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. ¦�����ê n ¦� An = E2 ¤á.

4. ¦ α1=(1, 1, 1, 1, 1)T, α2=(5, 3, 0,−7, 2)T, α3=(3, 2, 4, 1, 0)T, α4=(4, 3,−2,−6, 4)T ��|
4��5Ã'|.

�!(�K12©) - α, β, γ ∈ R3 ��|üü���ü ��þ§- A = βαT + γβT + αγT.
(1) ¦ Aα,Aβ,Aγ. �Ñ A ���áuA�� 1 �A��þ. (6©)
(2) ¦ |A| Ú tr(A). (6©)

n!(�K12©) � A =

1 a 0
b 1 a
0 b 1

 , (a, b ≥ 0).

(1) � a = 1, b = 2 �§Á¦�
 P ¦� P−1AP �é�Ý
. £10©)
(2) � a, b ÷v�o^�� A Ã{é�zº (2©)

o!(�K12©) ^��{ò¢�g. f(x, y, z) = x2 + 5y2 − 2xy + 2xz + 6yz z¤��IO/§�Ñ
¤^��5C�¿¦ f(x, y, z) ��.5�êÚK.5�ê.

Ê!(�K12©) - V = { x : x = C1 + C2 cos t+ C3 cos
2 t+ C4 cos

3 t, Ck ∈ R, t ∈ [0,2π] } �½Â3
[0, 2π] þ�¼ê8.
(1) y² V ��N��é¼ê�\{Úê¦$��¤�� R þ��5�m. (6©)
(2) y² { 1, cos t, cos2 t, cos3 t } � V ��|Ä. (6©)

8!(�K24©) � B � n �¢é¡Ý
§E � n �ü Ý
.
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)
. (6©)

(2) � A � m �¢é¡Ý
§C � m ��_¢Ý
. y² A �½��=� CTAC �½. (6©)
(3) y² E −B2 �é¡Ý
. y² E −B2 �½��=� B �¤kA���ýé��u1. (6©)

(4) |^±þ(Øy²¢é¡Ý


(
E B
B E

)
�½��=� B �¤kA���ýé��u1. (6©)
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∣∣∣∣∣∣∣∣∣∣
= (λ− 8)(λ+ 2)4.

Ïd A �A��� 8(­ê�1)Ú −2(­ê�4).
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. ¦�����ê n ¦� An = E2 ¤á.
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)
, A6 = −E§

A6+k = −Ak 6= E, k = 1, 2, · · · , 5, A12 = E§�� n = 12.

4. ¦ α1=(1, 1, 1, 1, 1)T, α2=(5, 3, 0,−7, 2)T, α3=(3, 2, 4, 1, 0)T, α4=(4, 3,−2,−6, 4)T ��|
4��5Ã'|.

)µ(α1, α2, α3, α4)→


1 5 3 4
0 1 1 0
0 0 1 −1
0 0 0 0
0 0 0 0

→

1 0 0 2
0 1 0 1
0 0 1 −1
0 0 0 0
0 0 0 0

§�� α1, α2, α3 ��|4��5Ã'|.

�!(�K12©) - α, β, γ ∈ R3 ��|üü���ü ��þ§- A = βαT + γβT + αγT.
(1) ¦ Aα,Aβ,Aγ. �Ñ A ���áuA�� 1 �A��þ. (6©)
(2) ¦ |A| Ú tr(A). (6©)

)µ(1) Ï� α, β, γ ∈ R3 �üü���ü ��þ§�k Aα = β(αTα) + γ(βTα) + α(γTα) = β§
Aβ = γ,Aγ = α§� α, β, γ �5Ã'§l
 α+ β + γ 6= θ.
�´ A(α+ β + γ) = α+ β + γ. l
 α+ β + γ ´ A ���áuA�� 1 �A��þ.
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(2) ·�k A(α, β, γ) = (β, γ, α) = (α, β, γ)

0 0 1
1 0 0
0 1 0

§l
 A � B =

0 0 1
1 0 0
0 1 0

 �q.

