
�ÆêÆÁò 2024.1.2

�! {�K(z�K7©§�4K§O28©)
1. α = (1, 0,−1, 2), β = (2,−1, 0, 1)§¦ |E4 − αTβ|.

2. ò�þ| α1 = (1, 1, 0, 0)T, α2 = (0, 2, 1, 1)T, α3 = (0, 1, 1, 0)T ��A��z.

3. ¦ A =

 1 −3 −3
−3 1 3
3 −3 −5

 �A��9Ù­ê. `² A ´Ä�±é�z.

4. R4 ¥�f�m W1 ��|Ä� α1 = (1,−1,−1, 1)T, α2 = (1,−1, 1,−3)T, W2 ��|Ä�
β1 = (2, 6, 1, 6)T, β2 = (1, 3, 1, 2)T. ¦ W1 +W2 ��ê.

�!(�K12©) O�

0 1 0
0 0 0
1 0 0

n

Ú

2 1 0
0 2 0
1 0 2

n

. (n ≥ 3).

n!(�K12©) �
 A ∈ R2×2 ÷v A2 + aA+ bE2 = O§Ù¥ a, b ∈ R, a2 − 4b < 0. Áy²
(1) éu?¿��"�þ β ∈ R2§�þ| β,Aβ �5Ã'. (6©)

(2) Ý
 A �qu

(
0 −b
1 −a

)
. (6©).

o!(�K12©) ^��C�ò¢�g. f(x1, x2, x3) = x1x2 + x2x3 z¤��IO/¿¦ f(x1, x2, x3)
��.5�êÚK.5�ê.

Ê!(�K12©) Ý
 A,B ∈ Rn×n é¡�½. Áy²
(1) A+B �½. (4©)
(2) e A �¤kA��Ñ�u1§K A− En �½. (4©)
(3) e A �A��¥�����u B �A��¥����§K A−B �½. (4©)

8!(�K12©) �5�m R
3 ¥kü|Ä. α1 = (1, 1, 0)T, α2 = (1, 0, 1)T, α3 = (0, 1, 1)T Ú

β1 = (1,−1, 0)T, β2 = (−2, 1, 0)T, β3 = (−1, 1, 1)T. ¦ α1, α2, α3 � β1, β2, β3 �LÞÝ
 M .
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�ÆêÆÁò �Y 2024.1.2

�! {�K(z�K7©§�4K§O28©)
1. α = (1, 0,−1, 2), β = (2,−1, 0, 1)§¦ |E4 − αTβ|.

)µ|E4 − αTβ| =

∣∣∣∣∣∣∣∣
−1 1 0 −1
0 1 0 0
2 −1 1 −1
−4 2 0 −1

∣∣∣∣∣∣∣∣ = −3.

){�µD = αTβ kA�� 0, 0,0,βαT = 4§� |E4 − αTβ| = (1 − 0)(1 − 0)(1 − 0)(1 − 4) = −3. 

2. ò�þ| α1 = (1, 1, 0, 0)T, α2 = (0, 2, 1, 1)T, α3 = (0, 1, 1, 0)T ��A��z.

)µβ1 = α1 = (1, 1, 0, 0)T, β2 = α2 −
(α2, β1)

β1, β1)
β1 = (−1, 1, 1, 1)T,

β3 = α3 −
(α3, β1)

(β1, β1)
β1 −

(α3, β2)

(β2, β2)
β2 = (0, 0, 1/2,−1/2)T.

3. ¦ A =

 1 −3 −3
−3 1 3
3 −3 −5

 �A��9Ù­ê. `² A ´Ä�±é�z.

)µ|λE −A| = (λ+ 2)2(λ− 1). �
 A �A��� −2(�­)§1(�­). 5¿�
r(−2E −A) = 1, r(E −A) = 2§Ïd A kn��5Ã'�A��þ§l
 A �é�z.

4. R4 ¥�f�m W1 ��|Ä� α1 = (1,−1,−1, 1)T, α2 = (1,−1, 1,−3)T, W2 ��|Ä�
β1 = (2, 6, 1, 6)T, β2 = (1, 3, 1, 2)T. ¦ W1 +W2 ��ê.

)µ5¿� α1, α2, β1, β2 ¥��|4��5Ã'|� α1, α2, β1. Ïd
dim(W1 +W2) = dim(span{α1, α2, β1, β2}) = 3.

�!(�K12©) O�

0 1 0
0 0 0
1 0 0

n

Ú

2 1 0
0 2 0
1 0 2

n

. (n ≥ 3).

