ a)zmizipi

or for continuous distribution of mass

L= U-pzdm)a) — a)(j zpdm)
It is still possible to set z Zwmis are in

motion plane.

In general, it is impossible to set z = 0 simply.




If J‘ zpdm =0 (valid for symmetric axis
or principal axis of inertia)

we still have a linear relation similar to
relation for a single particle

L = qp2dm)a)

where

Il E_[ o dm

is called rotational inertia or moment of
inertia




Example 6.1
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The radius of gyration R, is defined through
[ =mR;

In Example 6.1
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For a disc

What about a cylinder?

Around a diameter?




Example 6.2
Cylindrical shell
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parallel axis theorem
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Example 6.3




perpendicular axis theorem
y I = Idm(xz + yz)

= jdmxz + Idmyz

=1, +1,

valid for thin plate.
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6.2 Dynamics of Rotation

3N coordinates ( 1,5, "> Ty)

constraints |1 —r,|=C;

C.=N(N-1)/2 pairs
Independent 3N - N(N-1)/2
coordinates

1 reference point fixed
2 reference point fixed

3 reference point fixed (non-collinear)




3 points =9 coordinates; 3 constraints
3x3—3=6 Independent variables
six degrees of freedom

Position : .

Orientation:

Euler angles: o [ y

d2
M 'C_F

d¢?
a _ ..
d¢




If M//L, dL ~ L
If M1 L,dL 1 L (precession)

Arbitrary M=M ,+M |




Example 6.4 (a) 9.8N:
ZF =0 (axis & disc)
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Planar motion of a rigid body

rolling down an incline

x: mgsinf —F; =ma

y: Fy—mgcosd=0
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Resultant torque of gravity forces on a rigid body

The gravity force on dm 1s
dF = dm(— gk)

[ g =—gk =Const.

| ----uniform gravitational field

he resultant gravity force 1s
F = IdF = Idm(— gk )= —mgk.
And the resultant torque 1s

M::rxdF:Irxdm(—gk)z(jrdm)x(—gk)

[ rdm

X m(— gk)=r. x(—mgk)

m




Example 6.5

How many coordinates
we need to determine the
position of the rod?

Step 1, decide the point

torque with respect to: C or
O

~mg(dsin@)=1, 0

Step 2, find the rotational inertia about O.




Example 6.6

(1): v=p gt

mR

(2): o=, _T,ngf




plling begins when
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o R
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Rolling Resistance (Friction)

The actual forces acting on the wheel and the surface. As one
can see in this exagerated view, hoth the wheel and the
surface undergo deformation to an extent determined hy the
elastic properties of the two surfaces.




Rotational kinetic energy

|
T——mcvC + lez

—ZAmv ——ZAmv a)xr

N

= Ea) - Zrl.x Am.y,
\ i J
For principal axis L=/®
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rolling down an incline
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work

dW =F - (pdgoe(p)

= pl'cos(Fe,)dg

= pFsm(e, F)de

power =M do

P= 9 Mo Mw

ds dz 7
~ P=F-v




Assignment: 6.1, 6.2, 6.3

For the principal axes of inertia, please see the
pages 190-196 1n

Walter Greiner, Classical Mechanics: Systems

of Particles and Hamiltonian Dynamics,
Springer(2003).




6.3 Precession of angular momentum

dt

If M~ x L,e.g.

dL ~M /| = L.

What will happen (todL) if M | L or M
has a perpendicular component?
















Symmetric top
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The equinoxes will
change in time too.




ec]iptic Morth Celestial Pole

PIE

celestial

equator

RERTRIE

equinox
A
solstice

By

vernal equinox

autumnal equinox
outh Celestial Pole




Long exposure of stars appearing to circle the North Celestial
pole. The daily rotation of Earth creates the appearance of rings
around the pole.




precession of equinoxes
T R EEB B S =
I'=27725 or

_ 12 =
2=7.19%x10"° rad/s /,eclzpﬁz

®w=7292x10"rad -5

I~ZmR? =2(5.96x10* kg 6.38x10°m

5 5
=9.74x10°"m”* - kg

M = QLsin® =2.03x10*N-m




nutation Ezf]

Values of nutation are usually divided into components
parallel and perpendicular to the ecliptic. The component
which works along the ecliptic 1s known as the nutation
in longitude(¥5 %4 % 5)]). The component perpendicular
to the ecliptic is known as the nutation in obliquity(3C ff
& 7)).
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Nutation 1s a small cyclical motion superimposed upon
the steady 26,000-year precession of the Earth‘s axis of
rotation. It 1s mainly caused by the gravitational effect of
the 18.6-year rotation period of the Moon’s orbit.

http://www.pietro.org/Astro Util StaticDemo/MethodsN
utationVisualized.htm




6.4 Equilibrium of rigid bodies and stability

translational equilibrium

rotational equilibrium

=

mechanical equilibrium

ve =0, o=0

static equilibrium







Center of mass & center of gravity
2. nm =t ) m
i i

We try to define COG through *

D rx(m; g)= g Zm g

I

But it is not completely fixed (the end point
on a line).




Take the center of force as the origin,

Mg, E U
_ I
E ,mi 8 =-G 3 rcog
i r

cog

Ofters a radius from the center of force.

%k

Zmi 8i




In a uniform gravitational field or the dimension
is much smaller than the radius of the earth, the

COG and the COM coincide.

Unlike COM, COG depends on relative position

and orientation. The relative character of the
COG makes it of little use.




equilibrium

stable

neutral

unstable




Example 6.9
U(@) = <

osﬁ——smﬁj 0>6> —g
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Is &= 0 a stable equilibrium position?







Example 6.10

U(@): mg

l %Jrr !cos@+r@sin9

A

U'(0)=mg
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@ =0 is equilibrium position

U"(0)= mg(— %cos&’ +rcos@ —rfsin 9)




Stable when 2 > a
neutral when 27 =a
unstable when 27 < a

|
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=mga The first nonzero
derivative Is

d‘U/d6" = —mga <0




Assignment: “6.5, 6.6, 6.12




€quinoxes

1.E1ither of two points on the celestial sphere at
which the ecliptic(¥51E) intersects the
celestial equator(REK/RIE).

2. Either of the two times during a year when the
sun crosses the celestial equator and when the

length of day and night are approximately
equal; the vernal equinox(3&47) or the

autumnal equinox(Fk 7).

summer solstice  winter solstice




Gyroscope

angular
momeantum

The rapidly spinning
inner wheal will maintain
its direction in space

if the outside framework
changes.




T'he origin of the torque on the earth:

I'he torque which causes the Earth to precess comes from
the gravitational pulls of the Sun and the Moon which try
to pull the Earth's rotation axis toward the perpendicular
to its orbital plane (the ecliptic plane). If the Earth were a
perfect uniform sphere, there would be no precessional

torque. The equatorial bulge of less than 1% plus any
departures from spherical symmetry in density
distribution are the only things which give the Sun and

Moon any "handle" with which to exert torque on the
Earth.
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Tropic of Cancer
or Northern tropic

Bl ACIVEES7

Tropic of Capricorn,
or Southern tropic
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Torque of a force couple (7] 1)

M=rx(—F)+(r+d)xF
=dx F

is independent of the reference point.