Ïd |A| = |B| = 1, tr(A) = tr(B) = 0.

n!(�K12©) � A =

1 a 0
b 1 a
0 b 1

 , (a, b ≥ 0).

(1) � a = 1, b = 2 �§Á¦�
 P ¦� P−1AP �é�Ý
. £10©)
(2) � a, b ÷v�o^�� A Ã{é�zº (2©)

)µ(1) � a = 1, b = 2 �§A =

1 1 0
2 1 1
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.

|λE −A| =
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∣∣∣∣∣∣ =
∣∣∣∣∣∣

λ− 1 −1 0
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−2(λ− 1) 0 λ− 1

∣∣∣∣∣∣ = (λ− 1)(λ− 3)(λ+ 1).

�A��� λ1 = 1, λ2 = 3, λ3 = −1.
�±)� λ1, λ2, λ3 ¤éA�Ã'A��þ� α1 = (1, 0,−2)T, α2 = (1, 2, 2)T, α3 = (1,−2, 2)T.

� P = (α1, α2, α3) =

 1 1 1
0 2 −2
−2 2 2

. ·�k P−1AP =

1 0 0
0 3 0
0 0 −1

.

(2) |λE −A| = (λ− 1)(λ− 1−
√
2ab)(λ− 1 +

√
2ab). � ab 6= 0 � A k 3 �ØÓ�A��§

A�é�z¶� a = b = 0 �§A = E�é�z¶� ab = 0 � a, b Ø�� 0 �§Akn­A��1§
� A �áu 1 �Ã'A��þ�ê� 1§�uA��­ê 3§� A Ø�é�z.
nþ¤ã§� ab = 0 � a, b Ø�� 0 � A Ø�é�z.

o!(�K12©) ^��{ò¢�g. f(x, y, z) = x2 + 5y2 − 2xy + 2xz + 6yz z¤��IO/§�Ñ
¤^��5C�¿¦ f(x, y, z) ��.5�êÚK.5�ê.

)µ·�k f(x, y, z) = (x− y + z)2 + 4y2 − z2 + 8yz = (x− y + z)2 + 4(y + z)2 − 5z2.
l
��g.���IO/� g(u, v, w) = u2 + 4v2 − 5w2.

z�TIO/¤^��5C��

 u = x− y + z,
v = y + z;
w = z.

lIO/�±wÑT�g.�.5�ê� 2§K.5�ê� 1.

Ê!(�K12©) - V = { x : x = C1 + C2 cos t+ C3 cos
2 t+ C4 cos

3 t, Ck ∈ R, t ∈ [0, 2π] } �½Â3
[0, 2π] þ�¼ê8.
(1) y² V ��N��é¼ê�\{Úê¦$��¤�� R þ��5�m. (6©)
(2) y² { 1, cos t, cos2 t, cos3 t } � V ��|Ä. (6©)

y²µ(1) ?� V ¥�ü���
x = C1 + C2 cos t+ C3 cos

2 t+ C4 cos
3 t ∈ V, y = D1 +D2 cos t+D3 cos

2 t+D4 cos
3 t ∈ V .

K x+ y = (C1 +D1) + (C2 +D2) cos t+ (C3 +D3) cos
2 t+ (C4 +D4) cos

3 t§Ù¥ Ck +Dk ∈ R.
� x+ y ∈ V .
?� λ ∈ R, x = C1 + C2 cos t+ C3 cos

2 t+ C4 cos
3 t ∈ V§

K λx = (λC1) + (λC2) cos t+ (λC3) cos
2 t+ (λC4) cos

3 t§Ù¥ λCk ∈ R. � λx ∈ V .
·��� V ���éu\{Úê¦÷vµ45.
N´�yµé?¿� x, y, z ∈ V§k x+ y = y + x, (x+ y) + z = x+ (y + z)§
V ¥�"��� x = 0§ x = C1 + C2 cos t+ C3 cos

2 t+ C4 cos
3 t �K���

−x = −C1 − C2 cos t− C3 cos
2 t− C4 cos

3 t.
é?¿� λ, µ ∈ R, x, y ∈ V§k (λ+ µ)x = λx+ µx, λ(x+ y) = λx+ λy, λ(µx) = (λµ)x, 1x = x.
� V ��N��é¼ê�\{Úê¦$��¤�� R þ��5�m.

