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1. O�1�ª

∣∣∣∣∣∣∣∣
20 22 0 0
22 20 0 0
16 30 1 4
30 16 4 1

∣∣∣∣∣∣∣∣ ��.

2. ¦��þ α = (1, 1, 1)T, β = (2, 0, 1)T þ����Ý�3��þ.

3. 3�¢é¡Ý
 A �n�A��� −1, 1, 3. ¦�g. f(x, y, z) = (x, y, z)A∗(x, y, z)T ��.5�ê
ÚK.5�ê§Ù¥ A∗ ´ A ���Ý
.

4. ®� A =

 1 2 1
2 1 1
−1 4 1

§¦ R3 �f�m V = { Ax | x ∈ R3 } ��ê.

�! (�K12©) ¦�þ| α1 = (1,−1, 2, 4)T, α2 = (0, 3, 1, 2)T, α3 = (3, 0, 7, 14)T, α4 = (1,−1, 2, 0)T, α5 =
(2, 1, 5, 6)T��,é�§���4��5Ã'|¿òÙ{�þL��ù|4��5Ã'|��5|Ü.

n. (�K12©) � A,B,C ´n� n �¢�
§÷v r(AB) = r(B). Áy² r(ABC) = r(BC).

o. (�K12©) - A =


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

 , B =


a b c d
d a b c
c d a b
b c d a

§Ù¥ a, b, c, d ´üüØ���¢ê.

(1) O� A2, A3, A4; (2) ¦ B �¤kA��9Ù­ê.

Ê. (�K12©) �5�m R4 ¥kü|Ä. ε1 = (1, 1, 1, 1)T, ε2 = (1, 1,−1,−1)T, ε3 = (1,−1, 1,−1)T,
ε4 = (1,−1,−1, 1)T Ú η1 = (1, 1, 0, 1)T, η2 = (2, 1, 3, 1)T, η3 = (1, 1, 0, 0)T, η4 = (0, 1,−1,−1)T.
(1) ¦lÄ. ε1, ε2, ε3, ε4 �Ä. η1, η2, η3, η4 �LÞÝ
 P ;
(2) ¦ ζ = (1, 0, 0, 2)T 3Ä. η1, η2, η3, η4 e��I.

8. (�K12©) - A � n �¢é¡Ý
.
(1) y²éu?¿���ê k§7,�3¢é¡Ý
 B ¦� B2k+1 = A;
(2) e�3¢Ý
C÷vA = C2§´Ä�±`²A´��½Ý
ºe´,�Ñy².eØ´,�Ñ~f.

Ô. (�K12©) äk�½Xê a > 0 ��g. f(x, y, z) = 2x2 + 13y2 + 13z2 + 2ayz ²L��C�
�C�IO/ g(u, v, w) = 8u2 + 2v2 + 18w2. ¦ a ¿éÑ��ù����C�.
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1. O�1�ª

∣∣∣∣∣∣∣∣
20 22 0 0
22 20 0 0
16 30 1 4
30 16 4 1

∣∣∣∣∣∣∣∣ ��.

)µ

∣∣∣∣∣∣∣∣
20 22 0 0
22 20 0 0
16 30 1 4
30 16 4 1

∣∣∣∣∣∣∣∣ =
∣∣∣∣20 22
22 20

∣∣∣∣ · ∣∣∣∣1 4
4 1

∣∣∣∣ = (202 − 222)(12 − 42) = 1260.

2. ¦��þ α = (1, 1, 1)T, β = (2, 0, 1)T þ����Ý�3��þ.

)µÎÜ^���þ (a, b, c)T ÷v

 a+ b+ c = 0,
2a+ c = 0,
a2 + b2 + c2 = 9.

)� (a, b, c)T = (

√
6

2
,

√
6

2
,−
√
6)T ½(−

√
6

2
,−
√
6

2
,
√
6)T.

){�µ�÷v����þ� x§Kk

(
αTx
βTx

)
=

(
1 1 1
2 0 1

)
x = θ.

)�Ä:)X� (−1,−1, 2)T§ü z�
√
6

6
(−1,−1, 2)T§¤¦�þ� (−

√
6

2
,−
√
6

2
,
√
6)T.

3. 3�¢é¡Ý
 A �n�A��� −1, 1, 3. ¦�g. f(x, y, z) = (x, y, z)A∗(x, y, z)T ��.5�ê
ÚK.5�ê§Ù¥ A∗ ´ A ���Ý
.