)µ- A =

0 1 0
0 0 0
1 0 0

§O�� A2 =

0 0 0
0 0 0
0 1 0

 , A3 = O. An = A3An−3 = OAn−3 = O.

·�k

2 1 0
0 2 0
1 0 2

n

= (2E+A)n = 2nE+n2n−1A+
n(n− 1)

2
2n−2A2 =

 2n n2n−1 0
0 2n 0

n2n−1 n(n− 1)2n−3 2n

.

n!(�K12©) �
 A ∈ R2×2 ÷v A2 + aA+ bE2 = O§Ù¥ a, b ∈ R, a2 − 4b < 0. Áy²
(1) éu?¿��"�þ β ∈ R2§�þ| β,Aβ �5Ã'. (6©)

(2) Ý
 A �qu

(
0 −b
1 −a

)
. (6©).

yµ(1) du β �"§b� β,Aβ �5�'§K�3 λ ¦� Aβ = λβ. du β,Aβ ´¢�þ§¤± λ ´
¢ê. d^�§θ = (A2 + aA+ bE2)β = (λ2 + aλ+ b)β. l
 λ2 + aλ+ b = 0§
ù��Oª a2 − 4b < 0 gñ. Ïd β,Aβ �5Ã'.

(2) - M = (β,Aβ)§d(1)� M �_. ·�k

AM = A(β,Aβ) = (Aβ,−aAβ − bβ) = (β,Aβ)

(
0 −b
1 −a

)
= M

(
0 −b
1 −a

)
§l
 M−1AM =

(
0 −b
1 −a

)
.

(2)y{�µ� λ ´ A �A��§d A2 + aA+ bE2 = O � λ2 + aλ+ b = 0§qd a2 − 4b < 0

� λ2 + aλ+ b = 0 kü�ØÓ�Eê) λ1 =
−a+ i

√
4b− a2

2
, λ2 =

−a− i
√

4b− a2
2

.

du A ´2�¢Ý
§�A��§�)´ü��Ý�Eê§� λ1, λ2 Ò´ A �ü�
ØÓ�A��. u´ A �qué�Ý
 diag(λ1, λ2).

- B =

(
0 −b
1 −a

)
§K� |λE −B| = λ2 + aλ+ b = 0§u´ B k� A �Ó�A�� λ1, λ2§

l
 B ��qu diag(λ1, λ2)§u´ A � B �q.

o!(�K12©) ^��C�ò¢�g. f(x1, x2, x3) = x1x2 + x2x3 z¤��IO/¿¦ f(x1, x2, x3)
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��.5�êÚK.5�ê.

)µ�g.Ý
� A =

 0 1/2 0
1/2 0 1/2
0 1/2 0

§K f(x1, x2, x3) = xTAx, x = (x1, x2, x3)T.

d |λE −A| = λ(λ− 1/
√

2)(λ+ 1/
√

2) = 0§�A��� λ = 0, 1/
√

2,−1/
√

2. éA�n�

ü A��þ� β1 =
1√
2

(−1, 0, 1)T, β2 =
1

2
(1,
√

2, 1)T, β3 =
1

2
(1,−

√
2, 1)T.

- Q = (β1, β2, β3)§K3��C� x = Py, y = (y1, y2, y3)T ek f(x1, x2, x3) =
1√
2
y22 −

1√
2
y23 .

��.5�ê�1§K.5�ê�1.

Ê!(�K12©) Ý
 A,B ∈ Rn×n é¡�½. Áy²
(1) A+B �½. (4©)
(2) e A �¤kA��Ñ�u1§K A− En �½. (4©)
(3) e A �A��¥�����u B �A��¥����§K A−B �½. (4©)

yµ(1) A,B é¡�½§�k (A+B)T = AT +BT = A+B§= A+B é¡.
�é?¿x∈Rn, x 6=θ,kxTAx > 0, xTBx > 0, �xT(A+B)x = xTAx+ xTBx > 0,=A+B�½.

(2) A é¡�½§�k��Ý
Q§¦�QTAQ = diag(λ1, · · · , λn)§Ù¥ λ1, · · · , λn�A��ÜA��§
�Ñ�u1. u´ QT(A− En)Q = diag(λ1 − 1, · · · , λn − 1)§é�� λi − 1 > 0, i = 1, · · · , n.
= A− En éA�g.��.5�ê� n§A− En �é¡5w,§� A− En �½.