(2) w, 1, cos t, cos2 t, cos3 t �±L« V �¤k��§e¡y²�5Ã'.
� 4 �¢ê C1, C2, C3, C4 ¦�éu?¿� t ∈ [0, 2π]§k C1 + C2 cos t+ C3 cos

2 t+ C4 cos
3 t = 0.

� t1 = 0, t2 = π/4, t3 = π/2, t4 = π. ·�k


C1 + C2 cos t1 + C3 cos

2 t1 + C4 cos
3 t1 = 0,

C1 + C2 cos t2 + C3 cos
2 t2 + C4 cos

3 t2 = 0,
C1 + C2 cos t3 + C3 cos

2 t3 + C4 cos
3 t3 = 0,

C1 + C2 cos t4 + C3 cos
2 t4 + C4 cos

3 t4 = 0.

(∗)
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1 cos t1 cos2 t1 cos3 t1
1 cos t2 cos2 t2 cos3 t2
1 cos t3 cos2 t3 cos3 t3
1 cos t4 cos2 t4 cos3 t4

∣∣∣∣∣∣∣∣ 6= 0§Ïd�§|(*) �k").

=C1 = C2 = C3 = C4 = 0§l
 1, cos t, cos2 t, cos3 t �5Ã'.

8!(�K24©) � B � n �¢é¡Ý
§E � n �ü Ý
.

(1) O�

(
E −B
O E

)T(
E B
B E

)(
E −B
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)
. (6©)

(2) � A � m �¢é¡Ý
§C � m ��_¢Ý
. y² A �½��=� CTAC �½. (6©)
(3) y² E −B2 �é¡Ý
. y² E −B2 �½��=� B �¤kA���ýé��u1. (6©)

(4) |^±þ(Øy²¢é¡Ý


(
E B
B E

)
�½��=� B �¤kA���ýé��u1. (6©)

)µ(1)

(
E −B
O E

)T(
E B
B E

)(
E −B
O E

)
=

(
E O
O E −B2

)
.

(2) Ï� C �_§� A � CTAC ÜÓ§kÜÓ'X�é¡Ý
k�Ó��½5§Ï�§�ÑÜÓuE.
(3) (E −B2)T = ET − (B2)T = E −BTBT = E −B2. ¤± E −B2 ´é¡Ý
.

Ï� λ(E −B2) = 1− λ(B2) = 1− λ(B)2§d E −B2, B �é¡5§k
E −B2�½⇔¤k�λ(E −B2) > 0⇔ 1− λ(B)2 > 0⇔ |λ(B)| < 1⇔ B¤kA���ýé��u1.

(3) �y{�µ(E −B2)T = ET − (B2)T = E −BTBT = E −B2. ¤± E −B2 ´é¡Ý
.
- P ���Ý
¦� PTBP = diag{λ1, · · · , λn}. ·�k PT(E−B2)P = diag{1−λ1, · · · , 1−λn}.
Ïd§E −B2 �½⇔ E −B2�A��þ��¢ê⇔é?¿� i = 1, · · · , n, k1− λ2i > 0

⇔é?¿� i = 1, · · · , n,k |λi| < 1⇔ B�¤kA���ýé��u 1.

(4) d(1)Ú(2)§·���

(
E B
B E

)
�½��=�

(
E O
O E −B2

)
�½.

©¬Ý


(
E O
O E −B2

)
�½��=�Ù�.5�ê� 2n§��=� E −B2 �.5�ê� n§

��=� E −B2 �½. d(3)§·��� E −B2 �½��=� B �¤kA���ýé��u 1.

nþ¤ã§

(
E B
B E

)
�½��=� B �¤kA���ýé��u1.
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