)µ|A| = (−1)× 1× 3 = −3 6= 0§�k A∗ = |A|A−1 = −3A−1§K A∗ �n�A��� 3,−3,−1.
q (A∗)T = (−3A−1)T = −3(AT)−1 = −3A-1 = A∗§� A∗ ´¢é¡Ý
§��g. f(x, y, z)�Ý
§
�kA�� 3,−3,−1§¤±�g. f(x, y, z) ��.5�ê�1§K.5�ê�2.

){�µ¢é¡ A kA�� −1, 1, 3§�k��Ý
 Q ¦� QTAQ = diag(−1, 1, 3) = B§= A = QBQT.
|A| = (−1)× 1× 3 = −3 6= 0§� A∗ = |A|A−1 = −3A−1 = −3(QB−1QT) = Qdiag(3,−3,−1)QT§
- (x, y, z)T = Q(u, v, w)T§Kk f(x, y, z) = (u, v, w)diag(3,−3,−1)(u, v, w)T = 3u2 − 3v2 − w2§
=�g.�.5�ê�1§K.5�ê�2.

4. ®� A =

 1 2 1
2 1 1
−1 4 1

§¦ R3 �f�m V = { Ax | x ∈ R3 } ��ê.

)µA =

 1 2 1
2 1 1
−1 4 1

→
1 2 1
0 3 1
0 0 0

§� r(A) = 2. � V = { Ax | x ∈ R3 } ��ê=A���=r(A) = 2.

){�µÏ� |A| = 0,

∣∣∣∣1 2
2 1

∣∣∣∣ = −3 6= 0§� r(A) = 2§� V = { Ax | x ∈ R3 }��ê=A���=r(A) = 2.

){nµA = (α1, α2, α3) =

 1 2 1
2 1 1
−1 4 1

→
1 2 1
0 3 1
0 0 0

§� α1, α2 �±����þ| α1, α2, α3

���4�Ã'|§= V = { Ax | x ∈ R3 } = span{α1, α2, α3} ��|Ä§� dim(V ) = 2.

){oµ- A =

 1 2 1
2 1 1
−1 4 1

 = (α1, α2, α3)§K´��þ α2, α2 �5Ã'§�k α3 =
1

3
α1 +

1

3
α2§

� α1, α2 ´ V = { Ax | x ∈ R3 } = span{α1, α2, α3} ��|Ä§u´ dim(V ) = 2.
){Êµ|λE −A| = λ(λ+ 1)(λ− 4)§A �A��� λ1 = 0, λ2 = −1, λ3 = 4§éAA��þ ξ1, ξ2, ξ3
�5Ã'. é R3 �?¿�þ x k x = k1ξ1 + k2ξ2 + k3ξ3§K Ax = k2λ2ξ2 + k3λ3ξ3 ∈ span{ξ2, ξ3}§

� V ⊆ span{ξ2, ξ3}§qé?¿ y = k2ξ2 + k3ξ3 k x =
k2
λ2
ξ2 +

k3
λ3
ξ3, Ax = y§� V ⊇ span{ξ2, ξ3}.
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� V = span{ξ2, ξ3},dim(V ) = 2.

�! (�K12©) ¦�þ| α1 = (1,−1, 2, 4)T, α2 = (0, 3, 1, 2)T, α3 = (3, 0, 7, 14)T, α4 = (1,−1, 2, 0)T, α5 =
(2, 1, 5, 6)T��,é�§���4��5Ã'|¿òÙ{�þL��ù|4��5Ã'|��5|Ü.

)µ(α1, α2, α3, α4, α5) =


1 0 3 1 2
−1 3 0 −1 1
2 1 7 2 5
4 2 14 0 6

→

1 0 3 0 1
0 1 1 0 1
0 0 0 1 1
0 0 0 0 0

§
�þ|���3§α1, α2, α4 ´�þ|���4��5Ã'|. α3 = 3α1 + α2, α5 = α1 + α2 + α4.

n. (�K12©) � A,B,C ´n� n �¢�
§÷v r(AB) = r(B). Áy² r(ABC) = r(BC).
yµ��y² ABCx = θ � BCx = θ Ó).
w,e x ÷v BCx = θ§Kk ABCx = Aθ = θ§= x �÷v ABCx = θ.
��e x ÷v ABCx = θ§- ξ = Cx§K ξ ÷v ABξ = θ.
´� By = θ �)�m´ ABy = θ �)�m�f8§
d r(AB) = r(B) � ABy = θ � By = θ )�m�ê�Ó§� By = θ � ABy = θ Ó)§
u´d ABξ = θ �� Bξ = BCx = θ§= x ÷v BCx = θ.
� ABCx = θ � BCx = θ Ó)§l
k r(ABC) = r(BC).

y{�µ·�k r(ABC) ≤ r(BC).

q r(AB) + r(BC) = r

(
AB O
O BC

)
≤ r

(
AB O
B BC

)
= r

((
E −A
O E

)(
AB O
B BC

))
= r

(
O −ABC
B BC

)
= r

((
O −ABC
B BC

)(
E −C
O E

))
= r

(
O −ABC
B O

)
= r(B) + r(−ABC) = r(B) + r(ABC).