(2)y{�µA é¡�½§A �A��Ñ�u1§� λ(A− En) = λ(A)− 1 > 0§= A− En �A��
Ñ�u0§é¡5w,§� A− En �½.

(3) � A ���A��� a§B ���A��� b§a > b. � k =
1

2
(a+ b)§K a > k, k > b.

K A− kEn �A��� λ(A)− k ≥ a− k > 0§é¡5w,§� A− kEn �½.
kEn −B�A��� k − λ(B)≥k − b>0§é¡5w,§� kEn −B �½.
d(1)� A−B=(A− kEn) + (kEn −B) �½.

(3)y{�µky λmin ≤ f(x) = xTAx ≤ λmax§Ù¥ xTx = 1.
A é¡§Kk��Ý
 Q ¦� QTAQ = diag(λ1, · · · , λn) = Λ§Ù¥ λ1 ≥ λ2 ≥ · · · ≥ λn.
� y = (y1, · · · , yn)T = QTx§K yTy = y21 + · · ·+ y2n = xTQQTx = xTx = 1§� x = Qy.
Kk f(x) = xTAx = yTΛy = λ1y

2
1 + · · ·+ λny

2
n ≥ λny21 + · · ·+ λny

2
n = λn. Ón f(x) ≤ λ1.

2y xT(A−B)x > 0§Ù¥ x 6= θ.

� x 6= θ �§xTAx = ‖x‖2(
1

‖x‖
x)TA(

1

‖x‖
x) ≥ ‖x‖2λmin(A). Ón xTBx ≤ ‖x‖2λmax(B).

u´x 6= θ�§k xT(A−B)x ≥ ‖x‖2(λmin(A)− λmax(B)) > 0§é¡5w,§� A−B �½.

8!(�K12©) �5�m R
3 ¥kü|Ä. α1 = (1, 1, 0)T, α2 = (1, 0, 1)T, α3 = (0, 1, 1)T Ú

β1 = (1,−1, 0)T, β2 = (−2, 1, 0)T, β3 = (−1, 1, 1)T. ¦ α1, α2, α3 � β1, β2, β3 �LÞÝ
 M .
)µ·�k (β1, β2, β3) = (α1, α2, α3)M§Ïd

M = (α1, α2, α3)−1(β1, β2, β3) =

 0.5 0.5 −0.5
0.5 −0.5 0.5
−0.5 0.5 0.5

 1 −2 −1
−1 1 1
0 0 1

 =

 0 −0.5 −0.5
1 −1.5 −0.5
−1 1.5 1.5

.
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Ô!(�K12©) Ý
 A,B ∈ Rn×n ÷v AB −BA = aB, (a 6= 0). ¦y
(1) é?¿���ê m§·�k ABm −BmA = maBm. (8©)
(2) - α � A ���A��þ§K�3��ê k ¦� Bkα = θ. (4©)

yµ(1) � m = 1 �§úª ABm −BmA = maBm d^�gÄ¤á. b�Túª3 m = k ≥ 1 �¤á§
� m = k + 1 �§·�k

ABm −BmA = ABk+1 −Bk+1A = ABk+1 −BABk +BABk −Bk+1A
= (AB −BA)Bk +B(ABk −BkA) = (aB)Bk +B(kaBk) = (k + 1)aBk+1 = maBm.

dêÆ8B{§úª ABm −BmA = maBm é¤k���ê m ¤á.
(1)y{�µ� m ≥ 1 �§é AB −BA = aB �¦ Bk§m¦ Bm−k−1, k = 0, 1, · · · ,m− 1§k

B0(AB −BA)Bm−1 = ABm −BABm−1 = aBm,
B1(AB −BA)Bm−2 = BABm−1 −B2ABm−2 = aBm,
B2(AB −BA)Bm−3 = B2ABm−2 −B3ABm−3 = aBm,

· · · · · · · · ·
+) Bm−1(AB −BA)B0 = Bm−1AB −BmA = aBm

ABm −BmA = maBm

�k ABm −BmA = maBm.
(2) � Aα = λα§é?¿���ê m§·�k

A(Bmα) = (BmA+maBm)α = λ(Bmα) +ma(Bmα) = (λ+ma)(Bmα).
XJéu?¿���ê m§·�Ñk Bmα 6= θ§@oéu?¿���ê m§Bmα ´ A �
áuA�� λ+ma �A��þ. ùÚÝ
 A �A���kk�õ�gñ. Ïd§�½�3
����ê k ¦� Bmα = θ.
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