�k r(ABC) ≥ r(AB) + r(BC)− r(B) = r(BC)§u´ r(ABC) = r(BC).
y{nµky²� B = diag(Er, O) �k r(ABC) = r(BC).

- B = diag(Er, O), A = (A1, A2), A1 ∈ Rn×r, A2 ∈ Rn×(n−r)§
Kd AB = (A1, O) � r(AB) = r(A1) = r(B) = r§= A1 ��÷�§

u´�3�_Ý
 P ¦� PA1 =

(
Er

O

)
§l
k P (A1, O) = diag(Er, O).

� r(ABC) = r((A1, O)C) = r(P (A1, O)C) = r(diag(Er, O)C) = r(BC).
� B �?¿ n �Ý
�§- r(B) = r§Kk B = Pdiag(Er, O)Q§Ù¥ P,Q � n ��_Ý
.
u´dþ¡�(Ø§k
r(ABC) = r((AP )diag(Er, O)(QC)) = r(diag(Er, O)QC) = r(Pdiag(Er, O)QC) = r(BC).

o. (�K12©) - A =


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

 , B =


a b c d
d a b c
c d a b
b c d a

§Ù¥ a, b, c, d ´üüØ���¢ê.

(1) O� A2, A3, A4; (2) ¦ B �¤kA��9Ù­ê.

)µ(1) A2 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , A3 =


0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

 , A4 = E.

(2) |λE −B|

=

∣∣∣∣∣∣∣∣
λ− a −b −c −d
−d λ− a −b −c
−c −d λ− a −b
−b −c −d λ− a

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
λ− a− c −b− d λ− a− c −b− d
−b− d λ− a− c −b− d λ− a− c
−c −d λ− a −b
−b −c −d λ− a

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
λ− a− c −b− d 0 0
−b− d λ− a− c 0 0
−c −d λ− a+ c −b+ d
−b −c b− d λ− a+ c

∣∣∣∣∣∣∣∣ =
∣∣∣∣λ− a− c −b− d−b− d λ− a− c

∣∣∣∣ · ∣∣∣∣λ− a+ c −b+ d
b− d λ− a+ c

∣∣∣∣
= ((λ− a− c)2 − (b+ d)2)((λ− a+ c)2 + (b− d)2)
= (λ− a− c− b− d)(λ− a− c+ b+ d)(λ− a+ c− (b− d)i)(λ− a+ c+ (b− d)i) = 0,
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�A�� λ = a+ c+ b+ d, a+ c− b− d, a− c+ (b− d)i, a− c− (b− d)i§þ��­A��.
(2)�){�µ´� B = aE + bA+ cA2 + dA3§
- f(x) = a+ bx+ cx2 + dx3§K B = f(A)§u´ λ(B) = f(λ(A)).

d |λE −A| =

∣∣∣∣∣∣∣∣
λ −1 0 0
0 λ −1 0
0 0 λ −1
−1 0 0 λ

∣∣∣∣∣∣∣∣ = λ4 − 1 = 0§�� A �A�� λ = 1,−1, i,−i.

u´ λ(B) = f(λ(A)) = a+ b+ c+ d, a− b+ c− d, a− c+ (b− d)i, a− c− (b− d)i§þ��­A��.

Ê. (�K12©) �5�m R4 ¥kü|Ä. ε1 = (1, 1, 1, 1)T, ε2 = (1, 1,−1,−1)T, ε3 = (1,−1, 1,−1)T,
ε4 = (1,−1,−1, 1)T Ú η1 = (1, 1, 0, 1)T, η2 = (2, 1, 3, 1)T, η3 = (1, 1, 0, 0)T, η4 = (0, 1,−1,−1)T.
(1) ¦lÄ. ε1, ε2, ε3, ε4 �Ä. η1, η2, η3, η4 �LÞÝ
 P ;
(2) ¦ ζ = (1, 0, 0, 2)T 3Ä. η1, η2, η3, η4 e��I.

)µ(1) (η1, η2, η3, η4) = (ε1, ε2, ε3, ε4)P§P = (ε1, ε2, ε3, ε4)
−1(η1, η2, η3, η4)

P =


1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1


−1

1 2 1 0
1 1 1 1
0 3 0 −1
1 1 0 −1

 =
1

4


1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1



1 2 1 0
1 1 1 1
0 3 0 −1
1 1 0 −1

 =
1

4


3 7 2 −1
1 −1 2 3
−1 3 0 −1
1 −1 0 −1

.

(2) �¤¦�I� x§Kk (η1, η2, η3, η4)x = ζ§u´k

x = (η1, η2, η3, η4)
−1ζ =


1 2 1 0
1 1 1 1
0 3 0 −1
1 1 0 −1


−1

1
0
0
2

 =


−1 1 0 1
−0.5 0.5 0.5 0
3 −2 −1 −1
−1.5 1.5 0.5 0



1
0
0
2

 =


1
−1/2
1
−3/2

.

){�µ(1) (η1, η2, η3, η4) = (ε1, ε2, ε3, ε4)P§)Ý
�§

(ε1, ε2, ε3, ε4|η1, η2, η3, η4) =


1 1 1 1 1 2 1 0
1 1 −1 −1 1 1 1 1
1 −1 1 −1 0 3 0 −1
1 −1 −1 1 1 1 0 −1

→


1 0 0 0 3/4 7/4 1/2 −1/4
0 1 0 0 1/4 −1/4 1/2 3/4
0 0 1 0 −1/4 3/4 0 −1/4
0 0 0 1 1/4 −1/4 0 −1/4

,

)� P =
1

4


3 7 2 −1
1 −1 2 3
−1 3 0 −1
1 −1 0 −1

.

(2) �¤¦�I� x§Kk (η1, η2, η3, η4)x = ζ§)�§|

(η1, η2, η3, η4, ζ) =


1 2 1 0 1
1 1 1 1 0
0 3 0 −1 0
1 1 0 −1 2

→


1 0 0 0 1
0 1 0 0 −1/2
0 0 1 0 1
0 0 0 1 −3/2

§� x =


1
−1/2
1
−3/2

.

8. (�K12©) - A � n �¢é¡Ý
.
(1) y²éu?¿���ê k§7,�3¢é¡Ý
 B ¦� B2k+1 = A;
(2) e�3¢Ý
C÷vA = C2§´Ä�±`²A´��½Ý
ºe´,�Ñy².eØ´,�Ñ~f.

yµ(1) A ¢é¡§Kk��Ý
 Q ¦� QTAQ = diag(λ1, λ2, · · · , λn) = D§Ù¥ D ´¢é�Ý
.
- B = Qdiag( 2k+1

√
λ1

2k+1
√
λ2, · · · , 2k+1

√
λn)Q

T§´� B ¢é¡.
�k B2k+1 = Q(diag( 2k+1

√
λ1

2k+1
√
λ2, · · · , 2k+1

√
λn))

2k+1QT = QDQT = Q(QTAQ)QT = A.

(2) Ø´. ��é¡Ý
 C =

(
0 1
−1 0

)
§K A = C2 =

(
−1 0
0 −1

)
´¢é¡Ý
§�Ø´��½Ý
.

(2) ){�µØ´. �¢Ý
 C =

(
a b
c d

)
, a, b, c, d ∈ R§K¢é¡Ý
 A = C2 =

(
a2 + bc (a+ d)b
(a+ d)c d2 + bc

)
.

�k (a+ d)b = (a+ d)c§Ø�� a+ d = 0§K A =

(
a2 + bc 0

0 a2 + bc

)
.

�� a, b, c ��¦� a2 + bc < 0§'X� a = d = 0, b = 1, c = −1§K A = −E Ø´��½Ý
.

Ô. (�K12©) äk�½Xê a > 0 ��g. f(x, y, z) = 2x2 + 13y2 + 13z2 + 2ayz ²L��C�
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�C�IO/ g(u, v, w) = 8u2 + 2v2 + 18w2. ¦ a ¿éÑ��ù����C�.

)µ�g. f(x, y, z) �Ý
� A =

2 0 0
0 13 a
0 a 13

§
²L��C����IO/ g(u, v, w) �Ý
� B =

8 0 0
0 2 0
0 0 18

.

� A ���qu B. u´ |A| = 2(132 − a2) = |B| = 8× 2× 18§Ï� a > 0§�)� a = 5.

éu A =

2 0 0
0 13 5
0 5 13

§���qu B§� A kA�� λ = 8, 2, 18.

éAu λ = 8, 2, 18 �ü A��þ� β1 =
1√
2

 0
−1
1

 , β2 =

1
0
0

 , β3 =
1√
2

0
1
1

.

- P = (β1, β2, β3)§K P ´��Ý
§��C��

xy
z

 = P

uv
w

 =


0 1 0

− 1√
2

0
1√
2

1√
2

0
1√
2


uv
w

.
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